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The Sindh Textbook Board, is assigned with preparation and
publication of the textbooks to equip our new generation with
knowledge, skills and ability to face the challenges of new millennium in
the fields of Science, Technology and Humanities. The textbooks are also
aimed at inculcating the ingredients of universal brotherhood and to
reflect the valiant deeds of our forebears and portray the illuminating
patterns of our rich cultural heritage and tradition.

The aims and objectives of the book are to provide the students
with sound basis for studying mathematics at higher secondary stage
in such a way that even an average student may understand and use
it without any difficulty. The language is simple and easily
understandable. It is designed to guide and subsequently provide a
strong base to the readers in order to grasp the fundamental ideas and
also master themselves with the elementary techniques to excel in
further professional studies.

The Sindh Textbook Board has taken great pains and incurred
expenditure in publishing this book inspite of its limitations. A textbook
is indeed not the last word and there is always room for improvement.
While the authors have tried their level best to make the most suitable
presentation, both in terms of concept and treatment, there may still
have some deficiencies and omissions. Learned teachers and worthy
students are, therefore, requested to be kind enough to point out the
shortcomings of the text or diagrams and to communicate their

suggestions and objections for the improvement of the next edition of
this book.

In the end, I am thankful to our learned authors, editors and
specialist of Board for their relentless service rendered for the cause of
education.

Chairman
Sindh Textbook Board
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1.1 Complex Numbers and Geometrical
Representation of Complex Number

We are already familiar with the system of real numbers. But the system of
real numbers is not sufficient to solve all algebraic equations. Thus, real numbers
provide inadequate solutions when we have to find the solution of the
algebraic equations like x2 = —1,x*+4 =0, etc., because no real number
satisfies these equations. Similarly, there are so many other equations like
x>+x+1=0, x2+5x + 10 = 0 which have no real roots. To overcome this
inadequacy of real numbers, imaginary numbers were introduced. Later on,
complex numbers were defined. The relationship of numbers is shown in the
following diagram.

Complex Numbers

Real numbers Imaginary numbers
Irrational numbers Rational numbers
v v
Fractions (Non-integers) Intelgers
|
} V 7 ¥
Vulgar (common) Decimal  Negative Zero  Positive
fractions fractions integers integers
| |
v v v v v
Terminating Non-Terminating Unity Prime Composite
decimal fractions decimal fractions Numbers Numbers

1.1.1 Recall complex number z represented by an expression
of the form z = a + ib or of the form (a, b) where a and b

are real numbers and i = V-1

A complex number is the sum of a real number and an imaginary
number. It is represented by an expression of the form a+ib or (a,b),




where a and b are real numbers, and 7’ is called imaginary unit and i = v—1.
Complex number is usually denoted by z.

Notes:1. Every real number is a complex number with zero as its imaginary part.
iea=a+0.i =(a,0),Va€eR.
2. The set of complex numbers is denoted by Ci.e., C={(a,b) | a,b € R}.

1.1.2 Recognize a as real part of z and b as imaginary part of z

As we have mentioned (a,b) is a complex number. In this complex
number ais called real part and bis called imaginary part. Real and imaginary
parts of complex number z are denoted by R.(z) and I,,(z) respectively.

For example, in the complex number =z =(3,2), 3 is real part and 2 is
imaginary part.

1.1.3 Know the condition for equality of complex numbers

Two complex numbers are said to be equal if and only if they have same
real parts and same imaginary parts.
i.e., Two complex numbers z; =a; +ib; and 2z, =a, +ib, are equal iff
a, = a, and b; = b,.
Example: Which of the following pairs of complex numbers are equal.
i)z =006-1)—(2x3)i and z,=(7-2)+6(V-1)
(i) z; = 23 — (23 = 1)i and 2z, =(10-2)— (32 -2)i
Solution: (i) z; =(6—-1)— (2 %x3)i and z,=(7—2)+ 6(\/—_1)
or 7z =5— 60 and zZ, =54 6i
Here z; # z, because imaginary parts are not equal.
(ii) z;=23—-(2%-1)i and z,=(10-2)—(3%2-2)i
or z,=8-(8—-1)i=8—-7iandz, =8—-(9—-2)i =8-7i
Here z; = z, because real and imaginary parts are equal.

1.1.4 Carryout basic operations on complex numbers

Basic operations on complex numbers are addition, subtraction,
multiplication and division.
(i) Addition of Complex Numbers

Sum of two complex numbers z; = a + ib and z, = ¢ + id is obtained by
adding their real and imaginary parts respectively.
ie. zy+z,=(a+c)+i(b+d)=(a+c, b+d)
Hence (a,b) + (c,d) = (a+c¢, b+d)



Example 1. Example 2.

Simplify: (3 + 7i) + (6 +9i) Simplify: (2,3) + (1,-6)
Solution: Solution:
B+7)+(6+9i0) =9+ 16i 2,3) + (1,-6)=(3,-3)

(ii) Subtraction of Complex Numbers
Difference of two complex numbers z; =a+ib and z, =c+id is
obtained by subtracting their real and imaginary parts respectively.
ie.,zy—z,=(a+ib)— (c+id)
=@a-o)+itb—d)=(a—cb—-4d)
Hence (a,b) — (¢,d) = (a—c, b —d).
Example 1. Simplify:(6 + 5i) — (4 + 3i) | Example 2. Simplify: (7,8) —(5,6)

Solution: (6 + 5i) — (4 + 3i) Solution: (7,8) —(5,6)
=6+5i—4—-3i =(2,2)
=242

(iii) Multiplication of Complex Numbers
Let zy = a+ib and z, = c + id, then
21z, = (a+ib)(c +id)
=ac +i?bd + iad + ibc
= (ac — bd) + i(ad + bc) = (ac — bd, ad + bc)
Hence (a,b)(c,d) = (ac — bd,ad + bc)
Example 1. Find z; z,, where z; = (4,5) and z, = (6,7)

Solution:
z1=04,5) and 2z, =(6,7)
712, =(4-6—5-7,4-7+5-6)
= (24 — 35, 28+ 30)
= (—11,58)
Example 2. Find z; z,, where z; =1+ 5i and z, = 4 + 3i
Solution:

71 25 = (1 + 5)(4 + 3i)
=4+ 3i + 20i + 15i?
=4+4+23i—-15 (wi?=-1)
=—11+ 23i
(iv) Division of Complex Numbers
Let zi=a+iband z, =c+id where 2z, =+ (0,0)
z1 a+ib a+ib c-id
Then, — = — = — X -
Zy c+id c+id c—id
_a(c—id) +ib(c —id)
 (c+id)(c—id)




ac — iad + ibc — i%*bd

CZ_iZdZ
ac — iad + ibc + bd
= 2=—
c? +d? (- D
_ac+bd +i(bc —ad)
B c? +d?

ac+bd+_bc—ad_(ac+bd bc—ad)
cz+d? lcz+d2_ c2+d?’c2+d?
ac+bd bc—ad)

Hence (a,b) = (c,d =(—,—
(@b) +(c,d) 2+d*’ c2+d?

Example 1. Example 2.
. Z . . z
Find 2_1 where z; =3 —-7iand z, =2+ 6i | Find Z—l when z; = (1,-3) and z, = (2,5)
2 2
Solution: Solution:
- 7y 3-70 3-7i 2-6i z (1,-3)
21 _ _ % A -
A, T 246 2461 2-6i z;  (2)5)

6 — 18i — 14i + 42i? _ ((1)(2) +(=3)5) (=3)2) - (1)(5))
=3 @+ 06F 1 (2% + )
_(6-42)+i(-14-18) _ (—_13 —_11>
B 4436 29 ' 29

-9 4
=——1 -

10 5

1.1.5 Define Z = a — ib as the complex conjugate of z=a + ib

If z=a + ib then the conjugate of z, denoted as Z, is defined by z = a — ib.

Example:
(i) The conjugate of z=5+2i isz= 5+2i=5-2i
(ii) The conjugate of z = (7,—9) is Z = (7,-9) = (7,9)
(i)  The conjugate of z = (3,0) is z = (3,0) = (3,0)

Notes: 1. The real number is self conjugate.
iielf z=(a,0)=athenz=(a,0)=a=a,Va€eER.

2. (Z)=1z, Vze C, i.e double conjugate of a complex number neutralizes the effect

3. Geometrically, the conjugate of a complex number z represents the
reflection Z on the real axis in the complex plane.




1.1.6 Define |z| = Va? + b? as the absolute value or modulus of
a complex number z = a + ib

The absolute value or modulus of a complex number z=a+ib is
denoted by mod (z) or |z| or |a + ib| and is defined as

|z| = |a + ib| =y a? + b?

Generally, |z| = \/ [Re (Z)]2+ [Im(Z)]Z

Example: Find modulus of the following complex numbers:

(i) 6+ 8i (ii) 5—iV7
(i) Let z=6+8i (ii) Letz=5-iV7 (iii) Letz=i
|z|=16 + 8il |z]=]5 — iV7 | orz=0+1.i
o |z| = V62 + 82 ) ) |z|=|0+1.1]
= /36 + 64 Il = 57+ (=V7) “lz] =V + (1)°
=100 =v25+7 -V
= 1

=10 =32 =42

Notes:1. The modulus or absolute value of a complex number is a non-negative
real number.

2. Geometrically, the modulus of a complex number z = a + ib represents
the distance |z| from the origin to a point (a, b) representing the
complex number in complex plane.

1.1.7 Geometrical representation of complex number z as a

pair of real numbers (a, b). Complex Plane

The complex number z=a+ib can Y : _ z=atib
. . Almaginary axis  P(a,b)
be represented geometrically by the point B

whose cartesian coordinates are (a,b) in a
plane where real part of z is taken along
x-axis (real axis) of the plane and imaginary

part of z is taken along y-axis (imaginary X0 ;
axis). This plane is called Argand diagram or P Real axis
complex plane or z-plane.

In the figure 1.1, the complex number X

z = a+ib is represented by the point P(a, b)
where a = |0A| and b = |OB|. (Fig. 1.1)



1.1.8 The order relation of complex numbers

The property of order relation holds for real numbers as we can
compare one real number with another. Geometrically, if a<b means a is
to the left of b or a>b means a is to the right of b on number line.

On the other hand the property of order relation is not valid on
complex numbers due to the involvement of an imaginary unit 1.

Let us see the order relation for i.

Supposei>0 ... (@) Again, Suppose i< 0  ...... (b)
To make i real, multiplying To make i real, multiplying
(@) by i, we get (b) by i, we get )
= {i>1i0=-1>0 N ii>1i0 (as i has been treated
which contradicts our = i’>0 Ve, so direction is
supposition (a) = -1>0 reversed)
which also contradicts
our supposition (b)

So, imaginary unit i is neither positive nor negative. This implies
imaginary numbers donot have order relation. This further implies we
cannot compare complex numbers. Thus order relation does not hold for
complex numbers.

Geometrically, |z1|<|zz| or |z1|>|z2| are meaning full statements
because we can say one point is closer or distant to origin than other
rather than we say z; < z, or z, > z, which are meaningless statements beacuse
we cannot say one point corresponding to that complex number is greater
or smaller than other or vice versa. ,-axis
For Example Let z;= 1 + 2iand z, =2 + 31
Here z, < z; or 2>z, has no
sense but |z4=+v5 and |z, =V13
such that|z|< |z;] i.e point
z; is closer to origin than point z,.
Thus complex numbers corresponding to the points @ Re-axis
in the z-plane have no order relation.

1.1.9 Vector representation of complex numbers
We represented a complex number z=a +ib as YA

the point P(a,b) in the complex plane. The complex P(a,b)
number (a,b) is interpreted as vector whose initial
point is O and terminal point P as shown in Fig 1.3a. b

The length of the vector OP is the distance from the tail ¢

O of the vector to the tip P. O<«—a —» X
(Fig. 1.3a)
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The vector representing the complex number
z = —3 + 4i is shown in Fig 1.3b.

Example: What are the lengths of the vectors representing the complex
numbers z; = —3+4i and z,=2-7i7?
Solution:

Here |z;|=v9+16=5 and |z,|]=+v4+49=+53
The lengths of the vectors that represent z; and z, are 5 and +/53 units

| Exercise1.1 )

1.  Evaluate: (i) i (=i'®) (i) (=)'~ (=)®  (iii) @) (=)™
2. (i) For what value of n,i" is equal to 1, i, —1 or —i, where 1 <n < 4
n+2 3

respectively.

.n+tl

(ii) Show that i* + ™" + i"*+ ™ =0, wn ez

3. Simplify the following:
() (-6,3)-(4-2) (i 64 +(22)
(iii) (2,3) + (4,5) (iv) (6 + 5i) — (4 + 3i)

v)(5—60D)+@B+4i)—-(G5Bi—7) (vi) (4 + 506+ 7i)

(vii) (7 + 4i) = (8 + 5i0) (viij) (5,—6)+ (4,8) — (3,—2)
4. Simplify:

i) 2-D* (i) (-1 —iV3)? (iii) (=1 + iv3)? (iv) (1 + )3

VZ2+i 1+ 2-i L (2+D)?

(v) oA (vi) -1 : - (vii) T
S. Show that z =1 4 i satisfies the equation z2 —2z+2 =0
6. Find the conjugate and absolute value of the following:

(vitl) =

(i) 4 + 5i (ii) —1 + 7i (iii) V3i (iv) V7 — 3i
V) —3—4i  (vi) (5 — 40)2 Vi) 2 [T (vii) (1“;(+21)




Find real and imaginary parts of:

(i) 2i(3—50) (i1 \/?:
8. If z=x + iy where Re(z) = 0 and |z| = 2 then find Z.
9. Solve the following complex equations:
i) (6y)(2,3)=(-47) (i) (x + 30)° = 2yi (i) (x + 2yi)*= xi
10. Represent the following complex numbers on complex plane.
i) 2,-3) (ii) (3,4) (ii)) (=5,7)
(iv) (=6,-2) (v) (0,6) (vi) (=5,0)
11. Find the length of vector representing the complex numbers.
, : 7 8. 14 L 1+V3i
(i) =5+ 2i (i) 3 + 3 (iii) ﬁ (iv)

1.2 Properties of Complex Numbers

1.2.1 Describe algebraic properties of complex numbers (e.g.
commutative, associative and distributive) with
respect to ‘+’ and ‘x’

(i) Commutative property w.r.t. addition
Let z; and z, are two complex numbers then commutative property with
respect to addition is defined as z; + z, = z, + z;.
Example: Let z; =24 3i and z, = 4+ 5i, then verify commutative property
with respect to addition.
Verification: We have to verify that z; +z, =z, + z;
LH.S =z, + 2z,
=2+3i+4+5i
=6+ 8i
RH.S =2z,+2z,
=4+5i+2+3i
=6+ 8i
«+ L.H.S = RH.S
~ Commutative property w.r.t addition is verified.

(ii) Commutative Property w.r.t. Multiplication

Let z; and z, are two complex numbers then commutative property
under multiplication is defined as z,z, = z,7;.
Example: Let z; =4 + 5i and z, = 3 + 2i then verify commutative property
with respect to multiplication.
Verification: We have to verify that z,z, = z,2;
LH.S=22,=(45)(3,2)=(4x3-5%x2,4x2+5x3) = (2,23)



RH.S= 2z,z;=(3,2) (4,5 =(3x4—-2x5,2x4+3x5)= (2,23)
+ L.H.S = RH.S
~ Commutative property w.r.t. multiplication is verified.

(iii) Associative Property w.r.t. Addition
Let 2z, z, and 2z; are three complex numbers, then associative
property under addition is defined as:
(21 +23) + 23 =2 + (22 + 23)
Example: Let z; =4 + 5i, z, = 3 + 2i and z3 = 2 + 7i then verify associative
property w.r.t addition.
Verification: We have to verify that (z; +2,) + 23 = z; + (2, + z3)
LH.S =(z; +2,) + 23
={@+5)+@B+2D}+2+70)
=7+7i4+2+7i
=9+ 14i
RH.S =2z + (2, + 23)
=@+5)+{B+2)+2+7i)}
=4+5i+54+09i
=94 14i
+ L.H.S = RH.S
~ Associative property of addition is verified.

(iv) Associative property w.r.t. Multiplication
Let 2z, z, and 2z; are three complex numbers, then associative
property under multiplication is defined as:
(2122)73 = z1(2223)
Example: Let z; =2+ 3i, z, = 4+ 5i and z3 = 1 + i then verify associative
property w.r.t multiplication.
Verification: We have to verify that (z;2,)z; = z,(2,23)

L.H.S = (z,25)z3 R.H.S = z,(z,23)
={(2+30) - 4+5)}- 1+ =@2+3) {(4+5) - 1+0}
= (8+10i + 12i — 15)(1 + ) =(2+3)@4+4i+5—5)
= (=7 +22)- (1 +1) =(2+30) (-1 4+ 90)
=—-7-=7i+22i—-22 =—-2+18i—3i—-27
=—29 +15i =—29+15i
- L.H.S = RH.S

-~ Associative property of multiplication is verified.



(}\?rll_bfsjrlbzﬁ%jy% ﬁ«?ﬁéi‘ft?) of gﬁ(léiﬁlgcﬁgioznxév-'é; écﬂi?io(rzx’ 23)
Let 2z, z, and z; are three complex numbers, then distributive
property of multiplication over addition is defined as:
21(22 + 23) = 212, + 2123
Examp]eﬁ Let z; =2 +3i ,Z, =4 +5i and Z3 =1+ then vei:ify distributive
property of multiplication over addition.

Verification: We have to verify that z,(z, + z3) = 7,2, + 2,23
wxample: Let z; = 4 + bl, Z, = 3 + 41 and zz = £ + /1 TNen Verily assoclatuve

LHS = Z;(Q{le%‘fy w.T.t add%tio “R.H.S =212, + 2,25
Verificaiops Weshaxp toyerify that (21 £ £¢) + 5)=(@rsifp £ 42+ 30) - (1 + i)}

LHS =@y hmbi ) = (8+10i+12i—15) + (2 +2i +3i - 3)
= SR I CT7D = (C7 4220 + (-1 +50)
g-és}iﬁi 2471 = —8+27i

RHS =27+ (z,+23) * L.H.S = R.H.S

~ Distribytive pyroapei3y-ofiinuttiplizagion over addition is verified.
=4+5i+5+09i

1.2.2= Khbtk additive identity and multiplicative identity for

+ L.H.S = R.H.S
ssociatii prosecly SP EARAG Bmhes
(ivAddidéveardoaitBperty w.r.t. Multiplication
Let zz, (g, birke any aemplese nconhsiextheantbers, ettists asoseimples
propbety @riesuniltipifcation is defined as:
z+(0,0)=14a)b) * @@)z5)a,b) =z
Example: Let zaad® €80) 2 =4 040)andazh)=1(t, biken verify associative
Thus, (0,0)PopddiYive identitiiphicaiof complex numbers.
Verification: We have to verify that (z;2,)z; = z,(2,23)
(ii) Multiplicative identity
L.H.S Befzzo4a,b) be any compleR. Huvrbey (they) there exists a complex
number ({20} 8idcH4Ha%)} - (1 + ) =@2+3)-{(4+5)-1+D}
= (8+ 100 + 12i — 25)(D)yr=)(a| b) (1, 0)=(@tp3iX4 + 4i + 5i — 5)
=(=7+220a(1 +@,0) z = (1)0)(a, b) = @ HPR (-1 +9)

Thus, @,0Yis fditiplicattve identity in set of céiplBk hidimbets.
= —29+ 15 = —29+ 15

Note: In R, identities w.r.t ‘,‘.,+” and X7 aﬁeﬁ nd 1 that can be written in complex
formas 0=0+ 0i= (O, 6’) and 1 =1+ 0i = (1, O) respectively.
= Assoclarive@ropent, (f ehatd plicatiicn wsiverifiedid “x” respectively in C.




1.2.3 Find additive inverse and multiplicative inverse of a
Comnpblex number z
(i) Additive Inverse of a Complex Number:
A complex number (c,d) is called the additive inverse of the complex
number (a,b) if (a,b) + (¢, d) = (0,0)
(a,b) + (c,d) = (0,0)
(a+c,b+d)=(0,0)
= a+c=0 and b+d=0
= c=-—a and d=—-b
Therefore, (c,d) = (—a,—b)
So, the additive inverse of a + ib is —a — ib

Note: (i) Additive inverse of (0,0) is (0,0).

(ii) Additive inverse of (a, b) is (—a, —b).

Example: (i) The additive inverse of the complex number 6 — 4i is —6 + 4i.
(ii) The additive inverse of the complex number -14i is 14i.

(ii) Multiplicative Inverse of a complex number:

The multiplicative inverse of a non-zero complex number z, denoted

1
as z7! or —, is a complex number such that
z

zz7l=2z"12=(1,0)

As the multiplicative inverse of a complex number z is . where z # (0,0)

1 1 1 a—ib
So,— = — = — X - (By Rationalizing the denominator)
z a+ib a+ib a-ib
_ a—ib
" (a+ib)(a —ib)
_a—ib a ib
T a?+b2 a?+b%  a?+b2
Hence the multiplicative inverse of a complex number (a, b) is (LZ,_—b2>
a?+b” a’+b
Note: If z# (0, 0) then z71 = |L|2 and |z'| = |z|", Vz€EC
z

Example 1-Find the multiplicative inverse of a complex number z =5 + 3i

Alternatively, z 1= S5+3 _ _5-3 _5-3 _5_3;

I5 +3il2 (/25+9)2 34 34 34




Solution:

Proof:

(@b~

Similarly, (

a

o

Example 3. Prove that (

z =4 or (4,0)

4

0

_a —_)
a2+b%’ a2 +b*
where (a,b)# (0,0).

(#)? +(0)2 " (4)? + (0)?

—b? —ab

Example 2. Find the multiplicative inverse of complex number z = 4

)G

a?+b2’ a?+b?

-b

2
a ab
, = —_ , + =
a’ + b2 a2+b2> (az+b2 a? + b%’a? + b2 a2+b2>

) @b) = @), .

(az + b?

is the multiplicative inverse of (a, b)

o b2'0> = (1,0) ...(i)

From (i) & (ii), product of complex numbers generates multiplicative identity

X

a2+b*’ a2+b?

a —b

) is the multiplicative inverse of (a, b).

Hence proved

Note: The multiplicative inverse of (0,0) does not exist.

1.2.4 Demonstrate the following properties
(i) |zl =|-z| = |z| = |-z

Property (i)

(i) @=2z zz=1z|*& 2z, +2, =2, + Z3

(iii) Triangle inequality of complex numbers

(iv)z,z;, =z, Z; & (

Proof:

Let

Z1

Z2

|z| = |—z| = |z| = |-Z|
z=a+ib then |z| = |a + ib| = /(a)? + (b)2 = Va? + b? ...(a)

-4
—)—5,22 =0

and |—z| = |—a — ib| = \/(—a)? + (=b)? = Va? + b?
Aslo, |Z| = |a—ib| = /(a)? + (=b)2 = Va? + b2
and |-z| = |-a+ ib| = /(—a)? + (b)? = VaZ + b?
From the results (a), (b), (c) and (d), we get

2] = |2l = [2] = |2,

Property (ii)

(a)

@)=z

Proof:
Let z=a+ib then Zz=a—ib

Now,

Z)=(a—-ib)=a+ib=z

(@) @ =z

Thus it is proved that (Z)= z

hence
(b) zz = |z|?
(b) zZ =

proved.
© z+z,=2+72;

|z|?

Proof: Letz=a+ibthenz=a—ib
Now, zZ = (a + ib)(a — ib) = a®? — i?b? = a® + b?

.. (b)

.. (¢)
.. (d)

()



and |z| = |a + ib| = Va? + b?

So, |z|?> =|a+ib|?> = a® + b?

From (i) and (ii) we have, zz = |z|? , hence proved.

(c) z1+2;=21+7;

Proof: Let 7z, =a+ib>z;=a—ib
and z,=c+id=>7z,=c—id

LHS=2z +2z,
z1+ 2z, = (a+ib) + (c +id)
zZi+z,=(@a+c)+i(b+d)
zi+z,=(@+c)+i(b+d)
z1+z;,=(a+c)—i(b+d)
zy+z,= a+c—ib—id
71 +z; = (a—ib) + (c —id)

Zi+2z, =2, +7, Hence proved.

Remark: Students are advised to prove the property Z; — Z; = Z; — Z;

Property (iii)
Triangle Inequality of complex numbers:

If z4,z, € € then |z| — |z3| < |21 + 23| < |z1| + |2z2|, which is called Triangle
inequality.
Geometrical Proof

Let z; = x4 + iy, and z, = x, + iy, be represented by vectors O—Pl) and
O—Pz) respectively as shown in (Fig 1.4)
Comnsidering the figure, by completing the parallelogram OP; P; P,.
In AOP; P, OP; =7, + 7,
Since sum of the lengths of any two sides of a triangle is greater than the
length of the third side.

jOF;| + [0%;] > [oF;| (+ BF; = OF})

So |z1| + 122| = |21 + 22| ...(i)
Again, in AOP,P, YA

[OF; |+ [7,75] = [oF|
- [%,5| > [0;| - [oF;|
= |zy — z2| = |z — |22]
= 1z1| = |z2] < |21 — 23]
Replacing z, by —z, we get

lz1| = | =22 < |24 — (—23)|
= |z1] = |z2] < |21 + 2z, ...(id) > X
Combining inequalities (i) and (ii), and rearranging (Fig. 1.4)

[z1] = 1Z5] < |21 + 23] < 24| + |22], V z,,Zz, € C. Hence proved.



Property (iv)

_ Z1 Z1
(a) ZIZZ = Zl " ZZ (b) (_) -, ZZ * 0
Proof: (a) 71z, =77,

Let zy=a+ibandz, =c+id
then z;z, = (a+ib)(c+id)
or 2,2, = (ac — bd) + (bc + ad)i

L.H.S =77z, = (ac — bd) + (bc + ad)i = (ac — bd) — (bc + ad)i ... (i)
R.H.S =7; 7 = (a — ib)(c — id) = (ac — bd) — (bc + ad)i (i)
From the results (i) and (ii), we get Zz;z, = Z;.Z,, hence proved.
Proof: (b) (j—l) = i:l , Zy # 0 where, zy =a+ib and 2z, =c+id.
2 2
N zl_a+ib_a+ibxc—id_(a+ib)(c—id)
oW, z, c+id c+id c—id c?+d?
Thus Z1 _ (ac+bd)+i(bc—ad)
Zy c2+d?
z (ac+bd) |, .(bc—ad) (ac+bd) . (bc—ad) .
L.H.S=(—1>: +i = —1i .
22 iz+d2 2+d* 2+d* 2+d* 0
RHS=Z_ a—ib _a—ib  c+id

Z; c—id  c—id X c¥id
_(a—ib)(c+id) ac+iad —ibc —i’bd

c?+d? - c24d2
(ac+bd) (ad—bc) (ac+bd) i(bc—ad) )
- c2+d? ' c2+d2 = c24d?2  c2+d? .. (ii)

From (i) and (ii), we get (j—l) = j:l . Hence proved.
2 2

1.2.5 Find real and imaginary parts of the following type of
complex numbers

Type I: (x+ iy)",
X1+iy1 n

Type II: ( - ) , X3 +1iy, #0 where, n=+1 and +2
X2+1y>

Type: (I) (x+iy)" where n=+1 and +2
(a) Let, n=1

then x+iy)"= (x+iy)=x+iy
Here, x is real part and y is imaginary part.



(b) Let, n=—1

. . N— 1 1 x—1iy x—1iy x—1iy
n_ 1_ — — —
then (x+iy)"=x+iy) " = x+iy  x+iy " x—iy _ xz—izyz = X2+y2
Thus ny _1=x—iy= x ly
us, e +iy) Zry2 " 2yl xZ4yZ
Here, m is real part and — xzyTyZ is imaginary part
(c) Let,n=2
then (x+iy)" = (x + iy)? = x2 + 2xyi + i2y? = (x? — y?) + 2xyi

Here, real part is x? — y? and 2xy is imaginary part.
(d) Let,n=-2
B 1
(x +iy)2  x2+ 2xyi +i2y?2
1 B {(x2—y?)—2xyi}
(x2—y?)+2xyi  {(x2—y?)+2xyi}x{(x?—y?)—-2xyi}
(*—y*)—2xyi  (x* =y?) —2xyi

(x+iy)™2 =

= (2 —y2)2 + 4x2y2 (a2 + y2)2
N2 _ x*-y*  2xyi
ThUS, (X + ly) - (x2+y?2)2 (x2+y2)2
x*-y? 2x
Here, ———— is real part and ——2Y s imagina art.
(x2+y?)? P (x2+y2)2 shaty p

Example: Find the real and imaginary parts of the following complex numbers:
(i) 2-5)% (i) 3—4)"*
(i) Solution:
(2 -5i)%? = (2)2 — 2(2)(50) + (5i)? = —21 — 20i
Therefore, real part is —21 and imaginary part is —20.
(ii) Solution:
1 3+41 3+41 3 4

3—4i)7t= X = =—+—i

G4 =3 *3va~ 25 257
3 4

we have real part -t and imaginary part o5

Note: We can solve the above example directly by using the derived formula
as done below.

(i) real part = x2 —y? = (2)2 = (=5)2 =4 —-25=-21

and imaginary part = 2xy = 2(2)(-5) = —-20.

x 3 _En_E
2 32 (—a)?  9+16 25

(i) real part =



and imaginary part =

-y __ == 4
x2+y?2 (3)2+(_4)2 9+16

=l
25

N ()
X1+1y1
Type: (II) (—) , X3 +iy, #0 wheren =41 and +2
Xo+1yo
For n=1
. n . 1
(xl + Lyl) _ (xl + Lyl)
X, +iy,)  \xy +iy,
_xitiy, X2~ 1y, _ (x1 +iy,)(x2 — iy,)
X2 +iy, X2 —1y, ()2 — i2y§
_ %X — (Y, —%2y)i— (=Dyyy,  (axe +y,¥,) — (1Y, — %2yt
X5+ Y3 X5+ Y}
X1X2+ —(x1y2—x
Here, (g ; y;yZ) ( 13;2 223’1) are the real and imaginary parts
X321y X213
respectively.
For n=-1,
(x1 + lyl)n _ (x1 + iyl)_l _ 1 _ Xy + lyz _ Xy + lyz % X1 — ly1
X, +iy,)  \xp + iy, Sty oxg iy X iy X =iy
Xop+iy,
_ X+ (ay, —xy)i— (CDyy, Xz i1y, | (ay, —xeyy)
@2 —i%y} X+ X+ v}
X1X2+Y1Y2 . (x1y2—x2¥1) . . .
Here, ——— 5 —is real part and —,—— — is imaginary part.
X1+y1 xX1t+y1
For n=2
; 2 ; L .
(x1 + W1)n _ <x1 + l}’1> iyt (e)? 2y + PyE xf + 2yd + (=1D)yf
Xz + 1y, Xy + 1y, (2 +y2)% ()% + 220050 + 2y (1) + 25050 + (=1)y;

O =y +2xyii {Gf = yP) + 2x,y H{(xF — y3) — 2x,y,0)

(2 —yR) +2x,y,0 {2 — y2) + 2%, (x5 — y2) — 2x, Y1}
{(xf —yD)(x3 — ¥3) + 4x1y1%2),} + (22171 (x5 — y3) — 2%, (xf — y)}i

Therefore, the real part is

and the imaginary part is

Forn= -2

(x1 + iy1>"
Xy + 1y,

X3 +yy = 2x5y5 +4x3y;3
(x% —y%)(x% —yZ2)+4x13’1xZYZ

7
(x3+y3)
2x1y1 (x5 -y3)—2%2y2(xF—¥1)
24,212
(x3+v3)
_ (x1 + i}’1)_2 _ (1 + iy;) 72 _ (xz + iy3)? _ (x2)% + 2x,y,1 + i%y3
Xy + 1y, (2 +iy2)™2  (xq +iy1)? (%)% + 2xy 40 + i%y7



)%+ 2xy,i + (—1)y3 (X5 —¥3) + 202y,

(X2 + 2x1y,i + (=1)y? (x% - y%) + 2x1y,i
~ {(x% -¥3)+ 2x2y2i} {(x% —-¥%) - 2x1y1i}
- {(x} - y%) +2x1y,i} {(x% - y%) — 2x1,i}
(=)0~ 58) + #rupyrare) + a3, (3 70~ 2 (3 - )

(x‘l* +yt—2xfy? + 4x%y%)
(22 -v3)(x3-v3) +4x1 712272
(x3+32)’
2%,y (x3-yf)—2x1y1 (¥ -¥3)
(x3+72)’

Example: Find the real and imaginary parts of the following.

o) w6
(i) Solution: (42—_;1‘)2
4 —4i+i?

~ 16 — 24i + 9:2
3 _ 4

T 7 24
_ 3—40 7424

= X
7—24i 7+ 24i
_21+72i—28i+96

49 + 576
117 + 44d

625
117 44

=525 " 625"
117 . . 44
So, real part = Gt and imaginary part = &7

Therefore, the real part is

and the imaginary part is

1—i\ 2
(ii) Solution: (Z_—z)

_(2—i>2
L
4—4i+i?

T 1—2i+i2
34

—2i




— 2430

So, real part = 2 and imaginary part = %

Note: We can also solve the above example by using the derived formulas.

| Exercise12

Let zy =3 —4i, z, =4 + 5i and z3; = =5 + 6i then Verify the following:
(i) Addition of complex numbers is commutative

(i) Multiplication of complex numbers is commutative

(iii)  Addition of complex numbers is associative

(iv) Multiplication of complex numbers is associative

(V) Multiplication of complex numbers is distributive over addition.

If z,z; and z, are complex numbers then prove that:

(@) z+Z isreal (b) z—Z is imaginary
zi| _ |4
(©) lz1 2] = Iz llz2| @[3 =t 722 0.0

Find the additive inverses of the following complex numbers:

(i) 3+ 5i (ii) 6 — 5i (iii) (11,0)

. 2 8 —4 . 3

() (3.6) ) (5%) v (0.5)

Find the multiplicative inverses of the following complex numbers.
(i) 3+ 5i (ii) 8i (iii) (10,4)

. . -3

(iv) (12,-7) (v) (=8,0) vi) (0.5)

Find the additive and multiplicative inverses by definition of the
following:

(i) (2,3) (i) (=4,5)
Verify the following properties with z =4 —3i,z; =3 —2i and z, = 2 + 3i

(@) |zl =|-z|=lz|=]-2Z| (i) @ =z (iii) 2z Z = z|*

oy — _ _ _ o (Z Zq1
(iv) zi + 2, =2 + 23 V) z1iz; =223 (vi) (é) - :;



7. If zy =3 —2i and z, = 2 — 3i then express the following in the form of

a + ib. Also verify Triangle inequality of complex numbers.
.\ 2122 .. 2122 oo 2122
(i) = (ii) (iii)
2

Zq Z

z3
8. Find real and imaginary parts of each of the following by using any
method:

0 (VZ+i) (i) (1 —V5i) (i) (V3-1)" (@) (2i—v3)

o(GE) T wE)T wEE)

9. If x= 1-5i, show that x? — 2x + 26 = 0.
10. If x =2 ++v3i, find the value of x*— 4x%+ 8x + 55.

1.3 Solution of complex equations

In this section, we shall find the solution of equations with complex
coefficients by using different methods.

1.3.1 Solve the simultaneous linear equations with complex

coefficients. For example,
5z—-3+iw=7—-1i
2-Dz+2iw=-1+1i

Example: Solve 5z—3+i)w=7—1i
Q2-Dz+2iw=—-1+i
Where w and z are complex numbers.
Solution:
Here, Linear equations are
52— B3+dw=7—-1i ...(>1)
2-Dz+2iw=—-1+i ...(id)
In order to equate the coefficients of z, we multiply equation (i) by (2 — i) and
equation (ii) by 5.
2-D5z—-2-DB+idw=2-D)T7 -1 ...(iiQ)
52 —-i)z+5x%x2iw=5(-1+1) ...(iv)
Subtracting equation (iv) from equation (iii), we get
—w(7 +9i) =18 — 14i
18—14i _ (—18+14))x(7—9i) _ —126+162i+98i+126 _
—(749) (749)(7-91) 130 -
Now substituting w = 2i in equation (i),
we get 52— (3+4+)2i=7—-1i

21

or w =



= 5z—-6i+2=7-1i

- _ 5450
=773
= z=1+41i

Thus,w=2i and z=1+1i.

1.3.2 Represent Polynomial P(2) as a product of linear factors
For example: (a) z2 + a? = (z +ia)(z — ia)

b) z3-3z2+z+5=(z+1)(z—-2-i)(z—2+10)

(a) z2+a? =2z%2 — (—1a? = z? —i%a® = (2)? — (ia)?
=(z—ia)(z +ia)

Thus, factors of z? + a? are (z — ia) and (z + ia).

(b) Let p(z) = z3 —3z% +z+ 5 is a polynomial.

The factors of 5 are +1 and +5.

Here, p(z) =2z3-32z2+2+5

For z=1, p() =13 =312+ (1) +5 #0

For z=-1, p(-1)=(-1)3-3(-1)?+(-1)+5 =0

As, z=-1, so, (z+1)is a factor of p(z) = z3 —3z% +z + 5.
By synthetic division

- lJ 1 -3 1 5

we get (z2—3z24+2z+45)+(z+1)=(z2—-4z+5)

Hence, (z3-322+2z+5)=(z+1)(z? -4z +5)

Now we can easily find the factors of z2 — 4z + 5 by using quadratic formula.
In order to find the factors of z> —4z+ 5, let z2 —4z+ 5= 0.

Here, a =1, b= -4 and c =5, by using quadratic formula

(2 -4D(B) 4+V16-20 4+V-4
z= 20D - 2 =T T




Thus,z=2+iandz=2—-iorz—2—i=0andz—2+i=0
Hence the three factors of the given polynomial are(z+ 1),(z—2—i) and
(z—-2+10)

1.3.3 Solve quadratic equation of the form pz2 + gz + r = 0
by completing the squares, where p, q and r
are real numbers and z a complex number
For example: Solve z2 —2z+5=0
=((z-1-2)(z—-1+20)=0
=z=14+2i,1-2i
We recall the method of completing the squares by solving the following

standard form of quadratic equation.
The quadratic equation in standard form is:

pzl+qz+r=0 Vp,qre€eR
= pz?+qz=—-r  (Shifting constant on R.H.S)
= z% + %z = —S (Dividing by the coefficient of z?)
24 2(L) 4+ (L) = _T 4 () ing (L)
= (2)°+2 (Zp) z+ (ZP) = + (Zp) [Adding (Zp) to
both sides]
2 r 2 2 _4pr
SO PO A N el
2p P 4p 4p

q q%—4pr Ja2—4pr
Z+5-=+% =+ 7

+ 5 — = (Taking square root)
oYM g —qEqt—4pr
- 2p 2p 2p

Example: Solve z%? —2z+5 = 0 by completing square method.
Solution: We have z2—-2z+5=0

or z?2 —2z=-5
By adding 1 on both sides
we get z2—-2z+1=-5+1
= (z-1%?=-4
By taking square root of both sides
z—1=+V-4
z—1=42i

z=1%72i



ii.

iii.
iv.

vi.

vii.
viii.

Solve the following simultaneous linear equations with complex
coefficients for w and z.

(i) 3z+Q2+iw=11—-1i (i) 2z+B+Dw=9—1
R-i)z—w=—-1+i B—-i)z—iw=—-1+1i

Write the following polynomials as the product of linear factors:

(i) z? + 81b? (ii) z3 + 322 + z— 5  (iii) 422 + 9b?

(iv) z3 + 322+ 4z + 2 (v) z3 — 722 + 19z — 13

(vi) z3 + 322 4+ 19z + 17 (vii) z3 —3z% + 4z — 2

Solve the following quadratic equations by completing the squares,
where z is a complex number.

({)z° —4z+5=0 (i) z° +12z+52=0
(iii) 34z% — 6z = —1 (iv) z2—6z+34=0
(v) z2—6z=-13 (vi) z2+64=0

Review Exercise 1 ’

1. Select the correct option.
For any complex number z, |z| is equal to

(a) |1z (b) |—2z| (o I-2] (d) All of these

If z; and z, are any two complex numbers, then

(@) |z1 + z3| < |z1| + | 2] () |21 + 22| < |z1] + |2,|

(©) lz1 — 23| < |z1] — |2] (d) |21 + 22| = |z1] + |z,|

If z=3i—4,thenz+7z = -—------ (@8 (b)—=3i (c)—8 (d)3i-8

Ifa>0and b<Othen (a)ab>0 (b)ab<0 (c)ab=0 (d) All of these
If nis an even integer, then (i)" is equal to:

@i (b)-i (c)lor—1 (d)ior—i

If zis any real number x, then its conjugate is:

(a) x (b) —x (c) xi (d) —xi

(—1)% is equal to: @i Mm-i (g1 (d) -1
If z=(0,1) then z2 is: (@1 (m-1 ()i (d)-i
The product of two conjugate complex numbers is:

(a) A real number (b) An imaginary number
(c) Always zero (d) A complex number

2+i 1
Real part of n is equal to: @1l (b)2 (c)-1 (d) >



xi.

xii.

xiii.

xiv.

XV.

xvi.
xvii.

xXviii.

xix.

3.(a)

(b)

The plane on which complex numbers are reprsented is called:
(a) Coordinate plane (b) Complex plane

(c) Cartesian plane (d) Real plane

The modulus of a complex number z = x + iy is the distance of P(x,y)
from:

(a) x - axis (b) y — axis (c) Origin (d) ()
Ifz, =2+3i, z, =1—ithen |z,z,| = ~—-------—-----
(a) V13 (b) V26 (c) V15 (d) 26

If |x + 5i| = 3, then xis equal to :(a) +4 (b)+4i (c)t£22i (d)None of these
Multiplicative inverse of (3,4) is:

3 4 3 —4 -3 —4
@ (55052 ®) (5. 72) ©(35) @ ao
If z=-3i+4,thenz = -
(@-3i—4 (b)-3i+4 (c)3i+4 (d) 3i — 4
Real and imaginary part of i(3 — 2i) are respectively:
(@) 2 &-3 (b) 2&3 (c)3& —2 (d)-3&—-2
If z=a+ib, then |z|=: -------———-—--
(@) Va—b (b) VaZ — b2 (c) VaZ + b2 (d) Va—-»b
(w)“ o
1-i
(@) =1 (b) 1 () (d) —i
The value of i77is: -==-----------
(a) 1 (b) i (c) -1 (d) —i
Simplify:

@) (5 — 60 + (Gi) + (7 + 60) (i) (4—10) + (=9 + 60)

(iii) (9 + 11i) — (3 + 5i0)

(v) (-3 + 20)(3- 8i)

4—i

6—3i

Find each of the following:
(i) zforz =3 —15i

(vii)

z
(iv);for z=15-3i (v)z; —z,forz; =5+4iand z, = -8+ 5i

Find absolute value of the following complex numbers:
6+3i

10+

i) —3—6i (i) —6+3i (i

(i) z7 =z, for zy =5+
(lli) Z1Zy fOI‘ zZ1 = —-10 + Sl al’ld Zy = 5 —10i

(iv) (=2 — 150) — (—12 + 131)
(vi) 3- D)4 + 30)(5 - 20)
8+6i

6—2i

(viii)
and z, = -8+ 3i
1+i

iv) —
2 ( )1—i



Find the values of x and y if:

(i) 5x + 3iy = —x + 2iy (ii) x2 — 7x + 9iy = iy? + 20i — 12
Find real and imaginary parts of the following:
3z+i
i) z=i—42i-3 (i) for z=3+2i
z+4
Find the additive and multiplicative inverse of each of the following:
(i) 3-7i (i) -2+ (iii) —2—5i
. 13 .
(v) S+ v) —4 ++/7i (vi) 3 +4i

Solve the following equation:

z2—(2-30)z—-5+i=0
Verify the following:
(i) (2+3i)?=-5+12i (ii) 2(5—2i)% =42 — 40i
(i) Z+i=@E-DE"+iz=1) (iv) Z-1=(z+i)(z—i)(z +1)z—-1)
Solve the quadratic equations by completing the squares.
(i)z2—-5z+7=0 (i) 2z2—6z+9 =0 (iii))4z2+25=0
(iv)z2—10z+ 41 =0 (V)4z2+4z+5=0



Matrices &

Determinants
e Weightage = 15% e Periods = 48
2.1 Matrices

Matrix is a Latin word which means a place where something develops or
originates.

J. J. Sylvester (1814-1897), was the first British mathematician, who
formed squares containing rows and columns which he extracted from a
rectangular arrangement of objects and called it a matrix (plural matrices).

Arthur Cayley (1821-1895) developed the theory of matrices and used it
in algebra of matrices.

Matrices are used to solve the system of linear equations. These have wide
applications in the fields of mathematics, statistics, engineering, physical and

social sciences also in other various disciplines.

2.1.1 Recall the concept of
e a matrix and its notation
e order of a matrix
e equality of two matrices

(a) A matrix and its notation
A rectangular array of numbers, symbols, or expressions, arranged

in rows and columns, enclosed within square brackets or parenthesis is called
a matrix.

Matrices are generally denoted by capital letters of English alphabet.
Small letters of English alphabet or numbers generally denote its elements or
entries.

The following notations are used to enclose the elements of a matrix.

1O )
Following are the examples of matrices:

e T ESL N




The general form of a matrix ‘A’ with ‘m’ rows and ‘n’ columns is

represented as follows: jth column
[ A1 Gz iz A1j - Qi
azq [2%Y) Ap3 - azj e Qon
azq1 daszp azz - a3j e A3y
A= : : VR /ith row
aj1 Qi iz al']' ain‘
Laml Amz  Amz - Amj - Qppl

It is noted that the element q;;is lying on the intersection of the it" row
and j column of matrix A. It is referred to as the (i,j)th element. Hence, the
above given matrix A can be represented by A = [a;] ()

where i=1,2,3,...,mand j=1,2,3,..,n
2.1.1 (b) Order of a matrix
The order or dimension of a matrix having m rows and n columns is

denoted by m X n (read as m by n).

A matrix of order m X n can be written as:
a11 a12 aln

A= 0221 agz ..:. azzn
Am1  Am2-- Amn
Examples:
1 2 i 4i 7i
(i) [ isa 2 X2 matrix (i) |2i 5i 8i|is a3 x 3 matrix
3 4 C T a
3i 60 9i
or matrix of order 2. or matrix of order 3.
i
(iid) lZil is a matrix of order 3 x 1. (iv) [1 2 3]is a matrix of order 1 x 3.
3i

2.1.1 (c) Equality of two matrices

Two matrices A and B are said to be equal if they have the same order
or dimension and the corresponding elements are equal.

o2 _[2—-1 1+1 .
For example, A = [3 4] and B = [ 4—1 3+ 1] are equal matrices.
but, A = [; i] and C = B é] are not equal, because a,, # ¢y i.e. 4 # 5
4
Similarly, —3] #[4 —3 5] because of different order.
5




2.1.2 Know row matrix, column matrix, square matrix,
rectangular matrix, zero/null matrix, diagonal matrix,

scalar matrix, identity matrix

(i) Row Matrix

A matrix having only one row is called a row matrix. i.e. matrix of order
1 X n is row matrix.
For example,A=[a b] and B=[a [ Y] are row matrices of order 1 x 2

and 1 x 3 respectively.

The matrix A has two columns and B has three columns but both have one
TOW.

(ii) Column Matrix
A matrix having only one column is called a column matrix. i.e. matrix

of order m X 1is a column matrix.
a

For example, A = [Z] and B = [.3
Y

are column matrices of order 2 x1 and

3 x 1 respectively.
The matrix A has two rows and B has three rows but both have one column.
(iii) Square Matrix

A matrix in which the number of rows and columns are equal is called
a square matrix. i.e., matrix of order m X n is square matrix if m = n.

1 2 3
Example: B = [é i] and C = [4 5 6] are square matrices.
7 8 9

The order of matrix B is 2x2 and the order of matrix C is 3 x 3.

Notes: 1. Elements of the square matrix of type a;and a; are called symmetric
elements, where i # .
2. The sum of the elements of the main diagonal of a square matrix A, is
called the trace of A, denoted by tr(A).
e.g In above square matrices, tr(B) = 1+4 = 5 & tr(C) = 1+5+9=15

(iv) Rectangular Matrix

A matrix in which the number of rows is not equal to the number of
columns is called a rectangular matrix. i.e., matrix of order mxn is
rectangular matrix if m # n.

2 1
Example: B = Ll} é 2 and C = [—3 5] are rectangular matrices.
6 0

of order 2 X 3 and 3 X 2 respectively.




(v) Zero/Null Matrix
A matrix in which every element is zero is called a zero or null matrix.

Symbolically, a null matrix of order m X n is denoted by O, ,,.
SO, Om,n = [0](m,n) i.e, ajj = 0

Example: [8 8

0 0O

00 0 is a null matrix of

] is a null matrix of order 2 and [

order 2 X 3.
(vi) Diagonal Matrix

A square matrix is said to be a diagonal matrix if all the non-diagonal
elements of the matrix are zero and at least one main diagonal element is non-zero,
i.e., @;j = 0 where i # j and at least one a;; # 0 where i = j.

d, 0 0
Example: D=|0 d, O ] is a diagonal matrix of order 3.
0 0 ds

The entries d; ,d, ,d; are of principal or leading or main diagonal of the matrix
D and these entries are called main diagonal elements.
The matrix D can also be denoted as; D = diag (d,,d,,d3)

[200][500] [600]
0 5 0f,|]0 6 0] and [0 0 0| are few examples of diagonal matrix
0 0 6/10 0 O 0 0 0
of order 3.
(vii) Scalar Matrix

A diagonal matrix, in which all the main diagonal elements are equal, is
called a scalar matrix. i.e., a;; = 0 where i # j, and aq;; = k where i = j and k is

a scalar. For example, [g g] is a scalar matrix of order 2.

a 0 O
and |0 a 0] is a scalar matrix of order 3.
0 0 a

(viii) Unit or Identity Matrix
A diagonal matrix in which each main diagonal element is 1, is called a
unit or identity matrix. The unit matrix of order n X n is denoted by I,,.

10 1 0 0
For example, I, =[1]: I, = [0 1 and I;=10 1 0
0 0 1

are unit matrices of order 1, 2 and 3 respectively

Notes: 1. Every scalar matrix is also a diagonal matrix.
2. Every identity matrix is also a scalar matrix.




2.1.3 Define upper and lower triangular matrix, transpose of
a matrix, symmetric matrix and skew-symmetric
matrix, Idempotent, Nilpotent, Involutory, Periodic,
Hermitian matrix and Skew Hermitian matrix of order

up to 4
(i) Upper Triangular Matrix (ii) Lower Triangular Matrix
A square matrix, whose all A square matrix, whose all
elements below the main diagonal are elements above the main diagonal are
zero, is called upper triangular matrix, zero, is called lower triangular matrix,
ie., a;=0,Vi>j ie, a;=0 Vi<j.

For example, [5 8 3]

100
0 1 6 For example, [2 3 Ol
0 0 3 4 5 6

is an upper triangular matrix of order 3. | is a lower triangular matrix of order 3.

Notes: 1. If a matrix is upper triangular or lower triangulr then it is said to be a
triangular matrix
2. All the diagonal matrices are both upper triangular and lower triangular.

(iii) Transpose of a Matrix

The matrix obtained from any given matrix A by interchanging its rows
into columns or vice-versa is called transpose of A. It is denoted by A? ; read as
“A transpose”. i.e., A of order n X m is the transpose of matrix A of order m x n.
Symbolically, if A = [a;;] - then A’ = [a;]

(nm)

1 2 3 10

For example, If A = [O c 7], then A = |2 5|.
3 7

Notes: 1. The transpose of a row matrix is a column matrix and vice-versa.
2. The transpose of an upper triangular matrix is a lower triangular matrix
and vice-versa.
3. All the diagonal matrices are self transposed.

(iv) Symmetric Matrix and Skew-Symmetric Matrix

A square matrix A is called symmetric matrix if A* = A.

For example, A= [; g] is a symmetric matrix because A’ = [; ;

a d c

d b f l =B
e

c f

a d c
B = [d b f l is also a symmetric matrix because Bf =

c f e




A square matrix A is called skew-symmetric matrix if A = —A

0 -4 1
For example, If A= 4 0 —3]
-1 3 0
0 4 -1 0 —4 1
then At=|-4 0 3l=—[4 0 —3]=—A
1 -3 0 -1 3 0
ie., At =—A

So, Ais skew-symmetric matrix.

Notes: 1. In skew-symmetric matrix, all the main diagonal elements are always zero,

2. If A is any square matrix then A + A" and A— A" are always symmetric and
skew-symmetric matrices respectively.

(v) Idempotent matrix
A square matrix A is called idempotent if A2 = A.
Example: Show that the following matrix is an idempotent matrix.

2 -2 —4
[—1 3 4]
1 -2 -3
(2 -2 —4
Solution: Let A=|—-1 3 4]
[ 1 -2 -3
(2 -2 =412 -2 -4
Now, A’=|-1 3 4”—1 3 4
1 -2 -3/l1 -2 -3
[44+2—-—4 —-4-64+48 —-8-8+12 2 -2 -4
=|-2—-3+4+4 24+49-8 4+4+12-12 =[—1 3 4 |=A
| 2+2—-3 -2-6+6 —4—-8+4+9 1 -2 -3

Since A?=A
Therefore, A is idempotent matrix.

Notes: 1. If A is an idempotent matrix then A" = A, V n€ N.
2. Matrix multiplication will be discussed in detail in section 2.2.1.

(vi) Nilpotent matrix
A nilpotent matrix is a square matrix A such that AP =0 for some
positive integer p. The smallest p is called the index or degree of nilpotent

1 2 3
1 2 3

-1 -2 -3

1 2 3 1 2 3
1 2 311 2 3
-1 -2 -311-1 -2 -3

matrix.

Example: Let, A=

Now, A? =




M@+ @AW + D M@+ @@ + -2 M)+ (@B + B3
A= OO+@O)+EED (M@) + @)@ +3)-2) MG+ @B) + B3
DO+ DO+ EHED (D@ + D@ + 32 (D) + (-2)B) + (-3)(-3)

1+2-3 2+4—-6 3+6—-9 0 0 0]
= A2=|14+2-3 2+4—-6 3+6—-9 = A’=[0 0 0|=0
-1-243 —-2—-44+46 -3—-6+9 0 0 ol
i.e., A% =0, so A is a nilpotent matrix of index 2.

Notes: 1. If A'is a nilpotent matrix of index p then K= O, A= O,...Ap'l = 0.
2. Square null matrices are nilpotent matrices of index 1.
3. The trace of nilpotent matrix is always zero.

(vii) Involutory matrix
A square matrix A is said to be involutory matrix if A2 =1.

Example:

-5 -8 0
Let, A=(3 5 0 l
1 2 -1
-5 -8 01/1-5 -8 0 25— 24 40 — 40 0 1 0
Now, A2=[3 5 0”3 5 0]= —-15+15 —24 + 25 0]=[0 1
1 2 —1ll1 2 -1 -54+6—-1 —-8+4+10—-2 1 0 0
=1 i.e., A?2=1, soAis an involutory matrix.
Notes: If A is an involutory matrix then
1.A=A=K=..=K1& A=~A=A.. A=A,V kEN
2. IfA=1=2A" (A)=A' 1) 2A=A"
(viii) Periodic matrix
A square matrix A is called a periodic matrix if AX*! = A for some
positive integer k > 1 where k is called the period of A.
1 -2 -6
Example: Show that [—3 2 9 l is a periodic matrix of period 2.
2 0 -3
1 -2 -6
Let A=|-3 2 9 l
2 0 -3
[1 -2 —6 1 -2 -6
Now, A>=|-3 2 9]-[—3 2 9
| 2 0 -3 2 0 -3
[1+6—-12 —-2-4-0 —-6-18+18 -5 -6 -6
=|-3—-6+18 6+4+0 18+18-27 =I9 10 9]
| 2-0-6 —44+0+0 -—-124+0+9 -4 -4 =3

again we multiply by A
-5 -6 —6][1 -2 -6
So, A’xA=|9 10 9”—3 2 9]
-4 —4 3112 0 -3




—-54+18—-12 10—-12-0 30-—-54+18 1 -2 -6
or A’=[9-30+18 -—18+204+0 -54+90-27|=[-3 2 9[=A
—4+12-6 8—-8-0 24-36+9 2 0 -3
i.e., A3 = A, so A is periodic matrix of period 2. Hence shown.
Note: Idempotent matrix is a periodic matrix of period 1.
(ix) Hermitian Matrix and Skew Hermitian Matrix
A square matrix over C is called Hermitian matrix if (A)! = A
Whereas a square matrix over C is called Skew Hermitian matrix if (A)t = —A

Example 1. Show that matrix A is Hermitian matrix.
1 I =20 9i

-i 5 5i 2i

2i —=5i 8 —i

=-9i =20 i 4

where A=

Solution:
(1 i =2 9
=i 5 s o2

Here A=l2i —5i 8 =i

—9i —2i i 4

1 - 20 —9i

i 5

~2i 50 8 i

(90 20 -i 4

(1 @ =20 9
e 5 50 20 | _

and W' =12 5 8 =i |=A

—9i —2i i 4

=
1

|
Ul
=

.I
N
-

Now

(K)t =A
A is Hermitian matrix. Hence shown.

Notes: 1. If A is any square matrix over C then (&)° =(Af).

2. In Hermitian matrix elements of the main diagonal are always real
numbers, and symmetric elements are conjugate of each other.

Example 2. Show that A is skew Hermitian matrix.

0 i 2 9i
i o s5i 2

Where A=l 5 0 i
9% 20 i 0




Solution:

Here,

@' =

i.e.,

=2
| —9i

[0 i

i 0
2i 5i
9i 2i

[ 0

—i

2i
5i
0
i

—i
0
—5i
=2

B)=-A

9i
2i
i
0

—2i
—5i

0

—i

—i

<_|-i 0 -5 -2
= A=\ 5 0 —i
—9i -2i —i 0
—9; 0 i 2i 9
—2i e _|i 0 si 2
G| T W = 5 0 g
0 9 2i i 0

Hence, A is skew Hermitian matrix.

Notes: 1. If A is any square matrix over C, then matrices A+(A)t and A-(A)*

are always Hermitian and Skew-Hermitian respectively.

2. In Skew Hermitian matrix, elements of the main diagonal are
either purely imaginary or zero. Furthermore, the symmetric
elements are additive inverses of each other if they are real or

same in case of imaginary numbers.

V5 0 0 3
. 1 . 3 Lo [ i
m [0 -39 4] @ [; 0 3
2 L 7
0 0 ¢
(1 0 0 O
. 0 i 01 00 o [2
7 M o o1 o0 o) 5 )
0 0 0 1
V7.0 0 [0 i 2i 2 —i 5i
(vii) 0 V7 0 (viii) - 0 —4i] (ix) [i 3 7i‘
0 0 7 -2 4i O —-5i =7i 4
2. A newspaper agent of a town records the number of papers sold on

each day of one week as follows:

| Exercise2.1 )

1. Specify the type of each of the following matrices.




Mon Tue Wed Thu Fri Sat | Sun
Daily Dawn 80 90 100 95 85 75 70
Daily Jang 100 110 90 95 105 85 80

Write this information in a matrix form and write its order.
Find the values of the unknowns in each of the following.

. , 2 -3 5 d e g
0 [ 6‘:‘] - [761 Z] @ la 9 o l =|-2 F 0 ]
b ¢ -1 -4 7 -1
x+y 0 z 3 0 3x
(i) 9  2x+y 6] = ;9, 4 6
a 1 31 |3 1 3
Find the transpose of each of the following matrices.
8
. .. 2i 51 -3i
i [-4 3 6] (i) [ 0 —6i 2i ] (iii) l _34]
=21 i -7 —-10 8
(iv) [ 50 7 l ) _38 (7)] (vi) I 4 5 9]
2i —=5i -1 2 3
Write down in tabular form:
0 A=[a],, (@) X=[xgl,, (i) B = (b0

Which of the following are symmetric or skew-symmetric matrices.

0 -5 -6 [7 5 8 0 1 3
@m|s o 7 @ils -1 6 @|-1 0 5
6 -7 0 8 6 -1 -3 =5 0
1 2 5 [0 -5 4]
(iv) [2 5 —7] W[5 0 -1
5 =7 3 -4 1 0
Find the index of the following nilpotent matrices.
[0 1 0 [1 -3 —4] [1 1 3]
@i (o 0o 1 @f-1 3 4 |5 2 6
0 0 O [ 1 -3 —4] -2 -1 -3
Find the period of the following periodic matrix.
[0 1 [1 -2 —6] [ 2 —3 —5]
@M ]1-1 o @l-3 2 9 @) |-1 4 5
[ 2 0 -3 1 -3 —4]
Which of the following is idempotent or involutory matrix.
(4 3 3 [—1 2 4] [2 1 1]
@ [-1 o0 —1] @il1r -2 —4 @f[-1 o -1
-4 —4 -3 -1 2 4] -2 -2 -1




10. Which of the following is Hermitian or Skew Hermitian matrix or neither.

3 1-2i 4+7i —i 30 i 1 - -1+
@) |[1+2i -4  —2i| @3¢ 7i -=5i| ()| i 1 1+
4—70  2i 5 i =50 —i 1+i —1+i O

11. Find the values of unknowns x,y & z given that following matrices
are Hermitian.

3 x+2i  yi . . 7 x y+i

1+ +2
() A=[3-2i 0 1+zi| (i) B- 3+xf y2 " c=| 50 .1 7.0
yio 1-xi -1 zt 3-i 7-3i -4

12. Find the values of the unknowns f, g & h of the square matrix

5 2 1 3 -4 2
@ [g3 -1 4 b) [2-f 8 7
f+1 2-h 7 h-7 g+4 -1

so that it becomes (i) symmetric matrix (ii) upper triangular matrix

2.2 Algebra of Matrices
2.2.1 Carryout scalar multiplication, addition/ subtraction of

matrices, multiplication of matrices with real and

complex entries (3 by 3)
(i) Scalar Multiplication of a Matrix

Let A=[a;] is a matrix and k is a scalar then the scalar
multiplication of the matrix A denoted by kA is defined as:

kA = kla;;] = [kay]; Vi,
In other words, for a matrix A and a number k (also called a scalar), the

matrix kA is obtained by multiplying each element of A by k.

ens 2 Yoenaanaf 2)-[1 6]

(ii) Addition of Matrices
If A and B are two matrices of the same order (dimension) m X n then

their sum A + B is the matrix of the same order obtained by adding each

element of A with the corresponding element of B.

Thus, if A= [aij](m'n) and B = [bij](m,n)’ then A+ B = [Cl,:j + bl]]

(mn)’

1 2 3 4 7 8
Example: Let A=[4 5 6] and B = [3 2 1]. Find A+ B.
7 8 9 9 5 6

Solution:
1 2 3 4 7 8 1+4 2+7 3+8 5 9 11
A+B=[4 5 6[{+|3 2 1l=4+3 5+2 6+1=[7 7 7]
7 8 9 9 5 6 7+9 845 9+6 16 13 15




(iii) Subtraction of Matrices

If A and B are two matrices of the same order (dimension) m X n then
their difference A — B is the matrix of the same order obtained by subtracting
the elements of B from the corresponding elements of A.

ThUS, if A= [aij](m,n) and B = [bij](m,n)’ then A—B = [Clij - blj](m,n)
1 2 3 4 7 8

Example: Let A=|4 5 6] and B= [3 2 1|; Find A-B
7 8 9 9 5 6

Solution:
1 2 3 4 7 8 1-4 2-7 3-8 -3 -5 =5
A—B=[4 5 6]—[3 2 1l=[4—3 5-2 6—1l=[1 3 5]
7 8 9 9 5 6 7-9 8-5 9-6
(iv) Multiplication of Matrices
Let A = [a;;] be a matrix of order m X p and B = [b;;] be a matrix of order
p X n. Then their product A-B or AB is the matrix C = [ci j] of the order m X n
where Cij = Qizbyj + apbyj + - appbp;
The following points may be followed in matrix multiplication.
(i) The product AB is defined only if the number of columns of matrix A is equal
to the number of rows of matrix B.
(i) The elements in the (ijth place of AB is the sum of the products of the

corresponding elements of # row of A and jth column of B.
Example 1.

2 3 1 6 10 1
Let A=|5 7 2] andB:[S 8 3|, compute AB and BA.
8 6 4 2 7 2
Solution:
2x6)+(Bx5+(1x2) (2x10)+(3Bx%x8)+(1x7) (2><1)+(3><3)+(1X2)‘ 29 51 13
AB=|GX6)+(Tx5)+2x2) GX10)+7x8)+2x7) GxD+(Tx3)+2x2)|=[69 120 30]
(Bx6)+(6x5) +(4x2) (Bx10)+(6x8)+@4x7) @Bx1+(6x3)+(4x2)| 86 156 34

and

BA=|(5x2)+(8x5+@Bx%x8) (x3)+@Bx7)+Bx6) GxD+@Bx2)+(3x4) 74 89 33

(6x2)+(10x5)+(1x8) (6x3)+(10x7)+(1x6) (6><1)+(10><2)+(1><4)] [70 94 30]

2x2)+(7x5+2x%x8) 2x3N+Tx7N+@2x6) CxD+(7x2)+(2x4) 55 67 24

1 2 2

Example 2. fA=|2 1 2|, show that A> — 4A — 5I; = O5.
2 21

Solution:
1 2 2111 2 2

A2=(2 1 2]'[2 1 2]

2 2 1112 2 1




[1+4+4 2+2+4 2+4+42] [9 8
=12+2+4 4+1+4 4+2+2|=|8 9 8

[2+4+2 4+2+4+2 4+4+1] [8 8 9

9 8 8 12 2 1.0 0

A2—4A-51;=|8 9 8|—4|2 1 2]—50 1 0]

8 8 9] 2 21 0 0 1

9 8 8] [4 8 8 [5 0 0
=18 9 8[—-|8 4 8|—(0 5 0

8 8 91 I8 8 4/ lo 0 5

9—-4-5 8-8—-0 8-8-0] [0 0 O
=|8-8-0 9-4-5 8-8-0(=|0 0 0|=0;

8-8-0 8-8-0 9-4-5]1 [0 0 0O

i.e., A2 —4A—5I; = 0;. Hence shown.

2.2.2 Show that commutative property:
(i) holds under addition i.e., A+ B=B+A
(ii) does not hold under multiplication, in general

(i) Commutative property holds under addition i.e., A+ B=B+A
If the matrices A and B are conformable for addition then commutative
property under addition holds i.e.,
A+B=B+A

Example: If A= [9[1 _S;J and B = [gl 3;.], verify the commutative property

under addition.
Solution:
avB=lg Zl+lg 7] 9Zi%isfl7?f§]=[1‘7i Sl 0
0 3i [ 5i 0+i 3i [ [ 8i ..
and B+A=[g V|+[g =g v o=l el ---()

From (i) and (ii), we get A+ B=B+ A Hence verified.

17t —6i

(ii) Commutative property does not hold under multiplication, in general

If the matrices Aand B are conformable for multiplication then
commutative property under multiplication does not hold in general
i.e., AB#BA

1 4 7 3 4 1
Example:If A=|2 5 8|andB=|1 2 1|, show that AB # BA
3 69 2 11




Solution:

1 4 7113 4 1 3+4+14 4+8+7 1+4+7 21 19 12
AB=(2 5 81 2 1l= 6+5+16 8+10+8 2+5+8 =[27 26 15]...(1)
3 6 9112 1 1 9+6+18 12+12+9 3+6+9 33 33 18

3 4 11 4 7
Now BA=|1 2 1] 2 5 8
2 1 1113 6 9
3+8+3 12+20+6 21+32+9 14 38 62
=[1+4+3 4+10+6 7+16+9 =[8 20 32] ...(ii)
2+2+3 8+5+6 14+8+9 7 19 31

From (i) and (ii),
we get AB # BA. Hence shown.

2.2.3 Verify that (AB)' = B'A' (3 by 3)

If the matrices are conformable for multiplication then, we can verify:

(AB)! = BIA!
2 -3 4 3 4 5
Let A=|5 7 9 l and B = [—5 -7 —9]
-2 3 -4 2 3 6
2 -3 4171713 4 5
AB=|5 7 9”—5 -7 —9]
-2 3 —4ll2 3 6
6+15+8 8+21+12 10 + 27 + 24 29 41 61
=(15—-354+18 20—49+4+27 25-63+54 =[—2 -2 16]
—-6—15—-8 —-8-21-12 —-10-—27—24 -29 —41 -61
29 -2 -29
Thus, (AB)t = l41 -2 —41] ..(0)
61 16 -61
2 5 =2 3 -5 2
Now, Af=|-3 7 3] and B! = [4 -7 3]
4 9 —4 5 -9 6
3 =5 2][ 2 5 -2 6+15+8 15-35+18 —-6—-15-8
BIA =4 -7 3”—3 7 3]= 8+21+12 20-—49+ 27 —8—21—12]
5 -9 6ll 4 9 —4 10+27+24 25—63+54 —10-27—24
29 -2 =29
=141 -2 —41] ...(ii)
61 16 —61

From (i) and (ii), we get (AB)! = B'A®* Hence verified.
Properties of matrix operations

(i) Properties of Matrix Addition
Following properties are satisfied by the matrices, A, B and C of the
same order w.r.t matrix addition.



(ii)

(iii)

(iv)

(i) A + B is also a matrix of the same order. [Closure property]

(ii) A+B=B+A [Commutative property]
(iii) (A+B)+C=A+B+0) [Associative property]
(iv) For any matrix A, there exist a matrix of the same order, that is

null matrix O, suchthat A+0=0+A=A
[Additive identity property]|
(v) For any matrix A, there exists a matrix B of the same order, such

that A+ B=B+A=0 [Additive inverse property]
where O is the null matrix of same order.
The matrix B is called the additive inverse of A and is denoted by - A.

Properties of Scalar Multiplication
Following properties are satisfied by the matrices A and B of the same
order and two scalars with respect to scalar multiplication.
(i) k,A is also a matrix of same order.
(i)  (kikz)A = kq(kpA)
(i)  (kqy +ky)A =k;A+k,A and k;(A+ B) =k;A+k;B
(iv) 1A=Aand -1A=-A
W] 0OA = O = A0, where O is a null matrix
Properties of Matrix Multiplication
If the matrices A, B and C are conformable for addition and
multiplication, then
(i) (AB)C = A(BC). [Associative property]
(ii) A(B+C) = AB+ AC and (B + C)A = BA + CA.
[Left Distributive property x over +|

(i) Al =1A = A where A and I are of the same order.

[Multiplicative identity property]
(iv) k(AB) = (kA)B = A(kB), where k is a scalar.

(v) Let A be a square matrix of order n, there exist a matrix B of the
same order n, such that AB = BA =[,,, then B is called an inverse
of A and is written as B = A"1. [Multiplicative inverse property]|

Properties of Transposed Matrices

If two matrices A and B are conformable for addition and

multiplication, then

(i) (A£B) =A" £+ B¢

(i) (kA)t = kAY, where k is any non-zero scalar

(i) (AHt=A (iv)  (AB)t = BtA!




1+ 2 3i 241 3—-1i 4
1. IfA=| 4i 5—-i 2+4+3ilandB=| i 0 5 —i | then find:
0 5 1—1i 6+1i 2 2 + 3il
(i)A+B (i) A—B (i) 2A—B  (iv)3A+B+1
where I is unit matrix of order 3.
3 41 -5 4]
2. Leta=|4 s 7[B=[] * Tlandc=|6 -3
-2 -3 8 -2 71
wherever possible, compute the following:
(i) AC (ii)) BC (iii) AB (iv) BA (v) A%
(vi) CB (vii) (AB)C (viii) CtBt (ix) CtAt (x) (CA) B
1 -3 2 2 1 -1 1 4 1
3. LetX=1]2 1 —3,Y=l3 -2 —1]andZ=2 1 1]
4 -3 -1 2 -5 -1 1 -2 1
then show that XY = XZ.
-2 1 0
4. IfA=|—-1 4 3|then find: A2 —5A + 4I.
0 8 5
1 o w? w w? IN[1 0
5. Prove the identity: { w w? 1]|+|w? 1 wl} [ a)l = [Ol
w?> 1 w w w? 11)lw? 0
3 2 1 9 4 6
6. If A=1|4 -2 5 |and B= [ 7 —8 5| then verify:
-1 0 -7 -1 0 3

(i) commutative property under addition
(i) (AB)t = BYAf

2.3 Determinants

2.3.1 Describe determinant of a square matrix, minor and
cofactor of an element of a matrix

(i) Determinant of a square matrix

Determinant is the number (real, imaginary or complex) which is
associated with any square matrix. Determinant of a square matrix A is
denoted by det(A), det A, or |A].

11 12] a a
b

For 2 X2 matrix A= [a21 Ay the number aqia;, — a;2a,; is its

determinant. Similarly,

ai1 Q12 013
az1 Q22 ‘123] ,
az1 04z 04ss

for 3 X 3 matrix A =




Al = azz dz3 azi1 dz3 az1 Az
|Al = a4y

asz; dsz asz; dsz asz; dasp
= a,1(Az2a33 — Az30372) — A12(A21033 — A3031) + A13(A21032 — A22A31)-

12 | 13 | | (Expansion by first row)

Note: The determinant of a square matrix of order 1 is the just the element
itself. i.e If A = [ay4] then |A| =|a;,|=a,; e.g A =[-5]then |A|=|-5|= -5

4 9 2
Example: Let A= (3 5 7|, Find its determinant.
8 1 6
4 9 2
. _ _ A5 71 _ o3 7 3 5
Solution: Al = g i Z —4|1 6| 9|8 6|+2|8 1

=4(30—7) —9(18 — 56) + 2(3 — 40) = 360.

(ii) Minors and Cofactors of an element of a Matrix
(a) Minor

The minor of an element a;; of a matrix A is the determinant of a square
sub-matrix, obtained by deleting ith row and jth column. It is denoted by M;;.
(b) Cofactor

The co-factor of an element a;; of a matrix A, denoted as A;j, is defined
as A;; = (1) My

az1 Az A3
azi; Az dass
Find M,,, A1,, M3; and A3;.

Example 1. Let A =

ap; Q42 a13]
b

Solution:
. az1 Qg3
M;,= Minor of a;, = sy a33|'
az1 dQzs
A, = Co-factor of a;, = (—1)*2M;, = — |a31 a33|
. a2 Qi3
M3, = Minor of az; = |a22 a23|
_ ~ 48341 __ %12 Q13
A3, = Co-factor of az; = (—1)°"* M3, = Ay a23|'
1 4 -2
Example 2. Let A=|2 3 —4|. Compute M,3 and Aj;,.
0 2 3

Solution:
M=y S=@x®-®x©@=2
A= (DPP]) A= DB+ @} =0
2.3.2 Evaluate determinant of square matrix using cofactors
1 4 -2
2 3 —4],

0 2 3

Let A=




=6 - o@)1=17
2= -2 - 5] = -6

Az = (D2 ] = [@)@) - 3] = 4
Ai1,Aq,, and A5 are three cofactors.
Now, det A=a;1A11 + a1281, + a13813 =1(17) + (4)(—6) + (—2)(4) = —15
Similarly, we can also calculate det A by using other rows,
det A = az1Az1 + az2Az; + az3A23 = =15 (By Ry)
det A = az;1Az; + asz2Asz; + azzAszz = —15 (By Rs)
we can also calculate det A by using columns.
Using cofactors for each element of 1st column

A=) =10 - H@1=17
Ay = 2T P = - l@G) - @)1 = 16

A= DT T2 = (@0 - (DB = -10
Ai1,A;1, and A;; are three cofactors.
Now, det A =a;;A11 + a8, +az 1Az, =1(17) + (2)(—16) + (0)(—10) = —15
Similarly, we can also calculate det A by using other columns,

det A = ayA15 + 2242, + azpAz; = —15 (By ()

det A = a;3A13 + az3Az3 + azzAzz = —15 (By (3)

In general, det A can be calculated by using any row or column. The

evaluation of a determinant with the help of cofactors is known as Laplacian
expansion.

2.3.3 Define singular and non-singular matrices

(a) Singular Matrix:
A square matrix A is said to be a singular or non-invertible matrix if its
determinant is zero.

Example: If A = [é 2] then |A| = |§ 2| =0.

“ Al =0

~ A is a singular matrix.
(b) Non-Singular Matrix:

A square matrix A is said to be a non-singular or invertible matrix if its
determinant is not equal to zero.



Example: If A = [é ] then |A] -2+ 0.

Al #0
~ A is a non-singular matrix.

_|34_

2.3.4 Describe the Adjoint of a square matrix and a diagonal
matrix

(a) Adjoint of square matrix

The adjoint of a square matrix A is the transpose of the matrix formed
by all the cofactors of the corresponding elements of A and is denoted by adj A,

Symbolically, adjA = [A;]" = [A;]

a1 Qg - Qqp
Let A= azi azzl v o
an1 Qp2 - Qppn
The matrix of the co-factors of the above matrix is
A1r Az o Agp A1n Az oo Am
[l ="z M2 e andadia = [ = [ = 2
Anl AHZ b Ann Aln AZl’l b Ann

1 35
Example: Find adjoint of matrix A= |2 4 7]
9 8 6

Air A Ags)
A=Ay Axpp Az
Az1 Azz Agss

4 7 27
n= DM = DM = 32 A = (DTS ] = (CDME(-51) = 51

2
A = (D]

Solution: We know that adj , so we find all the cofactors.

H = e = <20 Ay = P[] = (120 = 22

| = (C1772(-39) = -39, Ay = (-1 3) = (120 (-19) = 19

1
— (—1)2+2
Ap = (-1) B

s

A=) S =W =1 Ay =) D= e =3

Ay = (| ¥ =~ (-2) = -

-32 51 —20
22 —39 —39
2

1

Hence, adj A =




(b) Adjoint of diagonal matrix

a1 O 0
Let A = 0 [¢%%) 0
0 0 as;
The matrix of cofactors of matrix Ais: | 0 A, O
0 0 As;
0
Where A11 = (—1)1+1 a(Z)Z ‘ = a22a33
ass
a 0
Ayy = (-1 (1)1 a33‘ = ay10s3

aii

Azz = (-1)*"° 0 azz‘ = a110y;

Q2033 0 0o 7 Q22033 0 0
Hence, adj A = 0 a;10s3 0 l =[ 0 a;10as33 0 l
0
22

0 0 a;1a 0 a;10ay,
2 0 0
Example: Find adjoint of matrix A=|0 5 0].
0 0 1
A, O 0
The matrix of cofactors of matrix Ais: | 0 A, O
0 0 Ass

where A11=(—1)1+1|g (1)|=5><1=5
_ 2422 0] _ _
Ay, = (~1) |0 1|_2><1_2

2 0
A33=(—1)3+3|0 5|=2><5=10

5 0 01 [5 0 0
Hence,adjA=(0 2 0| =[0 2 0
0 0 10 0 0 10

2.3.5 Use adjoint method to calculate inverse of a square
matrix and verify

The inverse of a square matrix A, denoted by A%, is another matrix
such that the product of A and A™? is the identity matrix.

i.e.,, AA"l = A71A =1 (where Iis identity matrix of the same order)

A1 exists only if A is non singular matrix.

Notes:(i) IfB=A"! thenB!'1=A
(i) (A™YH)~!=A, i.e., inverse of the inverse of a matrix A is A itself.
(i) (kA)™!= %A‘l, vkeR— (O}




Adjoint Method for computing A~!
The inverse of a matrix A by adjoint method is defined as

adj A
1Al
Example 1. Find the inverse of a matrix A = [; i] by adjoint method.

; where [A| # 0

Solution: Here |A| = |é i| =4—-6=-2=+0.

Thus, A is non-singular, so its inverse exists.

Ay Al A —A
We know that for 2 X 2 matrix A, adj A = [ 1 12] = [ 22 12]

Az Az —Az1  Agng
a4 =2
So, ad]A—[_3 1]
—2 1
11 gia=_114 —2)1_
Now, A —lAlad]A— 2[_3 1]— % _%

One can verify that AA ! = A71A = [(1) Ol =1

9 8 6
Example 2. Find the inverse of A= |2 4 7| by adjoint method.
1 3 5
adj A

Solution: We know that, A™! =

9 8 6
2 4 7
1 3 5
Cofactors of A:

A — (_1)1+1 |4 7| — (_1)1+1(_1) = -1 A — (_1)1+2 |2 7| — (_1)1+2(3) = -3

1 3 5 ’ 12 15

8
3

9 6 9 8
Ay = (D] = (1239 =39 An = (D] | = D9 =19

, Where |A| # 0.

Here, |A| = =9(20 —21) —8(10 — 7) + 6(6 — 4) = —21 # 0.

Aa=Cf Y=com@ =2 A= Y= e = -2

8 6 9 6
A = (D3] 0| = (—131(32) = 32 Ag, = (-], 0| = (-1 = 51

9 8
Ass = (D0 U] = (-1*@0) = 20

A1 A1 Az -1 —-22 32
So, adjA =|A1z Azz Az|=|-3 39 51
Aiz Azz Ass 2 —-19 20
. -1 —-22 32
-1 _adjA 1
Thus A = TAl T =21 [—3 39 —51‘
2 =19 20




2.3.6 Verify the result (AB)‘1 =B 1Al

Example: If A= [ ] and B = 7 8] then show that (AB)™! = B~1 A1

Solution: L.H.S = (AB)~!
First we find the product of A and B
[1 2][5 6] _[5+14 6+16]=19 22
3 4 15+ 28 18+ 32 43 50

Now, [AB = |1 22| = (19)(50) - (22)(43) = 4

43 50
We know that (AB)™! = aCT{A(SB)
50 —22 25 —11
—1_ —22 _| 2 2
So,  (AB) 43 o l=| 33 10|=|-%3 1o
4 4 4 4
R.H.S = B! A-!
First we find A~ and B~?
A=l A=m@w-@®) B= °=c®-@® 0
3 4 7 8
=4-6=—2%0 =40-42=—-2%0
. —2 o [8 —6
adj A = [ 3 ] ad]B—[ ]
-1 _ adj A _ _1 -1 _ 8 —
Now, A =02 == [_3 1] Now, B~! = ‘B‘ = [ ]
-2 1 -4 3
2 2 2 2
9 3 25 —-11
—4 37[-2 1 8+- —4-—2| |2
- -1 _ _ 2 2| _ 2 2
SO’BlAl—[Z ‘—5H5 ‘—1]—_7_1_5 e8| T
2 2 2 2 4 2 4 4 4
+ L.H.S = RH.S

~ (AB)"l=B"1A"1,

Hence verified.

1. Evaluate the following determinants:
5 4 3 -2 4 3 2c ¢ ¢
(3 -4 o (i) 4 -2 (i) |a a 2a
2 3 1 2 7 3 b 2b b




1 0 1—i 7 =2 1 1 1 1
@iv)] o 1 i w12 2 4 Vi) o w? 1
1+i i 1 4 3 7 w? o 1
2. Identify the following matrices as singular or non-singular matrix.
4 0 1 4 2 0 13 -5 4
(i)[ 7 5 5] (i) [ 3 0 1] (iii) [8 1 3]
-12 -6 -7 -1 1 -1 7 -1 2
1 6 3 4 0 O 20 10 30
(iv) [—2 1 o] v) [0 3 o] (vi) [z 1 3]
6 4 2 0 0 2 0 20 1
3. Find the value of x for which the following matrices are singular.
6 3 7 x =2 1
4 [10 5 . [5 4 .
() (ii) (iii) [3 —4 2] (iv) [2 -3 4 ]
[6 x] [x 8] 5 x 1 x -2 -1
4. Find the adjoint of the following matrices.
4 6 8
. 3 4 . -03 0.5
@H |- (ii) (iii) [1 3 2]
N 0 o 3
1 0 1—-1i 5 0 0
(iv) [1+i i 1 ] (v) [0 6 0]
0 1 —=i 0 0 7
11 10 1 3 o
5. IfA= [ 7 5 ] and B = [2 1] then verify:
@A H1l=A (i) (AB)"t =B71A7?
(iii) adj (AB) = (adj B)(adj A) (iv) (5A) = % At
6. Verify the following:
-1
2 37113 1 _[3 1172 37°
@ {[1 —1] 2 0} - [2 0] [1 —1]
-1
iy =i [ =it i)t
(u){[i 1] [—i 1 } - [—i 1] [i 1]
7. Use adjoint method to calculate the inverse of the following square
matrices, if possible.
5 6] [7 3] 123
(i) (i) (iii) [2 4 6]
3 4 9 6 3 0 9
2 3 4 1 0 2 2 1 0
(iv) [ 3 1 5] () [0 2 1] (vi) [1 1 O]
-5 1 0 1 -1 1 2 -3 5

2.4 Properties of Determinants

2.4.1 State and verify the properties of determinants

The properties given in this section are very useful in evaluating the
determinants. The properties of determinants of order three are also valid for
determinants of any order. All the properties which hold for rows are also valid
for columns.



Property 1. The values of the determinants of any square matrix A and its
transpose are always same.

1 0 3
Example: Let A=|2 1 2|. Verify that |A| = |AY.
4 3 2
1 0 3
Solution: |[A| =2 1 2|. Expanding |A| by R; , we get
4 3 2
=1y 2-of2 2|+3)2 J|=c-0-0+36-9=2
1 2 4 1 2 4
Now, A'=|0 1 3|then|A=]|0 1 3|. Expanding |A| by R, , we get
3 2 2 3 2 2

IAtI=1|% §|—2|g §|+4|g %l=(2—6)—2(0—9)+4(0—3)=2.

So, |A| = |AY|. Hence verified.
Property 2. The interchange of any two rows or columns of a square matrix A
changes the sign of its determinant without altering its numerical value.
1 0 3
2 1 2
4 3 2
obtained by interchanging any two rows of A.
Solution: Interchanging any two rows, say second and third, we get:
1 0 3
4 3 2
2 1 2

1 0 3
2 1 2
4 3 2
1 0 3
4 3 2
2 1 2

From (i) and (ii), we get |B| = —|A]|.
Hence verified.

Example: Let A= . Verify that |B| = —|A|, where B is a matrix

B =

>

Now |A] = =1|§ §|—o|i §|+3|421 §|=2 ()

4 3| _

and |B| = 5 1=

-2 ....(i)

=1l gl-oly 3

Property 3. If two rows or columns of a square matrix are identical,
then its determinant is zero.

1 3 0
Example 1. Show that |[A| =0, where A=|4 3 2].
1 3 0
1 3 0
Solution: |A| =4 3 2|.
1 3 0

Expanding |A| by R; , we get



3 2 4 2 4 3
|A|=1|3 o|_3|1 o|+0|1 3
=1(0-6)—3(0—-2)+0=0
So, |A| = 0. Hence shown.
Alternatively, + Two rows are identical
~|A] = 0.
1

2
4

Example 2. Show that |A| = 0, where A =

2 2 2
4 0 4
Expanding |A| by R; , we get

ar=1]g 2l=3ly 3+1ls o
=1(8-0)—3(8—8)+1(0—8) =0

Solution: Here [A]| =

131]

So, |[A|=0
Alternatively, ~ Two columns are identical
~ Al =0
Property 4. If all the elements of a row or column of a square matrix are zero,
then its determinant is zero.

2 -3 5

Example: Show that |A| =0, where A=|0 0 Ol.
9 —4 2
.10 0 0 0 0 0

|A|_2|—4 2|+3|9 2|+5|9 —4|

=2(0)+3(0)+5(0)=0
Alternatively, - each element of R, is zero.
~|Al = 0.
Property 5. If every element in a row or column of a square matrix A is
multiplied by the same number k, then |A| gets multiplied by k.

1 2 3 5 10 15
Example: Show that 52 3 7[(=12 3 7]
4 0 1 4 0 1
5 10 15
Solution: RH.S=[2 3 7
3 2 74 0213 3 7 2 7 2 3
:5|o Z|_10|4 1|+15|4 0=5(1|o 1|_2|4 1|+3|4 0)
1 2 3
=52 3 7/=LH.S
4 0 1




L.H.S =R.H.S

1 2 3 5 10 15
512 3 7| = 3 7 |. Hence shown.
4 0 1 4 0 1

Property 6. If every element of a row or column of a square matrix A is expressed
as the sum of two terms then |A| can be expressed as the sum of
determinants of two matrices differing in the elements of that
row or column but with remaining rows or columns as same as

those of |A].
16 3 0 16 3 0 0 3 0
Example:If A=(20 5 1|,B=|16 5 1| & C=|4 5 1
17 7 2 16 7 2 1 7 2
then show that |A| = |B| + |C|.
Solution: L.H.S
16 3 0 16+0 3 0 16 3 0 0 3 0
|Al=120 5 1{=|16+4 5 1|=]|16 5 1|{+|4 5 1|=|B|+|C|=R.H.S
17 7 2 16+1 7 2 16 7 2 1 7 2

Property 7. If the elements of one row or column of a square matrix A are k
times the corresponding elements of its another row or column then

|A] = 0.
2 5 -3
Let A=|k(2) k(5) k(—3)|whereR; =kR;
7 -2 11
2 5 -3 2 5 =3
Then |A|l=1k(2) k() k(-3)|=k|2 5 —3| by property 5
7 -2 11 7 =2 11
= k(0) by property 3i.e.,R; =R,
= 0
Corollary:
[k1a1 + kpasy  kyaz; + kaaz,  kiazs + kyass
If A= azq a;, ass , then |A] = 0.
asz1 asz ass
Hint: |[A| = |B| + |C]|,
(k1az1  k1Gz;  kiap3 [k2a31 k,as, k2a33l
where B =| ay; ayy a3 [and C=| ay; ay, ays
L d31 asz; ass asi as; ass

Property 8. If to each element of a row or column of a square matrix A is added,
a constant multiple of the corresponding element of another row or
column then the value of |A| is unaltered.

11 Q12 Q413

Az1 Q22 QA3

az1 043z 04zz

Let A=




a1 +kayy ax; +kayy, a3+ kays
al’ld B = azq ayo a3 ,
asi asa ass

where (R; of B) = (R;of A) + k(R, of A).

kay,, kay, kass
azi azz azs
aszi azz azs

aj; QA1 Qi3
az1 4z Az
azp dzz dzz

Then |B| = + , By using property 6

az1 Gz 043
az1 Qzz Q423
Q31 dzz dz3

= |Al+k(0) = |A| By using the property 3 (R; = R;)
Similarity, it can be shown that

= |Al + k , By property 5

aiq + kqaz1 + kpazy a2 +kiagy + kaaz,  agsz + kjazs + kyass
azq az; azs = |A|
asy as» assz

Note: The determinant of diagonal, scalar, identity, upper triangular &
and lower triangular matrices is the product of the elements of the
main diagonal.

2.4.2 Evaluate the determinant without expansion
(i.e., using properties of determinants)

1 x y+z
Example 1. Without expanding, show that (1 y z+ x| vanishes.
1 z x+y
1 x y+z
Solution: Let A=|1 y z+x|.
1 z x+y

Adding C, to C3, we get:

1 x x+y+z
1 v x+y+z
1 z x+y+z

A=

2

1 x 1
A=(x+y+2)|1 y 1 [Taking (x + y + z) common from Cs],
1 z 1
=(x+y+2)x0=0; [By using property 3]

1 o w?
0w w 1
w1 w

Example 2. Without expanding, show that |A| = =0.

Solution:

1 o 1+ow+w?
w o 1+w+w?
w? 1 1+w+w?

Al = ; [By adding C, and C, to C5]




[+ 1+ w+ w?=0]

[By using property 4]
1 a a?-bc
Example 3. Without expanding, show that |1 b b2 — ca| vanishes.
1 ¢ c?*?—ab
1 a a?-bc 1 a a? 1 a bc
Solution: Let A=|1 b b%2—cal=|1 b b?|—|1 b ca
1 ¢ c¢*>=abl 11 ¢ ¢l 11 ¢ ab
A=A, — A, (say) ... (i) [By using property 6]
1 a bc
Now A,=1|1 b ca
1 ¢ ab
1 |e a’ abc
=pc|lb b* abc|; [Multiplying Ry, R;, R3, by a,b, c respectively]
c c¢? abc
abc ¢ a’? 1
= 7c b% 1|; [Taking abc common from Cs]
abc 5
c ¢ 1
1 a® a
=—|1 b% b [By using property 2]
1 ¢ ¢
1 a a?
=|1 b b?%|=A4; [Byusingproperty2]
1 ¢ c?

From (i), A= A; — A,= A; — A;= 0 Hence shown. [ A,=A]

| Exercise2.4 )

2 5 0
LetA=|3 4 6| ,verifythat|A =AY
1 -5 1

Without expanding, prove, each of the following:

x+y y+z z+x 1 x y+z
(i) z x y |=0 (i1) 1 y z+x[=0
1 1 1 1 z x+y
k b a c+d
k b c a+d
W) 1k 4 ¢ b+a|=0°
k a d b+c




3. Without expanding determinants, prove that

1 a b+c x+1 x+3 x+5
(i) 1 b c+al=0 (ii) x+4 x+6 x+8|=0
1 ¢ a+b x+7 x+9 x+11
x+1 x+3 x+5
(iii) x+4 x+6 x+8|=0
x+7 x+9 x+11
b+c a a
(iv) b c+a b | =4abc
c c a+b
1+a 1 1
(v) 1 1+b 1 =abc(1+%+%+%)=abc+bc+ca+ab
1 1 1+c¢
a By afy| |la a? B
vi) |8 va apy|=|B B> B
Yy af afyl |y y* y3
4. Without expanding the determinants, prove that
a b c y b q Xy z
x ¥y zZl=|[x a p|=p q T
p q r zZ ¢ r a b c
a a®* 1+ad
5. If a, b, c are different and A=|p b2 14 b3 =0,
c ¢ 1+¢3

then show that 1 + abc = 0.

2.5 Row and Column Operations

Row and column operations are very useful in many applications in
matrix theory, specially solving the homogenous and non-homogenous
systems of linear equations.

2.5.1 Describe the elementary row and column operations
on matrices

(a) Row operations on matrices:

If A is m X n matrix, then m X n matrix B obtained from A by performing
elementary row operations on A is called row equivalent to A. Symbolically,
we write BRA and read as “B is row equivalent to A.”

Similarly, we can define column equivalent matrices, that is replacing
the word “row” by “column” in the above definition. We also write BSA to
denote B is column equivalent to A.



(i)

(ii)

(@)
(i)

(iti)

But

For example,

There are three elementary row operations:
Interchange of any two rows. This is usually denoted by R;<—>R; which

means interchanging of R; with R;.
3 2 1 R 1 4 -1
For example, [1 4 —1] ~ [3 2 1|byRiR
2 3 0 2 3 0
Multiplication of a row by a non-zero scalar. This is usually denoted by

kR; which means R; multiplied by k.

1 4 -3 R 2 8 —6
For example, 0 2 5]|~|0 2 5 |by2R;
1 3 7 1 3 7

Addition of any multiple of one row to another row of the matrix.
This is usually denoted by R; + kR; which means kR; is added to R;.

1 2 1 1 2 1
For example, 2 -1 3|~|4 3 5|byR;+2R
4 5 6 4 5 6

(b) Column operations on matrices

Three elementary column operations with notation are given as below:
Interchanging any two columns, i.e., C;<—> ;.

Multiplication of a column by any non-zero scalar ki.e., kC;.

Addition of any multiple of one column to another column i.e., C; + kC;,
where C;, C; are any two columns and k is any non-zero scalar.

2.5.2 Define echelon and reduced echelon form of a matrix

(a) Echelon form of a matrix

A matrix A of order m X n is called (row) echelon form, if it has the

following structure.

(i) The first non-zero entry in any row is 1 that is leading entry.

(ii) All entries below the leading entry must be zeros.

(iiij  Every non-zero row in a matrix precedes every zero row, if there
is any

01 -3 6 1 5 -1 2
0 0 1 —3] and [0 0 1 5] are in echelon form.
00 0 © 00 0 1

0 1 1 5 0 1 -5

[0 1 6 —2] and [0 0 —7] are not in echelon form.
0 0 0 O 0 0 4




(b) Reduced Echelon form of a matrix

A matrix A of order m X n is called reduced echelon form if it is in
echelon form, additionally all the elements of column which contain leading
entry 1 are zero except that leading entry.

01 0 0 01 0 6
For example, [0 0 1 Oland |0 0 1 3] are in reduced echelon form.
0 0 0 1 0 00O
01 0 3 (1) ; g
But|0 0 1 2] and 0o o ol &€ not in reduced echelon form.
0 0 0 4 0 0 0

2.5.3 Reduce a matrix to its echelon and reduced echelon form

Method of reducing a matrix in echelon form is explained with the help
of the following example.

2 3 -1 4
Example: Reduce the matrix A=|1 -1 -2 —3] to (row) echelon form.
3 -1 3 2
2 3 -1 4]
Solution: A=[1 -1 -2 -3
3 -1 3 2
1 -1 -2 -3]
Ri2 3 -1 4| byRi<—R,
3 -1 3 2 |
1 -1 -2 -3]
Rlo 5 3 10| by R, +(-2)R and R, +(-3)R,
0 2 9 11
1 -1 -2 -3 )
Rlo 1 2 2 by =R,
0 2 9 11
1 -1 -2 -3
0 1 3 2
R 5 by Rz + (-2)R,
39
0 0 = 7]
-1 -2 -3
01 =2
R 5 by == R;
0 0 1 3 +
39

It is an echelon form of the given matrix.



(ii) Reduced Echelon form of a matrix

6 3 —4
Example: Find the reduced echelon form of the matrix A = [-4 1 —6].
1 2 -5
6 3 —4
Solution: A=1-4 1 —6]
1 2 -5
[1 2 -5
Rl-4 1 —6] Ri<—>R;
6 3 —4

3=+

14="]
SO O R OOR ONO R
©

2 =5
9 _26 RZ + 4’R1
3 —4

2 -5
26| R;—6R,

-9 26
2 -5
26 1
R _ED .
~ 9 9R2
-9 26
10 {
R 26 R1_2R2
“lo 1 -2 Ri+9R,
0 0 0

It is the reduced echelon form of A.
2.5.4 Recognize the rank of a matrix

The number of non-zero rows in echelon form/reduced echelon form of
a matrix is called rank of that matrix.

11 -2 6‘_ has rank 2, because there are 2 non-zero
For example, |0 0 1 3i .

00 0 0 rows in echelon form.

1 400 has rank 3, because there are 3 non-
Whereas, 0 010 .

00 0 1 zero rows in reduced echelon form.

Notes: 1.If|A| # 0, then rank (A) = order of the matrix A.
2. Rank (A) > 0.
3. Rank of a non-zero row or column matrix is 1.




2.5.5 Use row operations to find the inverse and the rank of
a matrix
Let A be a non-singular matrix. If the application of elementary row

operations in succession reduce A to I then same sequence of operations
reduces I to A7

operations.

Solution: |4 =

2 5
3 4
1 2

i.e. [A:T]~[1: A71]
2 5 -1
Example 1. Find the inverse of the matrix A=|3 4 2
1 2 =2
-1
-2
=2(-8—-4)-5(-6-2)-1(6—4) =—-24+40-2

=40-26=14

As |4 # 0, so Ais non-singular and its inverse exists.

Appending I; on the right of the matrix A, we have

L= 13=+]

3=~
"CoRr oo R NWR

Ul N

© O, ©o o 77

S O

2 5
3 4 2
1 2

-1 :

S O =

-2

R, + (-3)R,

Y Ry + (=2)R,

by using row

(=2 ]
= o o



form.

Solution: A =

13=~] 1§=s] 13=e] &=

3=~}
O R OO R OoOOCRKR IO R |,

R

Example 2. Find the rank of A =

10

This is an echelon form of the matrix A and number of its non-zero
rows is 2. Hence, the rank of the matrix A is 2.

6 4
7 7/
4 _3 _1]y Ry + (=6)R3
7 T14 T2 R, +4Rs
T R
7 14 2
1
_1
5|
_1
2
5 9 3
—3 5 6 | by reducing it to echelon
-1 -5 -3
9 3
5 6
-5 -3
-5 =3
5 6 bleﬁR:;
9 3
5 3
9 3
5 3
20 15|by R, + 3R,
9 3
5 3]
20 15 [by Ry —5R;
-16 —121
5 3]
3 1
-16 —12]
5 3
1 3lby Ry + 16R,
0 0



Solution:

1
2
3

13-~ 13-~
P o O Ro O RO O R

R

e}

L0

1
0

3. by R+ (2R,
ol by Rt (3R

2

1
, by ij

7
2
_ 1|, by R;+R,

0]

, by R3+ (4R,

This is in reduced echelon form and the number of non-zero rows are
2, so the rank of the given matrix A is 2.

| Exercise25 J

1. Reduce the following matrices into echelon form using elementary row
operations.
'5 9 3 1 2 -1 [ 3 -4 0 9
@|1-3 5 6 l @2 4 1 l @ 2 4 -1 0 l
-1 -5 -3 3 6 2 10 0 -2 -4
2. Reduce the following matrices into reduced echelon form susing
elementary row operations.
3 5 4] [0 3 -2 1 1 1 -1
@4 1 5 (i) [2 —4 6] |2 2 1 —3]
7 6 3l 2 3 -1 -1 -1 1 -3
3. Find the rank of the following matrices using elementary row operations.
[1 2 3] (2 3 4 [0 -3 -6 4 9
@fz 3 4 @[3 1 2] @j)|]-1 2 -1 3 1
0 2 2 -1 2 2 2 -3 0 3 -7
1 4 5 -9 -7
4. Find the inverse of the following matrices using elementary row
operations.
1 2 =3 1 2 -1 1 -3 2
(i) [ 0 -2 0 l (ii) [0 -1 3 l (i) 2 1 Ol
-2 =2 2 1 0 2 0 -1 1




2.6 Solving System of Linear Equations

A system of linear equations is a collection of two or more linear
equations for solving same set of variables.
For example, a1 x + by =kq and ax+by+ciz=k
a,x + by =k, ax + by +cz=k,
azx + b3y + c3z = k3
are the systems of linear equations in two and three variables respectively. An
ordered triple (¢t;,t,,t3) is called a solution of given system of three linear
equations and three variables if all equations are satisfied by these values,
the set of all solutions of linear system is called the solution set.

2.6.1 Distinguish between homogeneous and non-
homogeneous systems of linear equations in 2 and 3
unknowns

Consider a system of three linear equations in three variables:

ay1%1 + A%, + ay3x3 = Dby
Az1X1 + Q22X + Ap3X3 = bz} (1)
az1X1 + AzpXxp + dzzxz = b3
The system (1) can be written as
AX = B, (2)

where A=

a1 Q12 413 X1 by
az1 4z a23l,X = [le and B = [bzl
az1 0dzz Qaszs X3 b,

The matrix A is called the matrix of the coefficients of the system of
equations, X is the column matrix of unknowns and B is the column matrix
of constants.

In the above system (2), if B=0, then the system is called
homogeneous, otherwise non-homogeneous.

For example, the system of equations:

—3x1 + 2x2 = 0,
7x1 — 5x2 = 13
can be written as AX =B
-3 2 %1 _To0 . _
where A= [ - _5] , X= [Xz] and B= [13] #0 (i.eB=0)

Thus, the system is a non-homogeneous system of two linear equations
in two unknowns.
Similarly, the system of equations:



X1+ 7x, —3x3 =0,
11x1 - 5x2 + ZX3 = 0,
—x; +2x, +3x3 =0 can be written as AX=B,

1 7 =3 X1 0
where A=|11 -5 2|, X= xz] and B= 0] =0 (i.e B=0)
-1 2 3 X3 0

Hence, it is a homogeneous system of three linear equations with three
unknowns.

2.6.2 Solve a system of three homogeneous linear equations
in three unknowns

A system of homogeneous linear equations
a;x+by+cz=0
ax + b,y +cz=0
azx + by +c3z=0
is always satisfied by x = 0,y = 0 and z = 0. The solution (0,0,0) of the above
system is called trivial solution or zero solution. Any other non-zero solution
of the above system of equations is called a non-trivial solution.
We usually convert the matrix of the coefficients to echelon form by
using elementary row operations to get simplified form of the system.
Finally, with help of free variable(s), we get non-zero solutions, if possible.

Note: If AX = 0 is homogenous system of linear equations with “n” unknowns,
then: (i) it has only trivial solution if rank of A=nor |A| # 0
(ii) it has trivial as well as infinitely many non-trivial solutions iff
rank (A) <n or |A| =0

Example 1. Solve the following system of homogeneous linear equations:

x+y+z=0
4x +5y+2z=0
2x+3y=0

for non-trivial solutions if possible.
Solution: We change the above system of equations to the matrix form AX = 0

1 1 17x 0

i.e [4 5 2 [y] = [0]

2 3 0llz 0
1 11 x 0
where A=(4 5 2|, X= [y] and 0= [0]
2 30 z 0




1 17
R2_4‘R1

1 =2|b

L Y Ry —2R,

-2 by R3 - RZ

1

1

0 |

1 1rx 0
1 -2 [y]=[0
0 z 0
k

I 0 |
Here, Rank=2, n=3. Since Rank (4) = 2 < 3 so system has infinitely many
solutions.
From system (A)

Thus, we have

1
0
0
1
0
0
1
0 (&)
0

We get x+y+z=0 ...(>1)
y—2z=0 ...(ii)
From equation (ii), we get: y =2z
Put y = 2z in equation (i), we get: x +2z+z =0
or x+3z=0 or x=-3z

Here, we have only two equations with three variables, so we take one variable
as a free-variable. The value of free-variable will be assumed as a non-zero
real number.
Therefore we consider z =k, k # 0 as free variable.
By using above equations we get: y = 2k and x = -3k
Now the solutions are x = —3k,y = 2k and z =k, ke R-—{0}.
By putting different values of k, we will get the different solutions.
Ifk=1,thenx=-3, y=2and z=1.
Ifk=2,thenx=-6, y=4and z =2, and so on.
So non trivial solutions are (-3,2,1), (-6,4,2) at k = 1 and k = 2 respectively.

2.6.3 Define a consistent and inconsistent system of linear
equations and demonstrate through examples

Consistent and Inconsistent Systems

1. Consistent System:
A system of equations is said to be consistent if it has one or more
solutions, for example

x+2y=4). . . . . 5
3x + 2y = 2} is consistent because it has a unique solution (—1,7)
x+2y=+4

and } is also consistent because it has infinite solutions (0,2), (=2,3), (—4,4), ...

3x+6y =12



2. Inconsistent System:
If a system of equations has no solution, it is said to be inconsistent,

for example
x+2y=4

_ } is inconsistent because it has no solution.
3x+6y=5

Demonstration for consistency of a system of linear equations

Augmented Matrix:

Augmented matrix of the system of equations AX = B is obtained by
adding constant matrix as the last column of the coefficient matrix and it is
denoted by 4, . Consider a system of a non-homogeneous linear equations in
three variables:

a11X1 + Q12X; + ay3x3 = by

Az1X1 + Az2X7 + Ap3%3 = by

a31X1 + A3zXz + Az3x3 = b3
In matrix form, the above system of equations can be written as AX = B.
X1 by
le and B = [bzl.

by

X3

a1 Q12 Q13
Qaz1 dzz Qz3
Qaz1 dzz 4z3

Augmented matrix is obtained by adding the constant terms as the last
column of the coefficient matrix.

where A = , X =

a;1 Az i3 by
We have Ay, =lay; ayy, az3 by
as; as; dsz b3
Consistency Criteria
i. Ifrank of A = rank of A, = n then system has unique solutions
ii. Ifrank of A = rank of 4, < n then system has infinite solutions
where n is the number of unknowns of the system of equations.
Inconsistency Criterion
If rank of A # rank of 4, then the system has no solution.
Example: Check the following system of linear equations to be consistent or
inconsistent. x—y+2z=25,
3x+y+z=28,
2x—2y+3z=7
Solution: We write the above system of equations in matrix form:

AX =B
1 -1 21x 5
ie., [3 1 1 y] = 8]
2 -2 31z 7




Now we reduce the augmented matrix to echelon form to check consistency.

1 -1 2 5
Augmented Matrix =4, =13 1 1 8]
2 -2 3 7
1 -1 2 5]
Rlo 4 -5 —7|by R, —3R;
2 -2 3 7.
1 -1 2 5]
Rlo0 4 -5 —7|by R;—2R;
0 0 -1 -3
1 -1 2 5
R0 4 -5 —7|by (=DRs
0 0 1 3

Here, we can see rank of A = rank of 4, = 3 =number of unknowns; so, the
system has unique solutions. Hence the system is consistent.
2.6.4 Solve a system of 3 by 3 non-homogeneous linear
equations using:
(i) matrix inversion method,
(ii) Cramer’s rule
(iii) Gauss elimination method (echelon form)

(iv) Gauss-Jordan method (reduced echelon form)

(i) Matrix Inversion Method

We can solve the following system of linear equations
a11X1 + appx; + ay3x3 = by
Az1X1 + QX7 + Ag3X3 = by
az1Xx1 + azyx, + azzxz = bz by using matrix inversion method
which has the following steps:

o Write the system of linear equations in the matrix form AX = B.

e Find A™! if exists.

e Find X by using X = A™!B.

Note: The “Matrix Inversion Method” works when the given system is

consistent and also has unique solution.




Example: Use matrix inversion method to solve the following system of linear

equations, if possible.

Solution: We write the system of linear equations to the matrix form AX =B,

where, A =

Al =

For adj A =

3x1+2x2—X3=4
2x1 — X3 + 2x3 =10
x1_3xZ_4X3 =5

We find cofactors of A:

Now,

Thus,

Now,

A—l

Ayz = (—1)**3 ﬁ _23| =11,

L= (_1)3+1 |_21 —21| =3

Az, = (—1)3+2 |2 2 | =-8,
Azz = (_1)3+3 |§ _1|
10 10 -57* 10
adj A=[11 -11 11] = [10
3 -8 -7 -5
(0 113
|A| adj A —ﬁlm -11 —8]
-5 11 -7
4
X=A"1B=A"1 10]
5

3 2 -1
-1 21, X= x2 and B = 10
1 -3 -4
3 2 -1
2 =1 2
1 -3 -4
A1 A Az
Azr Ay Aps
Az Asp Ass
-1 2
A1 = (_1)1+1| 3 _4| =10,
Ay = (-2 |2 | =10,
Az = (—1)H*3 |2 B | = -5,
2 -1
=D S Tl=1
3 -1
2:(_1)2+2|1 —4| =-11

11
-11
11

=3(4+6)—2(-8—2)—1(—6+1) =55




X1 1 10 11 3 4 1 40+ 110+ 15 3
i.e [le =g [10 -11 —8] [10 =zc| 40-110—-40 | = [—2]

X3 -5 11 =71 L5 —20+110-35 1
Thus, x; = 3,x, = =2 and x3 = 1 is the required solution.

(ii) Cramer’s rule

Consider the system of linear equations,
a;1x+appy+a3z=>nb
Ay X + AV + Ap3Z = bz} . (@)
az1X + azpy + azzz = b

We write the above system of linear equations in matrix form as

AX =B ... (i)
a1 Q12 Q433

b,
az1 Qpz Qg3 bz]
az; a4z d4ss b3
To solve the system of linear equations by Cramer’s rule, following steps are
used.
i.  Calculate |4], if |A| # 0 then go to step (ii) otherwise the method fails.
ii.  Calculate |4,], |4;] and |A5| where,
by a;; a3 a;n by ag3
b, az; ay; az1 by azs
by az; as; asz; bz asz

|41] |4,
vl = —= and Z
Y = Al

X
where, A = X = [y] and B =
z

az1 Qzz by
asy asy bs

_ 14l
Al

Ay = and A; =

Ay a2 by
) AZ =

iii.  Now find x,y and z by using x =

Note: This method works only when the given system has non-singular
coefficient matrix .

Example: Use Cramer’s rule to solve the following system of linear equations.

x+3y+2z=19 .. (1)
2x+y+z=13 ... (ii)
4x + 2y +3z=31 ... (iii)

Solution:
Write the system of linear equations to the matrix form AX = B
1 3 2|x 19
ie., [2 1 1 [y] = [13
4 2 31z 31
Now, we find the determinants of 4, 4;, A,and A;.

13 2
4] = =1} Y312 Y422 Y=1-6+0==5=0.
i%é |23| |43|+|42 + *




mi=fis 1 =10l Y-af Yralt Y-19-2e-10-cs

= 13 1| =affd Y-msft Yz} H-a-aem— o
|A3|=£21} z g =1|; g|—3|i §i|+19|i ;|=5—30+o=—25.
ByCramer’srulexz%z__—ls:S;yz%z__—lsoz2 and 22%2__—25525.

Thus, x = 3,y = 2 and z = 5 is the required solution.
(iii) Gauss elimination method (echelon form)

Gauss elimination method is an algorithm for solving system of linear
equations. It is usually understood as a sequence of operations performed on
the corresponding matrix of coefficients. The method is named after Carl
Friedrich Gauss (1777-1855).

This method can be used to solve the non-homogeneous system of
linear equations.

11X + ay + a3z = by
Ap1X + AyY + Ay3Z = by
Q31X + A3y + A33Z = b3
Following are the steps of Gauss elimination method:
e Write the system of linear equations to the matrix form AX = B.
e Form the augmented matrix by including the constant elements as an
extra column in the coefficient matrix.
e Convert augmented matrix into echelon form by using elementary row
operations.
e Find X by detaching the last column back to its original position i.e.,
on the right-hand side of the equivalent matrix equation to AX = B.
Example: Use Gauss elimination method to solve the following system of
non-homogeneous linear equations:
x+5y+2z= 9
x+y+7z= 6
—3y+4z=-2
Solution:
We write the system of linear equations in matrix form AX = B.



1 5 2 x 9
where, A=(1 1 7 ,X=[y] and B=| 6
0 -3 4 z -2

Forming the augmented matrix by including the constant elements as an
extra column in the coefficient matrix.

1 5 2 9
A, =1 1 7 6
0 -3 4 -2

Converting augmented matrix into echelon form by using elementary row
operations.

1 5 2 9
A, Rlo -4 5 -3l byR,—R,
0 -3 4 -2
1 5 2 9
R _5 3 _1
0 -3 4 =2
1 5 2 09
5 3
R[O 1 =% Z|by R; +3R,
1 1
0 0 z Z
[1 5 2 9]
R _> 3
Klo 1 —7 7| by4Rs
0 0 1 1
From the above matrix, we get equivalent matrix equation
x+5y+2z=9 .. (1)
5 3 ..
y—3z2=73 ... (ii)

z=1 ... (iii)
From (iii), we get z = 1. Putting z = 1 in (ii) we get y = 2 then from (i), we get:
x+52)+2=9 = x+12=9= x=-3
Thus, x=-3, y=2 and =z =1 is the required solution.
(iv) Gauss - Jordan Method (reduced echelon form)

Gauss-Jordan method is the modified form of Gauss elimination method
in which the augmented matrix is converted into the reduced echelon form.
Example: Use Gauss-Jordan method to solve the system of linear equations:

x+5y+2z= 9
x+y+7z= 6
—3y+4z=-2
Solution:
Changing the system of linear equations in the form AX = B.



where, A =

1 5 2
1 1 7], X =
0 -3 4

Here

5 9]
Augmented matrix = A, = 1 6
-3

13=.]

by R, — R,

_1 by Rz _R3

&=
|
S
A RN DTN NN
I
w

1
1
[0
1
0
0
1
0
0
1 5 29

Rl10 1 —-11|by(-DR,
0 -3 4 -2
1 5 2 9

Rlo 1 -1 1| by R;+3R,
0 0 1 1
1 0 7 4

R0 1 -1 1|by R, —5R,
0 0 1 1]
1 0 7 4

Rlo 1 0 2|by R,+Rs
0 0 1 1
1 0 0 -3

Rlo 1 0 2 |by Ry—7R;
0 0 1 1

Find X by detaching the last column back to its original position from the
above matrix.

1 0 O -3
We get 0 1 0]}/:[2]
0 0 11tz 1
x+0y+0z=-3 .. (i)
or Ox+y+0z= 2 ... (i)
Ox+0y+z=1 ... (iii)
From (i), (ii) and (iii) equations, we directly get x = =3,y =2 and z =1 as the

required solution.



ii.

Solve the following homogeneous system of linear equations for non-
trivial solutions, if possible.

x+2y—2z=0 x+4y+2z=0
i 2x+y+5z=0 (i) 2x+y—3z=0
5x+4y+8z=0 3x+2y—4z=0
Determine the consistency of non-homogeneous system of linear
equations.
x—2y—2z=-1 x+2y+z=2
() 2x+3y+z=1 (i) 2x+y+2z=-1
S5x—4y—-3z=1 2x+3y—z=9

Solve the non-homogeneous system of linear equations using matrix
inversion method.

x+2y+z=8 2x—y+2z=4
(i 2x—y+z=3 (i) x +10y —3z=10
x+y—z=0 —x+y+z=-6

Solve the non-homogeneous system of linear equations using Gauss
elimination method.

—-x+y+z=0 x+2y+z=8
(i) x+2y=5 (i) 2x—y+z=3
—3x+2y—z=-2 x+y—z=0

Solve the non-homogeneous system of linear equations using Gauss-
Jordan- method.

x—y+4z=4 2x+2y—z=4
(i) 2x+2y—z=2 (i) x—2y+z=2
3x—2y+3z=-3 x+y=0

Solve the non-homogeneous system of linear equations using Cramer’s
Rule.

x—2y+z=2 x—2y+0.z=-4
(i 2x+2y—z=4 (i) 3x+y+0.z=-5
x+y+0z=0 2x+0.y+z=-1

Review Exercise 2 )

Select correct option.
If a matrix A has m row and n column, then order of A is:
(@ mxn by nxm (c) mn (d) m™

Any matrix of order m x 1 is called:
(a) Row matrix (b) Column matrix
(c) Square matrix (d) Zero matrix



iii. For the square matrix A = [aij]. If all a;; = 0,i # j and all a;; = k (non—zero)
for i = j, then A is called:

(a) Diagonal matrix (b) Scalar matrix

(c) Identity matrix (d) Null matrix
iv. The matrix [7] is:

(a) Square matrix (b) Row matrix

(c) Column matrix (d) All of these
v. (k ABC)! where k=0 =

(a) kA'BLCt (b) kC!BEA? (c) LatBtct  (q) LctBtat

k k

v | 0| B |1 2| _

5 6 3 4

(@) 4 (b) 8 (c) =2 (d) 10

vii. If AB = BA , then which one is true, where A and B are square matrices:
(a) A and B are multiplicative inverses of each other
(b) One of A or B is null matrix.

(c) One of A or B is identity matrix. (d) All of these
viii. If A=[-7], then |A|=

(@) 7 (b) =7 ()0 (d) Not possible
ix. Let A = [ai j] be a square matrix. Then cofactor of q;; is equal to:

(a) M;; (b) (=)™ M, (©) (DY My (d) (=D ay;
X. For any triangular matrix A, |A| is equal to:

(a) Product of leading diagonal elements
(b) Sum of leading diagonal elements

(c) Sum of square of diagonal elements
(d) All of these

xi. A square matrix A = [aij] for which all a;; =0, i <j, then A is called:
(a) Upper triangular (b) Lower triangular
(b) Symmetric (d) Hermitian
xii. A triangular matrix is always a:
(a) Diagonal matrix (b) Scalar matrix
(c) Square matrix (d) all of these
xiii. A square matrix A is skew symmetric if:
(@) A=A (b) At = —A () A=A (d) None
xiv. A square matrix A is Hermitian matrix if:
(a) A=A (b) At =—A () (A=A (d) (A)t=-A
XV. In Skew-Hermitian matrix, elements of the main diagonal are
numbers.
(@) Purely real (b) Complex

(c) Either zero or purely imaginary (d) None



xvii.

xviii.

Xix.

s Y= 3] then
(@) a=—3 ba=b (Ja=3 da=>
The number of non-zero rows in echelon form of a matrix is called:
(a) Order of a matrix (b) Rank of a matrix
(c) Leading Column (d) Leading row
If A is any square matrix and A = —A? then A is a:
(a) Symmetric matrix (b) Skew symmetric matrix
(c) Hermitian matrix (d) Skew Hermitian matrix
If A is an idempotent matrix then:
(a) A2 =1 (b) A2=0
(c) A2=A (d) A2 = A*

1 2 4
The cofactor A,, of [—1 2 5 ] is:

0O 1 -1
(@) 0 (b) =1 (c) 1 (d) 2

. . [x 5 3 —41_07 1
Find the values of x and y if: [7 y—3]+[1 2]_[8 14].

Calculate AC,BC and (A + B)C. Also verify that (A + B)C = AC + BC for

0 6 7 01 1 2
A=|-6 0 8,B=|1 0 2|, C=[-2]
7 -8 0 1 2 0 3
ifa=[> 7] show that A?—54+71,=0.
1 -3 -4
Find the degree or index of the nilpotent matrix [-1 3 4
1 -3 -4
1 -2 —6
Show that matrix [-3 2 9 | is periodic matrix of period 2.
2 0 =3
Which of the following is an idempotent or aninvolutory matrix ?
1 -1 0 0 1 -1
@iJjo -1 o0 (i) |4 -3 4
0 0 1 3 -3 4
Which of the following matrices are Hermitian or Skew Hermitian ?
1 1—-i 2 [ 4 1-i 7
@ |-1-i 3i i @) |1+ 6 =i
| -2 i 0 7 i 5




Let A be a square matrix. Show that

(a) A+ (A)! is Hermitian,
(b) A— (A)! is skew Hermitian

Show that

Show that

Solve the following system of linear equations by Cramer’s rule, Gauss

a b c
a+2x b+2y c+2z
X y z

x+y+2z X
z y+z+2x
z x

=0

y

y
Z+x+2y

=2(x+y+2)>

elimination, Gauss-Jordan and matrix inversion methods.

2x+4y —z=0;

x—2y—2z=2 and

—5x — 8y + 3z =-2.



Vectors

e Weightage = 10% e Periods = 24

3.1 Vectors in Plane

There are many quantities in daily life which need direction for their
specification. Let us take an example, in the army, when they are launching
missiles, they first need the direction and distance as to know their target and
the impact, it is going to cause. This kind of quantity which needs magnitude
and direction, is called vector. Furthermore, consider the forces acting on a
boat crossing a river. The boat's motor generates a force in one direction, and
the current of the river generates a force in another direction. Both forces
are vectors.

3.1.1 Define a scalar and a vector

The quantity that is completely specified only by its magnitude with an
appropriate unit, is called scalar quantity or scalar, for example mass,
volume, area, distance, energy etc.

The quantity that has direction as well as magnitude with appropriate
unit, is called vector quantity, or vector for example weight, force,
displacement, velocity etc.

3.1.2 Give geometrical representation of a vector

A vector in a plane is represented by a directed terminal point (tip)
line segment. In Fig 3.1, a vector AB is shown which B
is denoted as AB or U. The endpoints of the segment T
are called the initial point and the terminal point of
the vector. s A. .
initial point (tail)
The length of the segment represents the Fig. 3.1

magnitude whereas the arrow indicates the direction
of the vector.



3.1.3 Give the following fundamental definitions using

geometrical representation:

i. magnitude of a vector,
ii. equal vectors
iii. negative of a vector,
iv. unit vector,
v. zero/null vector,
vi. position vector,
vii. parallel vectors,
viii. addition and subtraction of vectors,
ix. triangle, parallelogram and polygon laws of addition,
xX. scalar multiplication

i. Magnitude of a vector

The length of a vector is called its magnitude. The v /
magnitude of vector V is denoted by V| or v as shown in Fig. <\
3.2. \/'
ii. Equal vectors Fig 3.2

Two vectors % and V are said to be equal if they have

the same magnitude and direction (Fig. 3.3). Symbolically, it is 2
written as U = V.

ot
v
Fig 3.3
iii. Negative of a vector
The negative of a vector V is denoted by —V. It has the same 3
length as V but opposite in direction as shown in Fig. 3.4. /
-V

iv. Unit vector

A vector whose magnitude is 1 is called a unit vector. The unit vector
in the directionV is denoted by ¥ as shown in Fig. 3.5. A

v
Note: “¢” is pronounced as “v cap”. ‘“o“_)
v

v. Zero or Null vector Fig 3.5
A vector whose initial point and terminal point are same is called zero

or null vector, it is denoted by 0.



-axis

y

vi. Position vector :
A vector whose initial point is origin and terminal
point is P, is called position vector of point P and it is
denoted as OP as shown in Fig. 3.6. Its magnitude | oP zP (x5, y1)
represents the distance of the point P from the origin. x-axis

vii. Parallel vectors

Fig 3.6
Two vectors d and b are said be parallel if
perpendicular distance between them at every point o
is constant (same). >
Alternatively, two vectors d and b are said to be parallel V

if each may be expressed as a scalar multiple of the Fig. 3.7
other. i.e a= kb where k may be any non-zero scalar.
In figure 3.7, d and b are parallel vectors, we denote as N
alb b
viii. Addition and subtraction of vectors
Addition of vectors: B Fig. 37{8(a)
Consider two vectors d and b as shown in
Fig. 3.8 (a). In order to add these two vectors, we first place -
b in such a way that its tail coincides with tip or head of
d keeping its length and direction same, as shown in Fig. 3.8 (b). 1
Now, the sum or resultant of d@ and 1_5, denoted as Fig. 3.8(b)
@+ b, is the vector whose initial point is the tail of d@ and ) /.
terminal point is the head of b as shown in Fig. 3.8(c). 2 b
The above method of addition of vectors is called =
Head and Tail rule. F1g 3.8(c)

Subtraction of vectors:

Consider two vectors d and b as shown in Fig. 3.9 (a). The difference
d — b of these two vectors d and b is defined as the sum of the vectors @ and
(=b),ie.,d—b=d+(-b).

Thus, in order to obtain the difference @ — b, we just add d with the
negative vector of b by Head and Tail rule as shown in Fig. 3.9(b).

—
a



ix. Triangle, Parallelogram and Polygon Laws of Addition
Triangle law of addition:
Triangle law of vector addition states that when

- > . A
two vectors a and b are represented by two sides of a ~ M
triangle in same order, then the third side ¢ of the 27 —
triangle represents the resultant vector of the vectors

d and b taken in the opposite order, as shown in
(Fig. 3.10).
E=d+b
Parallelogram law of addition:
Parallelogram law of vector addition states that

when twovectors @ and bof same initial point
represented by two adjacent sides of a parallelogram

then the resultant of these vectorsis ¢=d+b=Db+ad
represented by the diagonal of the parallelogram starting Fig. 3.11

from the same initial point of the vectors d and b, as shown in (Fig. 3.11).

Polygon law of addition:

Polygon law of vector addition states that if a
number of vectors are represented in magnitude and
direction by the consecutive sides of a polygon taken in
the same order, then their resultant is represented by
the closing side of the polygon taken in the opposite
order. In Fig. 3.12, the sides of given polygon are
represented by the vectors d,,d,, ds, ..., d,_1, the closing side is represented by
vector d, which is the resultant.

ie,d,=0d;+ dy+ dg+ -+ dp_q.

Example: Prove pentagon law of vector addition.
Proof: Pentagon law of vector addition:
Pentagon law of vector addition states that, if four vectors are

represented by four consecutive sides of a pentagon in same order then the
last side is the resultant in opposite order.

Let d, b, ¢ and d be the four vectors represented by the sides AB, BC,CD
and DE respectively of pentagon ABCDE as shown in Fig 3.13. By pentagon

law of vectors, we have to prove that AE=d+b+¢c+d



In A ABC, by triangle law of addition D

— > = -
AC=d+b e (i) d .

In A ACD, by triangle law of addition E Cc
AD=AC+¢

—_ - 7’0

ie, AD=d+b+<¢ ... (ii) (Using equation (i))

In A ADE, by triangle law of addition A =
AE=AD +d aFig. 3.13

-

ie, AE=d+b+¢+d (Usingequation (ii)).
Hence proved.
X. Scalar Multiplication of vector

When we multiply a vector Vv by a scalar k, the
result is a vector kV. The scalar multiplication by a
positive number other than 1 changes the
magnitude of the vector but not its direction. The
scalar multiplication by negative number other than
—1 changes its magnitude and reverses its direction
as shown in the Fig. 3.14, whereas multiplication by Fig 3.14
—1 only reverses the direction.

3.1.4 Represent a vector in a Cartesian plane by defining
fundamental unit vectors i and j.

The algebra of vectors is based on representing each vector in terms
of components parallel to the Cartesian coordinate y-axis
axes and writing each component as an
appropriate multiple of a unit vector along either
of axes. (©, 1)
The unit vector along x-axis is the vector i -~
i determined by the directed line segment from ©(©:0)] {(1,0) af  wasis
(0,0) to (1,0). The basic or unit vector along y-axis Fig 3.15
is the vector j determined by the directed line segment from (0,0) to (0,1).

Figure 3.15 shows a vector v = OP resolved into its 7 and j components
as the sum: V=ai + bj
Here ai, where a is a scalar, represents a vector of length |a|, parallel
to the x-axis, pointing to the right if, a > 0 and to the left if, a < 0. Similarly,
bj is a vector of length |b|, parallel to the y-axis, pointing up if, b > 0 and down
wards if, b < 0.
The numbers ‘a’and ‘b’ are the scalar components of V in the directions



of 7 and j respectively.

The vector V= ai + bj can be written as (Z) or [a,b] or (a,b).

3.1.5 Recognize all above definitions wusing analytical
representation

i. Magnitude of a vector
If a vector V is given in terms of components as V= ai+ bj then its

magnitude is obtained by |v| = Va? + b2.
Example 1.If v=77— 7, find |V|].

Solution: Here a=7 and b=-1
Now, [v] =V (7)? + (=1)2 = /50 = 5V 2 units

Let P, Q are the points in the xy-plane with Cartesian coordinates
(x1,¥1) and (x,, y,) respectively, then the vector from P to Q written as PQ, is:
PQ = (x; — x)i + (2 — y1)]
By using distance formula between two points.
Magnitude of PQ is: |[PQ| = /(x; — )% + (¥, — ¥1)?
Example 2. If P(7,0) and Q(13,8) are two points in Cartesian plane
then, find magnitude of vector ﬁ(—i
Solution: Here (xq,y;) = (7,0) and (x,y,) = (13,8)
Magnitude of vector PQ = |PQ| = /(x; — x)? + (¥, — ¥1)?
=,/(13 -7)% + (8 — 0)2

=./(6)%? + (8)? = 10 units
ii. Equal vectors

We know that two vectors p and ¢ are said to be equal if they have same
magnitude and the same direction.
In terms of components if, p =ai+bj and §=a'i+b]
thenp=q ifandonlyifa=a" and b=0'

Example: If AB = (g) and CD = 1 (162) then show that AB = CD
Solution:

2

Here , AB = (g) — 6143 and CD= %(162) =61+ 3].
coefficient of 7 and j are equal.
AB = CD

iii. Negative of a vector
Negative of vector d = a;1+ a,jis —d = —a;i—a,j

Let, d=6i+jthen-d=—(6i+])=—-6i—]



iv. Unit Vector
We have already studied that a vector having magnitude 1 is called unit

vector.

LetV=ai+bj then, |V| = Va2 + b2

The unit vector of V is denoted by ¥ and is obtained by

v ai + bj
V=5 =———
IVl Va2 + b2
Example: If V ={ — 7] then find 9.
Solution:
Here a=1, b=-7 then, |V|=+/(1)2+ (=7)2 = 5V2 units
N V=7 01 . 7 s

Now V==

M~ 52 572 5v2
v. Null vector or Zero vector

A vector whose magnitude is zero is called Zero vector or Null vector. It
is denoted by 0.

Zero vector in plane, in terms of component, is (8)
vi. Position vector
The vector from origin 0(0,0) to a point P(x,y) is vector OP and is called
position vector of the point P.
The position vector of P(x,y) is 0P = (;C,) =xi+yj]
Example: Write down the position vector of P(3,4) and Q(5,2).
Solution: The position vector of P(3,4) is 0P = (i) =3i+4].

°)=5i+2].

and the position vector of Q(5,2) is 0qQ = (2

vii. Parallel vectors

Two vectors @ and b are parallel if there exists a non-zero real number
k such that b = kd.

Note: () b has a magnitude |k| times the magnitude of d.
(ii) if k <0 then d is antiparallel to b.

Example: If d = (_32) b= (_96) and ¢ = (_1105) are three vectors then show

that, d is parallel to b . Also show that ¢ is antiparallel to d.
Solution:
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3.2.4 Give analytic representation of a vector

Let, d = a;l+ a,] + ask be a vector in 3- space.
a,
Here, a4, a, and aj are real numbers. The notation (a4, a,, as) or (az> or
as

[a;,a,,a3] is called the analytic representation of the vector d¢ and the

numbers a;, a, and a; are called the x,y and z components of the vector in

space respectively.

Example: In the given triangle of vertices P, Q and R with its coordinates
P(1,-1,0), Q(2,1,—1) and R(-1,1,2) respectively. Find the components
of the vectors P_d, @, ﬁ, ﬁ’), Q—R:ﬁj

Solution: Here OP = (1,—1,0), 0Q=(2,1,—-1) and OR=(-1,1,2) are the

position vectors of points P, Q and R respectively.

Now,
PQ=0Q - OP
ie, PQ=(2-11+1,-1-0)=(12-1)
QP =(-1,-2,1)
PR = OR — OP
ie, PR=(-1-11+12-0)=(-222)
RP = (2,-2,—2)
QR = 0R - 0Q
ie, QR=(-1-21-12+1)=(-30,3)
=  RQ=(30,-3)

3.2.5 Find magnitude of a vector

We have already studied that the length of a vector is its magnitude.
IfV=ai+ bj + ck is a vector in space, then its magnitude |V| is obtained by
V| = V@ + b2+ 2.
Example 1. Find the magnitude of a vector @ = i—2 ] + 3k.
Solution: - d=1-2] + 3k
ld =2+ (-2)2+@3)2 =V1+4+9 =+/14 units.
Example 2. Find the values of tif the vectors 37+ 5j — 7k and
5i + 2j — tk have same magnitude.
Solution: Let d=3i+5 -7k and b= 5i+2j—tk




As both vectors have same magnitude i.e., |d = |B|

= V@2 +(5)2+ (=7)2 =/ (5)% + (2)? + (=t)?
= VO +25+49 =25+ 4 +t2
t=43V6

Example 3. Find the vector of magnitude 6 in the direction of vector
5i+2j— 7k .
Solution: Here, d=5+2j—7k
So, 64 is the required vector.
Now, 64 = 6=
lal
3 6(5i+2j—7k)
-
_30 1y 42k
V78 V78 78
3.2.6 Repeat all fundamental definitions for vectors in space
which, in the plane, have already been discussed

(i) Equal vectors

Two vectors d@ and b are said to be equal vectors if they have same
corresponding components.

Ifd =a,i+ay +ask and b = byl + byj + b3k
then d = b if and only if a; = b, , a, = b, and a3 = bs.
(ii) Negative of a vector

If d=a,l+a, +ask then —d = —a,1 — a,] — ask is negative of the given
vector d .
(iii) Unit vector

We have already studied that any vector whose length or magnitude is
1 is a unit vector. The vectors i , J and k are basic unit vectors in the direction
of x, y and z -axis respectively.

If @ =a,i+a,] +ask is a vector in space then its unit vector in the
_ alli\+a2]"\+a3fc

\/a2+b2+02
(iv) Zero or Null vector

We know that a vector with magnitude zero, is called zero vector. In

El

direction of d is a@ and defined as;d =

=

0
space <0> is zero vector or null vector.
0




(v) Position vector
Position vector is the vector which represents the position of a point in

space with respect to the origin O. z
It also represents the distance and |
direction of the point from the origin. If P(x,y, z) is : P(x, y, 2)
the point then its position vector is represented L &
by Q' ....... [ Y
x .
=-()
VA
as shown in Fig. 3.24 X Fig. 3.24
Example:
4 3
The position vector of point P is ( 2 ) and the position vector of point Q is (—2),
-1 7

then find vector P_Q'

Solution:
0
3 4 3—4
7 -1 7+1

-1
Therefore, PQ = <—4>

8
(vi) Parallel vectors

)

Two vectors @ = a;1 + a,j + ask and b= byi+ b,j + b3k are parallel if, and
only if, they are scalar multiples of one another:
ie., ifad= kb or b = hd where k and h are non-zero real numbers.
In other words, if two vectors are parallel, then the ratios of each of
their corresponding components are same.
a a; as
by b, by
(vii) Addition and Subtraction of vectors
Addition of vectors

i.e.,

a, by

Two vectors d = <a2> and b = (bz) are added by adding their
as bs

corresponding components.

a by
ie., a+b= (az> + <b2>
a3 b3



a; + by
= <a2 + bz)
az + b3

Subtraction of vectors
Difference of two vectors d and b is obtained by subtracting their

corresponding components.

a1 by
Ifad= (az) and b = <b2> are two vectors then the difference d — b is
a3 b3

a by a; — by
as b3 a3 - b3

1 2
Example: Ifd = (—2) and b = (—5) then find
3 1
i) d+b (ii) d—b

obtained as;

S

a—

Solution:

_ /1 2 3

0 ars avi=(-2)+(s)= ()
3 1 4
} A 2 -1

(if) @b ; a—b=(—z)—<—5>=(3)
3 1 2

(viii) Scalar Multiplication

a, aq ka,
If a= (a2> be a vector and k€ R then; ka = k (az> = (kaz)

as as kas
2
Example: If d = (—5) then find: (i) —d (ii) 3d
4
Solution:

—2
(i) -d= ( 5 )
—4
2 6
(i) 3d=3 (—5) = (—15)
4 12




5.(a)

(b)

Leti=1i+2j+k#=31—5] and W = —8i + 7] — 2k. Find:
(i) 3 + 2 ¥ (i) —21 (il) - 30 +2w
(iv) 30+ ¥ — w (v) —2ii+ 5% —3W
If @ = —51 + 3] — 4k then find:
4
(i) —2d (ii) 3]d] (iii) - a (iv) — % i
Let A=1+2j—3kB=2i—j+2k C=3i—j+5k. Find
(i) A—2B (ii) 3B + 2C (iii) 3A — (2B + C)

(i) &+ 7 — Wl (if) (%] + 131 (iif) ‘%ﬂ
5
The position vector of point P is [ —3 | and the position vector of
2
_2 —_— —_
point Q is ( 4 ) Find 4PQ and |5PQ|.
—6
Ifd=30—5+2k b=—i—2]+3k then find
(i) a (i) b (iii) |d@ + b| (iv) |d@ — b|
Find vector A;A, when:
(i) A,(0,0,0), A,(—2,5,1) (i) A{(2,1,-3), A,(7,1,—3)

(i) A;(5,-2,1), A,(2,4,2)

(i) Find the initial point of the vector @ = (-2, 1,2) if the terminal point

‘is (4,0,—1).

(ii) Find the terminal point of the vector A;A, = (1,3,—3) if the initial

point is (—2,1,4).

The initial point of a vector d of magnitude 5 is (1, —\/§,—5). Find k if

the terminal point is:

(@) (3,V3,k) (b) (2,-3vV3,-10k) (c) (—2,k,—3)

Find the coordinates of A, if OA is of length 6 units in the direction of

OB , where B is the point (2,—-1,4).

P,Q,R,S are the points with position vectors given by (1,1,—1),

(1,-1,2),(0,1,1) and (2,1,0) respectively.
(i) Find |PQ| and |QS|.




(ii) Find the position vector of the point which:
(a) divides QR internally in the ratio 3:2
(b) divides PR externally in the ratio 3:2
iiiy If X and Y are the midpoints of PR and RS. Show that
p

XY = 7 PS.
11. Find the vector ﬁ, where:
(i) |ﬁ| = 6 and OA is in the direction of the vector (2,-3,6).
(ii) |OA| = 2 and 0A is in the opposite direction of the vector (8,1, —4).

12.(a) Find the magnitude of a vector @ = —21 + 3] — 4k.
(b) Find the value of t if the vectors —3i+ 5] — 6k and 2i —3j + tk
have the same magnitude.
(c) Find the vector whose magnitude is 5 times the length of d and
is in the opposite direction of d = 41 — 5] + 6k.
(d) Express d = —2i + 4] — 6k as a product of its magnitude and
direction.
13. Find the length of the median through point O of the triangle OCD, if
C and D are (2,7,—1) and (4,1, 2) respectively.

14. If S and T are the mid points of PR and @ show that ST = %ﬁi
3.3 Properties of Vector Addition

3.3.1 State and prove

i. commutative law for vector addition
ii. associative law for vector addition

(i) Commutative law for vector addition

This law states that the sum of two vectors remains same irrespective
of their order.

Let A and B are two vectors then by commutative law for vector addition

A+B=B+A

Consider two vectors A and B, which represent two adjacent sides of a
parallelogram OPQR as shown in Fig 3.25.
In AOPQ, by triangle law of vector addition

R=B+A ..(i)



In AOQR, by triangle law of vector addition
R=A+B ....(id)

=

From (i) and (ii), we get A+B=B+A.

(ii) Associative law for vector addition
This law states that the sum of three vectors remains same irrespective
of their order or grouping in which they are arranged.

Let A, B and C are three vectors then by the associative law of vector
addition A+(B+C)=([A+B)+C

Consider three vectors A, B C and their resultant vector R represented
by line segments OP, PQ, QR and OR respectively as shown in Fig. 3.26.

We apply triangle law of vector addition to obtain (K+§ ) and (§+E )-

Now in AOPR; ~ OR = OP + PR P B 0

ie, ER=A+B+0 ..(0) :

And in AOQR; OR = 0Q + QR 2 F» \©
ie, R=(@+B)+C ... (i)

From (i) and (ii) o > R
We get A+(B+C)=(E+B)+C ® (Fig. 3.26)

Example: A= 50+ —k, B = 14+ 5] — 7k and ¢ = i+j—k
are three vectors then verify associative law of vector addition.
Verification:
Associative law of vector addition is:
A+(B+C)=([A+B)+C
LHS =A+(B+C)=(5i+]—k)+[({+5 —7k)+(i+]— k)]
=(5i+j—k)+ (2l + 6] — 8k)
=GB+2)i+(1+6)]+(-1-8)k
=71+7] - 9%k
RHS=(A+B)+C=[(5{+j—k)+(@+5 —7k)+i+]—k)
=(61+6]—8k)+ (1+)—k)
=6+Di+(6+1)]+(-8-1k
=71+7] —9%k
L.H.S = R.H.S
A+(B+C)=(A+B)+C
Hence verified.



3.3.2 Prove that
(i) 0 is the identity for vector addition
(ii) A is the inverse for A .

(i) 0 is the Identity for vector addition

Let Vis the set of all vectors in space, containing vector 0 which

satisfies the property: 0 + # = ¥ + 0 = #, for any vector ¥ € V.
Therefore, 0 is the identity for vector addition.

Proof: Let ¥ = v l+vy) + v3k
then there exist a vector O = 01 + 0] + 0k
such that B+ 0 = (vl + vy + v3k) + (00 + 0] 4 0k) = vy0 + v,f + v3k
So, 3+0=17
and similarly we can prove that 0+ ¥ = ¥

Hence, O is the additive identity or identity for vector addition.

(ii) —A is the additive inverse for vector A.

Let A be avector, the additive inverse—A which is also called
negative vector of A, is a vector when added to A gives the additive identity
e A+(E)=0

Proof: Let A = a,l + a,j + ask is a vector in space.

then A= —ayl — ay] — azk
NOW, K‘l‘(_K) :ali+azj+a3i€+(_ali_azj_a3k)
= a1i+a2j+a312—a1f—a2f—a3k =0

Thus, —A is the additive inverse of A.
Example: If A=4i +j—k and B=—-41 —j+k then show that A and B are
additive inverses of each other.

Solution:
Here, A+B=4i+]-k)+(-4i—-j+k=@-4)i+1-1Dj+(-1+1Dk=0
A+B=0

. A and B are additive inverses of each other. Hence shown.
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|OB| =|d| cos a as shown in Fig 3.31.
In AOBA, we have

|0B|
ﬁ = Cos a

[d||b|cos a
Z
By the definition of scalar product, we have

= |O_B)|=|ﬁ| cosa =|alcosa =

d@- b =|d||b|cos a
So, |08 =%
]
. . . - . C_i.E
This shows that the projection of a along b is m

Similarly, in AOCB (Fig 3.32), we have
- _)'E)

The projection of vector b along d is % .

Example: Find the projection of i — 2] + 3k along 3i — j — 5k

Solution:

Let a=1-2j+3k and b =3i—j— 5k then the projection of d along b is:

ab (1—2j+3k)-(3i—j—-5k) (DB +(-2)(-1)+(B)(=5) -10

| JBZ+ ()% + (=5)? VO+1+25 V35

3.5.10 Find the work done by a constant force in moving an
object along a given vector

If a constant force F acts on an object for some time and it covers
displacement d, then by the definition, the work done is
W=ﬁ-c?=chosG,
where 6 is the angle between the force F and displacement d.
Example: A particle moving in space undergoes a displacement
d=20+ 2] +2k as a constant force F=7i+ 9] — 11k acts on the

particle.
Calculate; (i) magnitude of force and displacement.
(ii) work done by the force.
Solution: Here F=71+9/—11k and d=2i+2j+2k
(i) Magnitude of Force and displacement:

|F| = V()% + (9)2 + (-11)? =251



ld| = V@2 + @)%+ (2)? =23

(ii)  Work done by the force:
W=F-d=(70+9] - 11k)- (2 + 2] + 2k) = 14 + 18 — 22
W =10 Joules

3.5.11 Solve daily life problems based on work done

Example 1. A father pulls a child in a sleigh with a force of 150 N at an angle
of 30 degrees with the ground. How much work is done over 2 km walk.

Solution: Work done = (Force).(Displacement)

= |F| |d|cos 6= (150)(2000) cos 30°
= 259807.6 Nm (Joules)

Example 2. A box is dragged along the floor by the rope which makes an angle
60° with the horizontal. The force applied by the rope is 100 N and
the work done by the force is 500 Joules. Find how much distance,
the box is dragged.

Solution:

Here force and displacement are at an angle of 60°.

Now, Work done = Dot product of Force and Displacement

= |ﬁ ||j | cos 0
500 = (100)( d) cos 60°
d= % = 10 meters.

| Exercise3.4 )

-

Ifd=2i+3+5k, b=1—2]—3kand¢=5i+]—k then find:

(i) d-b (ii) @- (b + ) (iii) (2d + 3b) - (@ — 2b)
Ifd=5—j—3kand b =1+3j— 5k, then show that:

()d-b=b-a (ii) Vectors d@ + b and @ — b are perpendicular.
Check whether the following vectors are orthogonal or not;

(i) Gd=20—3j+2k b=5+8+7k

(i) d=i+3]—4k, b=-20+]+3k

Verify the distributive laws for dot product for the following vectors.
(i) G=i—j+2k b=2i+3]—kand ¢=5i—] + 2k

(i) d=31—-5/+7k b=—-4i+j+kand é=6i+]—2k



5. Find the angle between the given vectors;

(i) i—2j+3k and3i—2j+k
() 3i+5/—3k andi—4j+k
6. Find the direction cosines and direction angles for the following vectors.
(i) 20+ -3k (i) 21— 4 +5k
(iii) —31+44j+5k
7. If a, B,y are the direction angles of a vector then show that;

sin®a + sin?f + sin?y = 2
8. If measures of two of the direction angles of a vector are 45° and 60°.
Find measure of third angle.

9. Find the work done by the force F=7i+9j—11k in moving an object
along a straight line from (4,2,7) to (6,4,9).
10. Calculate the projection of @ along b and projection of b along @ when;
(i) G=1—-2]+3kand b=3{—]—-5k
() d=20+3]+2kandb=1+2j+k
11. Calculate the work done by a Force F = 3{ + 4j 4+ 5k in displacing a body
from position B to position A along a straight path. The position vectors of
A and B are respectively given as 7, = 2i + 5j — 2k and 75 = 7i + 3j — 5k.

3.6 Cross or Vector Product

3.6.1 Define cross or vector product of two vectors and give
its geometrical interpretation

— — .
Let A and B are two non-zero vectors in space. 7 x AN

Vectors A and B are not parallel as such these vectors ~.
determine a plane and 7 is a unit vector perpendicular
to the plane as per the right-hand rule. The angle 6 0

A

>
wl

between A and B is taken positive as it is measured in
anticlockwise direction as shown in Fig.3.33. So, the (Fig. 3.33)
vector or cross product is defined as
AxB= |K||§|sin9ﬁ , (0<6<n)
Now, if we reverse the order of the vectors, it reverses the direction of
the product. The angle is now from vector B to A and the unit normal vector

is — fi whereas B'x A will be negative of A’x B as shown in Fig. 3.34. Therefore




the vector product B’ A is:
BxA=— (Ax B) (i)
Geometrically, Ax B is a vector whose length
is numerically equal to the area of the parallelogram

determined by A and B. We will prove it in section
3.6.4.

3.6.2 Prove that:

i. ixi=jxj=kxk=0,
.o 2 ° 2 2 =
ii. 1xj=—Jx1=k,
iii. fxk=-kxj=1,
iv. kxi=-1xk=].

When we apply the definition of cross or vector product of two vectors
to calculate the pair wise cross products of 1, j and k, we find
i ixi=/x/=kxk=0
ii. ixj=—jxi=k

Proof:
(i) ixi=jxj=kxk=0

As the angle between two same vectors is always zero i.e., 8 = 0°, so
their cross product is calculated as;

ix1=i]|i|sin0°A

ixi=0 (¢~ |i| = 1 and sin 0° = 0)
Similarly, jxj=k
(i) 1xj=-]x1

mutually orthogonal vectors.
By definition of cross product of two vectors;

l’if\’\
ix j = |1||j] sin90°7A
=7 [+ |i] = |j] = 1 and sin 90° = 1]
i

fl
=k (+ A = kin this case)
Also, ixj=—jx1=k (Using (i) of section 3.6.1)

Fig. 3.35
Similarly, (Fie :




(ivkxi=—-ixk=]
Fig. 3.35 helps to remember these results. In anticlockwise direction
ixj=k,jxk=1landkxi=]
Whereas, in clockwise direction
jxi=-k,ixk=—jand kxj="1.

3.6.3 Express cross product in terms of components

If d=ai+ay)+azk
and b = byl + byj + b3k
then

dxb = (a;l + ayf + azk) x (byl + byf + b3k)
= a.b, (I X J) + a;b3 (i X k) 4+ ayby(f X 1) + apbs(j X k) + ashy(k X 1) + azb, (k x J)
= a;b,k — a,bs3j — a,bik + aybsi + azhyj — azb,i
= a,bsl — azb,l — a;bsj + azhyj + a;bk — ayb k
= (azb; — azb,)i — (a;bs — azhy)j + (arb, — azby)k
This is the cross product of two vectors in terms of components
and it can be written in determinant form as:

3 3 ~

. i Jj k
& X b= a, a, as
by by b3

Example: If d = —2{+5]—3k and b = 3 + 2] + k then find a x b.
Solution: Here, d=-21+5 -3k and b=3+2]+k
We know that;

LT kgt R
axb=|a;, a, a3|=|-2 5 —-3
by b, bs 3 2 1

=1(5+6)—)(-2+9) + k(-4 —15)
=111- 7] — 19k
3.6.4 Prove that the magnitude of AxB represents the area of

a parallelogram with adjacent sides A and B

The cross product of two vectors A and B is a vector in the direction
given by the right-hand rule, however, its magnitude is equal to the area

of the parallelogram that is determined by A and B as shown in Fig 3.36.



i.e., |AxB|= Area of the parallelogram determined by A and B.
Proof:

Let A and B are two non-zero vectors in space as
the adjacent sides of the parallelogram OACB and 0 is

the angle between them measured from A to B as shown
in Fig 3.36. The «cross product of the

vectors is defined by the formula
A x B = ([A|[B|sin 0)a

where, 7 is the unit vector in the direction of A % B.

(Fig. 3.36)

Magnitude of vector A is the base of the parallelogram. Draw a
perpendicular from head of vector B to the base of A. Now, |BM| = |§|sin 0, is
the height of the parallelogram.

From elementary geometry, we have

Area of the parallelogram = base x height

= |K||§|sm 0

Hence, |A x B|=|A||B|sin 6 =Area of the parallelogram

Area of Triangle

If A and B are two vectors as sides of triangle, also as adjacent sides of
parallelogram and [A|, [B| represent the length of adjacent sides of a
parallelogram.

From elementary geometry

Area of triangle = % (area of parallelogram)
- 21 |A x B|
Example 1. Find the area of parallelogram with two adjacent sides
represented by vectors.
{—j+3k and 2i — 5] + 2k
Solution: Let A=i—j+3kand B=2i—5]+2k

~ a

— — i j k 2 2 ~ 2 2 «
Here, AxXB=|1 -1 3|=1(-24+15—-j2-6)+k(-5+2)=131+4) -3k
2 -5 2

Now |K X §| =/(13)2 + (4)2 + (-3)2 = V194 = 13.9 square units.

Hence, area of the parallelogram is 13.9 square units.

Example 2. Find the area of triangle with vertices A(3,5,7),B(3,7,9) and C(5,3,2).
Solution: Here, AB= (3 -3)i+ (7 — 5/ + -7k =2j+2k




— B ’i\ j I’c\ ~ ~ ~ 2 2 -~
Now, ABXAC=|g 2 2|=i(-104+4)—j(0—4)+k(0—4)=—6i+4] — 4k
2 -2 -5
So, |ABxAC| = /(=6)% + (4)? + (—4)% = V68 = 2v/17

Area of triangle = %|ﬁ x AC| = @ = /17 square units.

3.6.5 Find the condition for parallelism of two non-zero vectors

If @ and b are two non-zero vectors which are parallel vectors then the
angle 0 between them is zero or .

We know that the cross product d@ x b = lal|b| sin €° 7, which is zero at
0=0orm.
i.e., Two non-zero vectors d and b are parallel if and only if d X b=0.

This is the condition of parallelism of two vectors d and b.
Example: Let A=3i —J + 2k and B=9i- 3j + 6k are two vectors. Show that

they are parallel.

Solution:

—

As non-zero vectors A and B are parallel if and only if AxB=0

I L A \ ) .
Now, AxB=|3 -1 2/=i(-6+6)—j(18—18)+k(-9+9)=0
9 -3 6

Hence, AandB are parallel.
3.6.6 Prove that A x B = —(B x A)
Let K=a1i+a2j+a3i€ and §=b1i+b2j+b3k

then, from the definition of cross product

2 2 ~

AXB= a ap, das
by by b3
By using the property of determinant
AXB=— bl b2 b3 ; ["'Bsz(_>R3]
a, ap as
Thus, AxB= —(§XK)

i.e. Cross product of two vectors is anti-commutative.
Example: If A = 3{ — j + k and B = 3i 4+ 5] — k then verify that
AxB=—-(BxA)




Solution: We have A=3i—j+k and B=31+5]—k

U L B 2 . - . s -
Now,AXxB=|3 -1 1|=1t(1-5)—j(-3-3)+k(15+3)=—-41+6j+ 18k
3 5 -1
IO L 2 . N
and BxA=1|3 5 _1[=1(5-1)—-j3+3)+k(—-3—-15)
3 -1 1

= —(—4i+ 6] + 18k) = —(A x B)
Thus, AxB= —(§ X K) Hence verified.
3.6.7 Prove the distributive laws for cross product

Let a, b and ¢ are three vectors, then distributive law is defined as:
dx(b+¢)=(@ xb)+(@ x¢)

Proof:
Letd = aji+ayj +ask, b=byi+byj+bsk and &=ci+cyf+csk
then, b+ ¢ = (byl + byf + bsk + cyi + cf + c5k)
= (by + c)i+ (b, + ¢3)] + (b3 + c3)k
i j k
and d X (B +0)=| a a, as

by+cy by+cy; bz+cs
i ] k Tk
=|la, a, az|* |lag ap, asz|,
by by b3 €Gh € C3
=(d@ xb)+(@ x &)
Hence, the distributive property holds for the cross product.
Example: Ifd =1 —2k, b=2{+j—3kand ¢ =3 - 2]
then verify that; d x(b+¢&) =@ xb)+(@ x &)

using property
of determinant

Verification:
Here d=i—-2k, b=2i+j—3k and ¢é=3i-2]
b+¢=(20+]—-3k)+@3Bi—2))=51—j—3k
. ik, \ _
and ax(b+3)=1 0 -2/=u0-2)—j(-3+10)+k(—1-0)
5 —1 -3 o
=-2i—-7]—k
I L A \ A
Now, axb=[1 0 =2|=1(0+2)—j(-3+4)+k(1-0)
2 1




'LE°€ Sy Ul
umoys se y% + [’(:I + 1% = 4 9910§ 91} jo uonedrdde jo jurod 9y} 0} UONL}OI JO
sIxe oy} Jo O jurod woiy ‘151091\ uonisod JO I0309A SNIPeI 9} ST 4 ‘9Iaym

‘4 pue 4 Jo jonpoid I0J09A 9]} SB Paulep SI
‘uoryelod Jo sixe 10 Q jurod e moqeij 9210] & Jo anbio] 10 °py Juawiows Y,

jurod
UJAIS ® JNOge 9910 USAIS B JO JUIWOW I0}O9A 3Y) puld 6°9°S

‘Arorewrxoxdde ,z8 = (66°0);_UIS = 0
o = Gororr _ laliol

= = Quis ‘MON
2]

66M = 2(L=) + (L) + (D)) =4 pue

01N = 2(0) + (1) + ()M = |7
YL6M=V8Y + T¥y + 6vM = = 2(22) + (02 + (W) =g x D ‘o8

L— L 1

yzz+ e+ =a0+103+0-12-) - (00— L)1 = ?[ T[— f =gxDP ‘MON
>[L—{L+3=Vq ﬁue :f_gs =D ‘9I9H
) ‘uornjos

'q pue p usamjaq d[Sue puy usy} ¥/ — [L+1=¢q pue [—1¢ =D j] :ojdwrexy

=2

all
x|

= QuIs :WoJJ g d[3Ue Y3 PUI] UBD 9|

S

uslgllpl =|axp| <
upuis|q|p] =qxo

onpoid s$s010 Jo UORTUIP AQ UST} SIOJOA 0JIZ-UOU OM) dT  PUR D 1]

SI03)09A
om) udamj}aq JSue ayYj pury o3 jonpoid ssord IS 8°'9°'C

(exp+(axD=0+a x> ‘sny,
y—lL-1e—-=y2-[0-w-y+[-12=LxD+@xD)
yZ -l —1p—=
0 ¢— ¢

0-—2)3+0O+0) -F—-01= H=2xp pue

— 0
[

=2




yZ+H1+18="W ‘snyL,

€ I- 1

C-ny+@-1-)-(C+991= |C ? Vol=dx4="n ‘o
¥oo

Y+ 2+ - =30-D+[A+D+10-€-)=yo =4 ‘pue
ye+l-1=4 ‘QIoH

Aq uaa1d

ST O Jnoqe °jy jusuwow 0g 2010§ jo uoreoridde jo jurod oy} STV puUe UOHELIOI
Jo sixe o) uo st O jutod ‘v pue O sjuiod Fururof ‘yQ 10309A 9y} SI 4 AIOH
‘uorynjos

" (2'1'¢-)V 1e paridde
ye+l-1= A4 20105 313 30 (0'T—T) O jurod e jnoge jusawow a3} puly ‘g aduwrexy
WNBT'E = o5LuS(22)(ST'0)
ows | 4| |14 = [°nl

dX4="W

‘uorynjos
*9010] paridde Aq peonpoad Oﬂ
JUSWOW 3} JO 9pN}IUSeUW 93 9)e[No[e)) "UON}e}0I JO SIXE U3 YIMm S92139p G/, JO
9[SUE UE Je YOouaim I9)oW GT°(Q JO pua 2y} 03} pardde s1 NZg JO 9210F ¥
T ordurexyg

jonpoid
10309\ IO SsoI) uo paseq 31 Aqrep ur uonyedrnddy Q1°9°E

‘0O 1urod Jnoge J 9010

(Le'e *S1a) O lul mnoq g ]
uorjejox o

soz0g om0 STV UQAIS 29U} JO JUSWIOW JOJIA PI[[ed SI °Jy 10309A

30 uonyeoridde jo O  9U]J 'I10109A snIpel pue UONEIOI JO SIXY Udamlaq

jurod o3 uorjejox jo
SIXe Woij snipey QIBUB 93l ST g SeaJoym ‘90.10} 93] JO wJe juswowx

9210, :
pordd ; 9—’.‘ Pa[[ed 4 JO UONO. JO SUI] 9} 0} UOIILI0I JO STXE 3]}
-- '0‘\6'_“ woj s0oue)sIp Ternorpuadiad oyl st g uis |4 ‘Q10H
0 '
.- ' — 0
30103 a3 Jo . g X4d="N
uorjyeordde [
1o utoq o SE UM 9 UeD I ‘A[Teonewayje\




(g X q) - p ‘sT30npoid o[dLr} Te[eds IeY) UdY) $I10J09A 991} 1€ ¥ + [0 + 170 =)
pue yfq+[q+1'q=q Yv+[v+1'w=p J1 eyl mouxy oM

(wrzo3 jueuIwWIIdlOP) syusuodurod
JO suwiId) Ul S10309A jJo jonpoad a1diry zereds ssaxdxyg Z°L°S
2 ‘4 ‘Plio2 4 P]seusnumaqued ) (2xq)-D Sl Ppue gD SI0}O2A 3917}
Jo jonpoid odLny Jereds oy, 'S10309A 0m) IOY30 JO jonpoid SSOIO YIIMm JOJO2A B JO

jonpoid j0p B SE Paurjap SI 103094 2213 Jo jonpoid o1dL1 Jereos ay],

SI103109A JO '.}Ol‘lpo.td a[d;.n Jefeds auljag T1°L.°€
jonpoid ardir], refeds L'€

*9010] pordde

Aq paonpouid °py juswour oy} Jo SpnITUIew Ay} d)e[nore) 's93I39p Q11
JO 9[3ue Ue Je YOUaIM JI}oW £°( JO PUS a3} 0} 2010] NOt A[dde noAj1  °OT

"(§'z—¢)g ye peydde

y—I[z+1=, 9010] o1} Jo (S'€'T)y 3Iurod e INOQE JUSWOW Y} PUlY ‘6
Yz +lz—1¢
pue Y.+ [,—1 uoamisq o[Sue oy} puy ‘pnpoid ssord 3Jursn ‘|

(exD+(axp)=(2+9) x?
yeyy AJuoa uay) ¥+ [G+1_=2 pue yS+le_1=q YL+[+12=0 ] ‘L
(§'6'1)0 pue (§'€'2)d ‘(Z'TT)V SOMI2A YIIm S[UeLI] JO BAIE 9U) PULY ‘9
Y+1=qpueye+/[_15="p
B £q pajuasaidaz

ore sopis juadelpe asoym uweidoleqered oyl Jo eAIB Y} pPUI] ‘g
YS—le+1=gpuey—[S+ie=D 2IoUum

q— D pueE g + D 103094 9} JO YOES 0} Jemorpuadiad 103004 JTUN B pUI] ‘b
y+le—1e=qpueye+fz—1=p

*SI0J09A A} Y310g 03 Teuo3oylio ST YIIUMm J0109A JIUN B PUL] ‘e

Ye+lz-1e=qpueyL+[L—1=p10) (DX Q- =gxXDIeY LgLUA T
y+le+ie=qpueye—[s+iz—=p (1)
ye+le+r1=gqpuey+/+1w=0o (1)

JIoxqpPUegxDp  puld T




1- =[] =y =11 "o
I-=1x [y =yxp- [ =[xy ‘os
==1xf-]  1-=()-y =1x[y
[==yx1-] == U-I=yx1
l-={x3:]  1-=0)1=!xy-] 219H
I-=1x[-y=yxp-[=[xy-1 (1) yooid
v= ) =Lyl = [yl 10
T=IXpy=1xy[=yx[] ‘os
[1=4- ypuey="x1-] L=y ={x1y pue
[1=1{Ipuel=1xy ] v=[[=1xy-[  ‘Arepung
[1=1 3pu193=§><v[.-.] IT=11=yx/[1 ‘919
I=[xt-y=1xy-[=yx[-1 (1) gooig
I-=1xl-y=yx3-I=[xy-1(x)
puep=/[x1.y=1xy-[=yx[-1 (1) :3ey3 sao1xd ¢€'L'E
¥6=88+9 =
0+(6+se)z+(€-9)¢E=
s I—- € €9 % D
e~ 1 Ll =|}q g 'q|=(2x9) P
0 ¢— ¢ & v o
‘uayy ¥g +{—zg =) pue 318—[+3L =q '[Z—}S = D 197 :uonnjos
ySHI-e
pue y¢—[+41/ [z — 1€ 103094 oy} jo 3onpoid o[dLr} rereds oy} pury :ajdurexy
€ % b
“Ifa g tq|=(x9)-?
& v p B

'S WLIOJ JUBUIUWLIOISP Ul UI}JLIM
ST JOIym ULIOJ S1USU0dWod Ul 2 pue g ‘D $10309A Jo jonpold o[dir) Jefeos st siy],
(To2q — 2'q)¢p + (Iggq — €31q) % — (%8q — £%q) "0 =
[(Iglq _ ZDIQ)ﬁ[ + (g - EDIq)!_ (Y% - SJZq)g] . (3150 _|_°[zv +¢11n) — (2 X f_I) )

pue
€ o9 Iy
(I:)Zq _ thq)ﬂ + (Iggq _ Sgtq)!_ (Z:)Eq _ SDZq)g — Sq Zq Iq — (Q % q
¥y [ -

~ v v

Jonpoid $S0ID JO UonIuyep Ag




"aseq a3 0} renorpuadiad ST 9 X g 101094 1]} JO UONIRIIP Y} JeY) pue ‘aseq
wrexdorarrered a3 Jo BaIe 91} SI ‘| 2 X g| ‘opmyrudews oy} 1Y) MOU3 am ‘jonpoid
SSO0JIO 9} JO UOTIIUIJOP JLI}PWO033 93 Wolq IYSIeY a3} SoWI} aseq 33 JO eare
oy} st padidsrarered 9y} JO SWIN[OA Y, ‘S93PS [BUIULIS}-00 SII SB D pue D
$J0309A 221U} UMM ‘QE ¢ 314 ur umoys se padidarorered oy} I9pIsuo)d )

padidaraqrered (1)
SI0J)O9A UIAILS 991U} AQ PIUTUWLIIIIP UOIPIYeBIID} B o
‘padidojoresed e o

: Jo wnjoa Y3 purd S°L°S

lapo] =[p2q] = [2'ap] 10 (ax 1) -2 = (©x2)-g = (2% g) - P 9oudH
- J

(ax 1)

t(q °q 'q
[¢y pue ¢y Surdueyp.ajul] €p p Ip

[¢y pue Ty Suidueydasui] eg 2q Tg|-=

€ % Dbl =®x2-9 puy

[y pue ¢y Surdueyp.aajui] € 2 Db

[¢y pue Ty Sutdueydasui] & p Ip|— =

(g 2q 'q| = (2x4)-p
& v p -
-3onpoid o1din rereos jo uonIuUyap Aq USY) SI0JO2A 9211}

oyroq ¥y + [+ 1P =ppueytq+ [2q+1'q=q Y0 + [2v +1'D = D397

jonpoad o1dixy
Ie[eds ul a[qeasueyd-Id9)Ul I SSOID pue JOop jJey) dA0id +H°L°ES




(6c'c *S14) 03 Jenorpuadiad 103094 JTUN Y3 2 U 397
|g X q| % = U0JIpaYe.19] JO DGOV 3Seq Jo ealy

‘o

'6E°¢ 314 UI uMOYS SEB
urStio 03 30adsaI M 2 =)0 ‘G=90 ‘D =VO

Jeyl yons O pue g ‘v
L ‘O S9013J0A 3UlARY UOIPIYEIId) B JOPISU0)
uoipayer3dy, (rr)

SJTUN OIqNO 7] =
lz1—| = |(2 x q) - p| = swnjoA parmbay
B ‘aanyisod sAempe SI QWIN[OA ..
I—=¢-T+0I—=
0-1-)e+(0-D1+(T-L)2—=

T 1- 0
(s103094 Jo sjuouodwoo Suisn £q) [z— £ T | =
€ I- Z-
€ % D
&g g q|= (gxg).p:pgdgdgpnemd Jo awnjoA
& W p

TEU} MOU 9\
y+[-=2 pueyz—[L+1=9q ‘ye+/[—17— =D 197 :uonnjos
y+[—pue yz—[L+]1 ‘ye+[—12— s10300A
92111 93 AQ pPoUTWLId}aP pvad;dalanemd 51{1 _}(V) aum[o;x 9{{1 9yenore) :ardurexy
€ Ty 1
G g
&p v p
(2 X g) - » = padidaorered jo swnjoa aAey am ‘0g
exq-p=
p-@xq =
0soo 2| |2x q| =

=(gxg).g:A ‘snyy,

(padidatorrered
Jjo y3ay)’ (pedidarorrered jo eare aseq) = A
:s1 padidararrered ayl Jo A aWINJ0A 3],

'2 X q pue p U23amIdq o[3ue oU3 ST g 2I2UM
"2 X q I0109A JO UONOSIIP 3} UL 9T ‘988 31} 0}
[EULIOU UOIO3IIP 9] Ul g S02 |p| = y = Jysiay “'9'1
‘D 103094 JO Juauodwod

oy st padidarerrered ay) Jo y JYSIoy Ay,




F-Te)=QL-€T1-22-0=av
(-T2 =UL-ST-€T-¥) =2V
F—7-'9=L-€1-1-7-9) =gV
‘QIoH
‘uornjos
(€7'0)a pue (€7 (e'1-'9g LTIV
9JB SOOMIoA 9SOUM UOIPIYEIID] JO dWIN[OA 33} puly °g ajdurexy

SHUNJIqNd €€°T = 8 X 2_
T

(0+9—ﬂ)%=
{(s—s)s+(o—9—)1+(o—z)4}%=

¢ 1I— ¢

0 1 &-|2=

s 1— LT

€ % Ty

Sq Zq Tq =

€ Zp Tp T

2 4 7] 2 = UOJpaYe.11d)} JO SWN[OA
I
ey} mouy 9\ :uUoIINJos
"so3pa [euruIalod s)1 are (Z'1—¢) = 2 pue (0T'e—) = ¢
(S'T— ‘L) = D Y3Im UOIPaYRIIS)] JO swnjoA oy} ayndwo) * 1 arduwrexyg
4EX y]% = UOIP9YEI}a] JO SWIN[OA ‘90USY

(gxg).pgzy.(gxg)gz
(ov°c "814) 1 1

(psoa|p|) (|g x q| E) £_ UO.IPaYEI}d} JO SWN[OA
<11

‘Qouoy
(uoapayenyay joysay ) x (eady aseq) E_
1

UO0IPaYeI}a} JO SWIN[OA
‘A11ou1093 ATE]UaWOe WOl
Ot'€ "S1d woyy ‘gsod |p|=Y ‘oS
9S00 |p| 6 = WVO07

pue UoIpayErIIN] 3Y3 JO IYSIOY 9Y3 ST ‘WO 03 Jenorpuadiad oq WV 197
"0d oV jo suerd ayy




'.IBLIE[C{OO 2Je SI0]09A ‘QOUQH
0=0S+2I—85— =
(Zr+272-)s+@1—-20s— 9+ ¥v—)1 =

IT- 1 €-—
9— ¥ 7— :(QXQ)'P ‘MON
S € 1

0=0x g) .p J1 Teue[doo aq [[Im g’g ‘D SI0J09A
:uonnjos
-reue[doo are
YIT—[+16—=2 puey9 — [y +17—=¢q ‘¥S+ /¢ +1=Dp e} moys 1 sjdwexyg
"S10309A 921U} JO Ajrreue[d-00 JOJ UORIPUOD
9U} PpoIed SI SIyl ‘o1z st jonpoid ordin
Iv'€ “31d Jereos 1oy} J1 Jeue[dod aIe $I10J09A 9213 ‘90U

v, = o 0=[2 4 P]“s1 ‘0=2-(qxDp) ‘v105019Y],

9/ YU ‘019Z SI SI0J09A Je({nogpusdmd omj

3 q Jo 30onpoid 10p QUIS "T4°¢ "SI UI UMOYS SE 2 03

« - Trenorpuadiad osTe ST g pue p $10309A 3UTUTBIUOD

o T q auerd a3 03 Ie[nogp:lad.led 3dureq ‘g x » uay}
ﬂ sz ‘s10100A Ieue[dOO 991y} oI D ’g ‘p(_ I

$10399A 931Y3 jo Ajrreue[d-0d 10J UOIIIPUOD
'$10309A Jeue[dod pored aie aueld suwres ayj) uo JUIA] SI0JOIA
s10309/ reuejdo)

S103)09A 931y} Jo Ajrreuejdod
I0J] UOI}IPUOd 3Y) Pul} pue s10399A Jeuejdo) Luldg 9°L°E

SHUN JIqND [T = UOIPIYEIId) JO SWN[OA ‘og

9 9
[99—|==[vz— %2 —81—]==
1 1
9
(¥ + Z)'I7—(17—8—)Z+(Z+8—)€]{=
— 1 Z-
— 7z z7|2=
— 7— ¢l
€ o Iy
(!)'” Sq Zq Iq 2:

[av Jv ﬂ]% = UO0JIPIYeI}3]} JO SQWIN[OA ‘9ABY am




Example 2. For what value of 4, the vectors i + 2j + 3k, 2i — 3j + 4k and
31+ j + Ak are coplanar.

Solution:

Here, vectors are 1+ 2] +3k, 2i—3j+4k and 3i+j+ Ak

1 2 3
If the given vectors are coplanar, then (2 -3 4[=0
3 1 2
= 1(-31—-4)—-2(21-12)+3(2+9) =0 [Expanding by R,]
= —31—-4—-41+24+33=0

53
7

| Exercise3.6 )

= A

1. Find the scalar triple product of vectors i+ 2j+3k,—i—j+k and
i+j+k.
2. Compute [i +], i, i—]+k].
3. Find the volume of parallelepiped whose edges are represented by the
vectors:
(i) 3i+2j—k; 1-2j+k i+2j—4k
() 1—-2j+3k 2i—j—k i+2j—4k
4. Find the volume of the tetrahedron whose vertices are;
A(2,1,8),B(3,2,9),C(2,1,4) and D(3,3,10)
5. Show that the vectors 4i — j + k,31 — 2j — k and i + j + 2k are coplanar.
6. Find A if the vectors i + j + 2k, Ai — j + k and 3i — 2j — k are coplanar.
7. Show that i+ j + k, i — 2] + 3k and 2i — j + 3k are not coplanar vectors.
Review Exercise 3 )]
1. Select true option.
i. The unit vector in the direction of # = 2i 4+ j — k is:
1 ~ o] = 2 2 7
(a) NG (2i+7-%) (b) V6(2i+] — k)
r s o~ 1, 0 A &
(c) 6(2i+j — k) (d)g(2i+j—k)
ii. The magnitude of a x b represents the of a parallelogram with

adjacent sides @ and b.
(a) opposite sides  (b) diagonal (c) area (d) volume



iii.

iv.

vi.

vii.

viii.

ix.

xi.

xii.

xiii.

xiv.

XV.

xvi.

The volume of tetrahedron determined by vectors d, b and ¢ is:

a) [4,b,c] (b) % [a,b,¢] (c) % [a,b,7] (d) None
i (bx¢)= .
(@) d.b.¢ (b)@x bx¢ (b-(@xé (d)(@axbh).¢
If G and b are parallel then i b= o
(a) 1 (b) — (c) 0 (d) ab
If three vectors &, b and E are coplanar, then [d b &] = -
(@)1 (b) 0 (c) ¢ (d)a
Direction cosines of the vector i + | — E are:

1 -1 1 1 1
VEE LR

1 1 -1

(¢ 1,1,-1 (d) BB
dxbis to plane of @ and b:
(a) Parallel (b) Perpendicular (c) Opposite (d) None of these
If ¢ =P,P, , where P,(0,0,1) and P,(—3,1,2) , then |d| =
(a) V12 (b) V10 (c) V13 (d) V11
If p = 41 + 6k and § = 61 — 4] then |p — G| is
(a) V8 (b) 2V14 (c) 2v26 (d) 2v3

- i - 7. .
For non-zero vectors a and b, dx b is a unit vector and

ld| = |I;| = /2, then angle 6 between vectors @ and b is:

T T s p
@ 5 (b) 5 © ¢ @ -3
Magnitude of a vector d@ = 3i — j + 2k is:
(a) 13 (b) V12 (c) V14 (d) V11
The position vector of the point (1, O, 2) is:
(a) i+ +2k (b) i+2j (c)2i+3k (d) i+2k

If O be the origin and 0P =2i + 3j — 4k and 66 = 5{ + 4j — 3k, then F(j is
equal to:

(@) 7i+7j—7k (b) =3i+j—k (©3i+j+k (d-71-7j+7k
kxj=

(a) ¢ (b) k (c)J (d) —t

If |d x b|=|d .b| then the angle between d and b:

(@) 0 (b) ; (c) Z (d) ™



xvii.

xviii.

xix.

The distance of the point (— 3,4,5) from the origin is:
(a) S0 (b) 52 (c) 6 (d) None of these
The vector having, initial and terminal points as (2, 5, 0) and

(- 3,7,4) respectively is:

(a)—1+ 12 + 4k (b) -5i+2j—4k (c)-5i1+2j+4k (d)—i+j+k
If |d| = 10, |b| =2 and @- b = 0, then the value of |d@ x b| is:
(a) 10 (b) 16 (c) 14 (d) 20

The number of vectors of unit length perpendicular to the plane of the
vectors
G=2i+j+2k andb=j+k is:
(a) One (b) Two (c) Three (d) Infinite
Write PQ in the form xi + yj
5

()  P(46), Q(—45) i) P(-39),Q0,8)

Find the vector PQ joining the points P(3,4,2) and Q(—2,3,4) and also
find direction cosines of F(j

Show that P(2,3,6),Q(3,7,4) and R(4,11,—2) are collinear.

1, . = A A ~ PN ~
Show that the vectors = 1+j+k, 2i—3j+3k and 41+ —5k are

mutually perpendicular.
Find the area of parallelogram whose adjacent sides are 3i — 5] + 6k and
i+3j—4k. Also find unit vector parallel to its diagonal through
common initial point.

Prove that [p+q,q+77+pl=2[pq7].

For the vectors d = 1+ 2] + k, b= 3i—j—kand @ =1+ 8] +k, verify the
distributive property of cross product.



Sequences

& Series
e Weightage = 6% e Periods = 20

4.1 Sequence

An ordered set of numbers, formed according to a definite rule, is
called a sequence (or progression) and the individual members are called
terms (or elements) of the sequence.

4.1.1 Define a sequence (progression) and its terms

We may also define a sequence of numbers as follows:

A function a:N — R or C is called a sequence, where N, Rand C are
the set of natural, real and complex numbers respectively.

For any n € N,a(n) € R (or C) and is called the nth term or general term of
the sequence.

We usually write a(n) as a, and the sequence as {a,} where n € N. A
common representation of a finite sequence, one that has finite number of
terms nis

a,,0ay,0s, ..., Ay
If the sequence has an unlimited number of terms, then it is called an
infinite sequence, we may write

a,,ay,as, ...
or {a,}, where k = 1,2,3, ...

The nth term of a sequence is also represented by T, (or t,). The terms
Ty, Ty, Tz (or tq,t,,t3) will denote first, second and third terms of the sequence
respectively. In T, (or t,), n indicates the position or rank of the term in the
sequence.

Some examples of sequences along with their general terms are:

(i) 1,2,3,4,..; where a, =n
(i) 5,9,13...; where a, =4n+1
(i) -1,1,-1,1,-1,...; where a, = (—1)"

. 123 - N
(iv) 2’32 where a, = —



4.1.2 Know that a sequence can be constructed from a
formula or an inductive definition

If we are able to find a pattern from the given initial terms of a
sequence, then we can deduce a rule or formula for the terms of the
sequence as explained in the following example.

Example: Find nth term of the sequence:
6,11,16,21, ...
Solution: Here, a,=6=5x1+1
a,=11=5%x2+1
a;=16=5x3+1
a,=21=5x4+1

From the above pattern, we deduce that a, =5n+1 (Vn €N)

We can find any term of the sequence by giving corresponding value
to n in the nth or general term a, of a sequence. In this way, we can
construct a sequence from a formula or an inductive definition as explained
in the following examples.

Example 1. Find the sequence ifa, =2n—1
Solution: a, =2n -1
Forn=1, a, =2(1)—-1=1
Forn =2, a,=2(2)—-1=3
Forn =3, a; =2(3)—-1=5
Forn=4, a,=204)—-1=7
Thus, the required sequence is 1, 3, 5, 7, ...
Example 2. Find the sequence ifa, —a,_; =n+1and a, = 14

Solution: Puttingn =2,3,4,5in a, —a,_; = n+ 1, we have,
a,—a; =3 ..-(1)
az;—a, =4 ...(ii)
a,—az =5 ...(iii)
as—a, =6 ...(iv)
From (iv), as=a,+6
=144+6=20 (v a,=14)
From (iii), a;=a,—5
=14-5=9 (v a, =14)
From (ii), a, =az—4
=9—-4=5 (v a3 =9)

and from (i), a; =a, —3
=5—-3=2 (~ a; =5)
Thus, the sequence is 2,5,9, 14, 20, ...



4.1.3 Recognize triangle, factorial and Pascal sequences as
fractional form

(a) Triangular Sequence
Consider the following sequence;

1, 3, 6, 10, 15, 21, 28, 36, 45, ...

which simply represents the number of dots in each triangular pattern as
shown in Fig. 4.1, so this is called triangular sequence:

1 dot 3 dots 6dots 10 dots 15 dots
¢ [ I ) L N J o o [ N
o 0 o o o o o 0 o
ceee o.o.o. o.o (Fig. 4.1)

By adding a row of dots in preceding pattern and counting all the dots,
we can find the next term of the sequence. The first pattern has just one dot.
The second pattern has another row with 2 extra dots, making1+4+2 =3

The third pattern has another row with 3 extra dots, making
1+2+4+3=6.The fourth has 1+2+3+4 =10 etc.

We can make a “Rule” to calculate any term or triangular number.
First, rearrange the dots as shown is Fig 4.2:

1 3 6 10 15
[ ) [ ] [ ] [ ] [ )
Tttt e (Fig. 4.2)

Then double the number of dots, and arrange them into a rectangular
pattern as shown in Fig 4.3

(Fig. 4.3)

Now number of dots in each rectangular pattern is:
Number of dots = n(n+ 1)
Where n shows the position of term of the sequence.
But remember we doubled the number of dots, so number of dots in each

term of triangular sequence is: @
n(n+1) . .
Hence, a, = ——— is the general term of the triangular sequence.

Example: Find the number of dots in triangular sequence for n =6, 10, 13
and 16.




Solution: Using formula: t, = n(n+1)

2
(i) When n = 6, then ¢, = 6(62+ D_ 21
() Whenn = 10, then ¢, = w =55
(i) Whenn = 13, then ¢, w 91
(ivv ~Whenn =16, then ¢, = tedé+D _ 136

(b) Factorial Sequence

In mathematics, the factorial of a non-negative integer n, denoted by
n!, is the product of all positive integers less than or equal to n. For example,
31=3x2x1=6and5!'=5%x4x3x2x1=120.

We define 0! =1, a sequence involving factorial is called factorial

. 1
sequence, for example, a sequence with a, = -]
. 11 1 1
ie, —,—,T,7, .
112! " 31" 4!
n
Example: Find the first four terms of the sequence with a, = %
n
Solution: Here, a, = %, so first four terms of the sequence are
aq,a,,a3 and a,
21
Now, a; =37 = 2
B 22 4 5
T
28 8 8 4
©73173.2.1 6 3
B 24 B 16 16 2
TN T43.2.1 243
(c) Pascal Sequence
Pascal’s Triangle 1 ! 1
Pascal’s  triangle is a ) 9 1
triangular arrangement of numbers ) s N7
which represent the coefficients of 1
. . . 4 6 4
the expansion of power of binomial . - 0 0 -
like (a + b)™ as shown in Fig 4.4. ) 6 s \20/ 15



Pascal Sequence

The number ‘1’ is at the tip of Pascal's Triangle, which makes up the
zeroth row. The first row (1 and 1) contains two 1's, both formed by adding
the two numbers above them to the left and the right, in this case 1 and O
(all numbers outside the triangle are 0's). By the same process we get the 2nd
row (1, 2, 1):0+1=1;1+1=2;14+0=1. And the third row (1, 3, 3, 1):
0+1=1;,142=3;24+1=3;14+0=1. In this way, the rows of the triangle
go on infinitely. And every row is called Pascal sequence. For finding terms

n!
r<

of Pascal sequence, we use the formula: n

ri(n-nr)’
Where n denotes the row of Pascal triangle and r denotes its define

column.

Example: Find the Pascal sequence when n = 4.

Solution: By using formula of Pascal sequence, when n =4 and r=0,1,2,3,4

4! 4! 4!
=0‘ = =—=1 ‘.'0!:1
r > 0!1(4-0)!  1!(4-0)! 4! | ]
4! 4! 4-3!
=1" = =—=4 %’ 1!:1
r 77 11(4-1)!  11(3D) 3! | ]
4! 4! 4-3-2!
21(4-2)! 202D 2:2!
3. 4! 4-3! 4 :
r= 31(4-3)!  31(1) 1
4! 4!
r=4; =

41(4—4)! _ 41(0)
Hence the required Pascal sequence forn = 4 is (1,4,6,4,1).

| Exercise 4.l )

Find the nth term (rule of formation) of each of the following
sequences:

1) 2,4,6, ... (i1) 12,22,32,..., (iii)  3,9,27,...
. 1234 -11 -1 .
(IV) > 5 3 b 4 b 5 Y (V) 1’?'6'?' (Vl) 1,8,27,64,
Find the first five terms of sequences with the given general terms.
2n 1
0 S e+ @ DTt (iii) an (n + 1)

(iv) - (v) ln(n + 1)(n +2) (vi) ln(n + 1)(2n +7)
3n+1 6 6
(Vi) apyi=64+a, a;=2, (viii) a, = ganﬂ, a; =1

Find the sequence by using
Tpir = (n+ 1T, where T, = 2,
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231
(7—d) (7 +d) ==~

49 — d? = 33
49 — 33 = d?
d?>=16 or d=14.
If d = 4, then first number =a—d =7 —4 = 3, second number =a =7
and third number=a+d=7+4=11
Hence, three numbers are 3, 7 and 11.
If d = —4, then first number =a—d =7 + 4 = 11, second number =a =7
and third number=a+d=7—-4=3
Hence, three numbers are 11, 7 and 3.
Thus, required numbers are 3, 7, 11 or 11, 7, 3.
Example 4. Find four numbers in A.P. whose sum is 20 and the sum of
whose squares is 120.
Solution: Let four numbers in A.P. area—3d, a—d,a+d,a + 3d
Sum of four numbers = 20

ie., a—3d+a—-d+a+d+a+3d=20
= 4a=20o0ra=>5.
Now, sum of squares of the numbers = 120
ie.,, (a—3d)?+@—-d)?+@+d)?+ (a+3d)?=120 (1)
Using a =5 in equation (1)
We get G-3d)?+G-d)?*+G+d?>*+(G+3d)?=120

= 25—30d + 9d? + 25— 10d + d? + 25 + 10d + d? + 25 + 30d + 9d? = 120

= 20d? + 100 = 120

= 20d? = 20

=d?*=1

=d=+1
If a=5and d =1, then
First number =a—-3d=5—-3=2
Second number=a—-d=5-1=4
Third number =a+d=5+1=6
and Fourth number =a+3d=5+3 =38
Hence, four numbers are 2, 4, 6 and 8.
If a=5and d = -1, then
First number =a—-3d =5—-(—-3) =8
Second number =a—d=5—-(-1)=6
Third number =a+d=5—-1=4
Fourth number =a+3d =5+ (-3) =2



Hence, four numbers are 8, 6, 4, 2.
Thus required numbers are 2, 4, 6, 8 or 8, 6, 4, 2.

Note: For the sake of convenience, we take
two numbers in A.Pas:a—d,a+d
four numbers in A.Pas: a—3d,a—d,a+ d,a + 3d and so on

Similarly,

three numbers in A.Pas:a—d, a, a+d

five numbers in A.Pas: a—2d,a—d,a,a+ d,a + 2d and so on.
Example 5. The sums of the first n terms of two A.P.’s are in the ratio
5n — 3:3n + 31. Show that their 9t terms are equal. Find also a,:a', and aq:d'y;.
Solution: Let a,a’ be the first terms and d,d’ be the common differences of
the two A.P.’s. If §,, and S’,, denotes the sum of these A.P.’s, then we are given

S, pl2a+(n-1d} s5n-3

2 = (@)
Sn Z{2a'+ (n—1)d} 3n+31

Express R.H.S of equation (i) in the form of L.H.S
S, zRa+t(-Dd} 21 +0-DE)
Sh Z{2a'+(n—1d}  F{2(17) + (- D))

By comparing we have

a=1d=5anda =17,d' =3
Now, ag=a+8d=1+8(55)=1+40=41

and dy=a +8d =17 +8(3) =17 + 24 = 41

Thus, ag = a'q = 41 showed.

a, 1+ Mn—-1)(5) 5n—4
a, 17+(m—-1B) 3n+ 14

= ap:a'y, =

L, 594 _ 45-4 _41_
and 910w = 3E7)714 = 33714 — 47— FHAT.

4.4.3 Show that sum of n arithmetic means between two
numbers is equal to n times their arithmetic mean
Using the results from the article (4.3.3), we can find the sum of n

arithmetic means as:
Sum ={a+d}+{a+2d}+ -+ {a + nd}

={a+1(b_a)}+{a+2(b_a)}+-~-+{a+m}

n+ 1) n+1) n+1)
=(a+a+a...upt0nterm5)+{1(:_:1a)+2(:+_1a) '"+n(:+_1a)}
_ b-a) .o
=na+ n+1( t24-+n)




(b—a) nn+1)

= X
"t GED 2
n(b —a) 2na +nb —na
=na+ =
2 2
=n (aT-I-b) = n times the A.M. of between a and b.

Hence, the sum of n A.M’s between a and b is n times the single mean

+b
between them. Therefore, the sum of p AM’s =S, =p (a_)

2
- +b
Similarly, the sum of q A.M’s =S, =¢q (aT)
S
p_P
Note: —-— == or S,:S;, =p:q
Sq¢ 4 p* q

4.4.4 Solve real life problems involving arithmetic series

Example: A grocery store, displays cans in such a way that 27 cans are in the
bottom row, 24 cans in the next row and forming an arithmetic sequence. The
top row has 3 cans. Find the total number of cans in the display.
Solution: Since the display of cans are in arithmetic sequence with

a=27,a,=3andd=-3
Now, a,=a+n—-1)d= 3=27-3n+3

= n=9

Now the total number of cans is given by

n 9
Sn =§(a+l) =E(27+3)
=9(15) = 135 cans

Exercise 4.4 )

1. Sum the series.
(i) 3+8+ 13+ to 16 terms.
(ii) (-3)+(-1)+1+3+5+--to 18 terms.
(ii)  4.57+4.87 +5.17 + --- to 22 terms.

. 3 5
(iv) \/_E + 2\/5 + \/—5 + -+ to n terms.

3 5
(v) \/_§+2\/E+\/_§+ - to 15 terms.

2. Find the number of terms of the following.
(1) =7)+(=5)+(-3) +-; if sum = 65
i —7+CHD+ D+ ifsum =114




(iii) -9+ (—6)+ (—3) +-; if sum = 3225
(iv) —-9-6—-3+0+:;if sum = 66
Sum the series.
(i) 3+5-7+9+11-13+15+17—-19 + --- to 3n terms.
(i) 1+4-74+10+13-16+ 19 + 22 — 25+ --- to 3n terms.
(i) 9+12—-15+18+21—-24+ 27 +30—33+ - to 3n terms.
If S, =n(2n — 1), then find the series.
Find the sum of first 100 natural numbers which are neither exactly
divisible by 3 nor by 7.
If S5,53,S5 are the sum of 2n,3n and 5n terms of a,, A.P. show that

S5 =5(5; — S,).
The sum of n terms of two arithmetic series are in the ratio of

3n+ 2:n + 1. Find the ratio of their 8th terms.
The sum of three numbers in A.P. is 27 and their product is 405. Find
the numbers.
Find five numbers in A.P. whose sum is 25 and the sum of whose
squares is 135.
The sum of Rs. 42,000 is distributed among five persons so that each
person after the first receives Rs. 80 less than the preceding person.
How much does each person receive?
A well digging company charges Rs. 1,250 for the first meter,
Rs.1500 for the second meter and Rs. 1,750 for the third meter and
so on. What is the depth of a well that costs Rs. 50,000.
A man borrows Rs. 25,000 and agrees to repay with a total profit of Rs.
10,000 in 10 installments, each installment being less than the
preceding by Rs. 200. What should be his first installment?

4.5 Geometric Sequence

4.5.1 Define a geometric sequence

A geometric sequence, also known as a geometric progression (G.P)
is a sequence of numbers where each term after the first non-zero term is
found by multiplying the previous one by a fixed, non-zero number called
the common ratio denoted by ¢’. For example, the sequence 3, 6, 12, ...; is a
geometric progression with common ratio 2.

Also, the sequence

2, 6,18,54, ..

is a G.P. because its common ratio is 3

ie., 6+2=318+6=3, and 54+18=3




4.5.2 Find the nth or general term of geometric sequence

If the first term of a G.P. is a and the common ratio is r, then by
definition,

a = the first term =a = art™1 ;
a, = the second term = ar = ar®=1 ;
a; = the third term =ar? = ar371
a, = the fourth term = ar3 ar*™1
and so on.
Hence, we deduce that
a, = the nth term = ar™?! ...(1)

which is the formula for finding the nth term of a geometric sequence whose
first term is a and the common ratio is r.
The sequence

a,ar,ar?,ar?, .., ar* 1
is known as the standard form of a G.P.

Example 1. Find 9t term of the G.P: 6, 12, 24, ...

Solution: Here, firstterm=a=6
Common ratio =r = 1—62 =2
Oth term = aq =7?
We know that
a, = ar™1
So, as = (6)(2)° =(6)(2)® = as = 1536

Thus, the required 9t term of the given G.P is 1536.
Example 2. In a G.P., a; = 12 and ag = 384. Find the nth term.

Solution: We know that a, = ar™!
Using n = 3 in equation (i), a; =ar¥ 1= ar? =12
Now, using n = 8 in equation (i), ag=ar® ! = ar’ =384
From equation (ii) and (iii), by division

ar’ 384 < s s

2117 = r> =32 =r> =2 = r=2
Using r = 2 in equation (ii)
We get  a(2)? =12

= 4a=12 or a=3

Now, a, = ar™® !
Usinga=3andr =2
We get a, =3(2)"1

Hence, the required nth term a, = 3(2)"*!




Example 3. Suppose that the fourth term of a geometric sequence is 81 and
the sixth term is 729. Find the first term and common ratio of the sequence.

Solution: Here, fourth term = a, = 81 and 6t term = ag = 729.
We have to find r and a.
We know that a, = ar™® !
a, =ar*™! = 81 = ar3 ...(1)
and ag =ar®™! = 729=ar’ ... (ii)
From equation (ii) and (i), by division we have
5
% = % = r=43
Taking r = 3 in eq. (i), we get
81 =a(3)3 = a=3
Here a = 3 and r = 3 the required geometric sequence will be 3,9,27,81, ...
Taking r = —3 in eq. (i), we get
81 = a(-3)3 = a=-3
Here a = —3 and r = —3, the required geometric sequence will be
-3,9,-27,81, ...

Example 4. Find three consecutive numbers in G.P. whose sum is 14 and
their product is 64.
Solution: Let the three numbers in G.P. are: a, ar and ar?
As, sum of three numbers = 14
so, a+ ar+ar? =14
a(l + r+ r?) =14 .. (1)
Now, product of three numbers = 64
(a) X (ar) X (ar?) = 64
= (ar)® = (4)°
= ar =4 ...(2)
From equation (1) by (2), by division
a(l+r+ 1% 14

ar 4
1+ 2

r 2
= 20 +r+ 1)) =70)
= 24 2r+2r2=7r
= 2r2 —5r+2=0
= r—-2)2r—1)=0
— 1

r=2 or r=5
By using r = 2 in equation (2), we get: a(2) =4 or a=2.
When a =2 and r =2 then



First number = a = 2

Second number = ar = 2(2) = 4

Third number = ar? = 2(2)> = 8
Hence the three numbers are: 2, 4 and 8.

By using r = % in equation (2), we get: a (%) =4 or a=8.

When a=8and r = %, then

First number = a = 8

Second number = ar = 8 (%) =4
122
Third number = ar? =8 (7) =2
Hence the three numbers are: 8, 4 and 2.
Thus the required numbers are 2, 4, 8 or 8, 4, 2.

Note: For the sake of convenience, we take

a
two numbers in G.P as: —, ar
r

a

a
four numbers in G.P as: —3, 7, ar, ar? and so on.
r3'r

Similarly,

a
three numbers in G.P as: —, a,ar
T

a a
five numbers in G.P as: —. 7, aar, ar? and so on.
r2’r

4.5.3 Solve problems involving geometric sequence

Example 1. If the population of a town increases geometrically at the rate of
7% annually and the present population is 70,000. What will be the
population after 6 years from now?

Solution: Present population = a = 70,000
Number of years = n =6
Number of terms = n =7

Rate of increase of population =r = 14+7% = 1.07

Population after 6 years =a; = ?

We know that a, = ar™ 1!

a, = 70,000(1.07)’~1 = 70,000 (1.07)°®
a, = 70,000(1.500730) = 105051 approx.

Hence population after 7 years will be 105051.

Example 2. The number of bacteria in a culture increased in G.P from 1250
to 10,000 in 4 days. Find the daily rate of increase, assuming the rate of
increase to be constant.




Solution: Here a = 1250,a, = 10,000,n =4 and r = ?
We know that

a, = ar™?!
10,000 = 1250741
10,000

1250

8=1r3 or 23=1r3 or r=2
Hence the rate of increase of bacteria is 200%.

| Exercise4.5 )

Find the indicated terms of each of the following G.P.

(i) 3,6,12,...; 5th term (i) 32,16,8, ...; 9th term
(iii)  4,2v2,2.., 12t term (iv)  i,1,—i,..; 16th term
b+c

v) b?—c%b+c ., 9th term

Ib_Cl

InaG.P,a, = g,a6 = 15825. Find its nth term.
Find the nth term of the geometric sequence if:
as 4

— =—anda, =3

as 9 9

Show that the reciprocals of the terms of the G.P.ay,a;7%, a;7*, ... form

another G.P.

1 1 1 1

How many terms are in G.P. =, —,—, ..., .
3712 48 196608

Find three consecutive numbers in G.P. whose sum is 39 and their
product is 729.

The number of bacteria in a culture increased in G.P from 515,000 to
15,45,000 in 7 days. Find the daily rate of increase, assuming the
rate of increase to be constant.

8. Find the profit on Rs. 1000 for 5 years at 4% per annum compound profit.

4.6 Geometric Mean

4.6.1 Know geometric mean between two numbers

When three numbers are in G.P., the middle one is called their
geometric mean, i.e., if numbers a, G, b are in G.P. then G is called a
geometric mean of a and b where a and b are called extremes.

Similarly, if a,Gq,Gy,G3...,G,, b are in G.P, then Gq,G,,G3...,G, are n
geometric means between a and b.
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4.8 Harmonic Sequence

4.8.1 Recognize a harmonic sequence

A sequence is said to be a harmonic sequence or a harmonic
progression (H.P.) if the reciprocals of its terms are in arithmetic
progression.

The harmonic progression derives its name from the fact that musical
strings of equal thickness and tension will produce harmony if their lengths
are to one another as the reciprocals of the natural numbers.

Examples of harmonic sequence

1 1 1
(i) TR T is an H.P. Its corresponding A.P is: 5, 10, 15,...
4 2 4 ) ) 5 5 15
(i) = ,=,—,...; is an H.P. Its corresponding A.Pis: — ,=,—, ...
5 5715 4 "2 4
Since the general form of an A.P. is: a,a+d,a+2d,....,a+ (n—1)d.
1 1 1 1

Therefore H.P. is a sequence of the form: — , ,
a  a+d a+2d a+(n—-1)d

provided that none of the denominators is zero.

Hence to every H.P, there is a corresponding A.P, the terms of which
are the reciprocals of the corresponding terms of the H.P.

Most of the examples on an H.P. can be worked out by converting the
given H.P into A.P and making use of the corresponding A.P.

Example: Find the nth term and 8th term of H.P: % , 2_16 , i ) aee
Solution: Corresponding A.P is 8,26,44, ...
Here, a=8 and d =26 —-8 =18
Using these values in, a, =a+ (n—1)d,
we have a,=8+(Mn—-1)18
= a, =18n—-10
1 1

Thus the nth term of the given H.P is T, = — = Ten_1o
n —

1 1

S0, Ts = Tg%8=10 — 134

4.8.2 Find nth term of harmonic sequence

Since the reciprocals of the terms of H.P form A.P. Therefore, the nth
term of the harmonic progression is equal to the reciprocal of the nth term of
the corresponding A.P. Thus, the formula to find the nth term of the
harmonic progression sequence is given as:

1
The nth term of the Harmonic Progression (H.P) is: T,, = m , Where




“a” is the first term of corresponding A.P
“d” is the common difference of corresponding A.P
“n” is the number of terms of corresponding A.P
We will also find the general or nth term when the first two terms of
an H.P. are given.

Let a and b respectively be the first and the second terms of an H.P.

1 1
Then 2 and 5 are, respectively, the first and the second terms of the

corresponding A.P. If d be the common difference of this A.P., then the
common difference can be calculated as: d = % e aa;bb .

a
Thus, the nth term of this A.P.
a—b}_b+(n—1) (a—Db)

1
an=a+(n—1){ ab ab
Hence the corresponding nth term of the H.P is:
ab

T =
" b+(m—-1)(a-b)
) 1 1 1
Example 1. Find the 5t term of HP: - ,— ,— , ...
3 10 " 17
1 1 1
Solution: The given harmonic sequence is: 37017
Here ,a=3, n=5 d=7
1
We know that, a, = ————
a+(n—-1)d
= ag = S E
45 = 3%5B-1)7 ~ 31
1
Thus, the fifth term of the given H.P. is 31
4 2 4
Example 2. Find the 8t term of the H.P. PRCRPTLE
Solution:
4 2 4
Here H.P.is - ,=-,—, ...
5°5 715
We know that T, = ab h =2, b=2andn=8
e know tha " = 5E=T) (a=b) where, a = ¢, =gandn=

5

So, Tg =5 ) =2214 16
sHE-1(z-35) st3




2 2
Example 3. If the 3rd term and 7t term of an H.P. are 5 and 2 respectively,

find the sequence.

2 2
Solution: Since the 3rd term of the H.P. is 5 and its 7th term is Y therefore

9 25
the 34 and 7t terms of the corresponding A.P. are > and - respectively.

Now taking a, the first term and d, the common difference of the
corresponding A.P., we have

9
a+2d=- (3rd term) ...(i)
2
25
and a+6d= > (7t term) ...(i)
Subtracting (i) from (i), gives: 4d =% —3=d =2
. 9 9 1
From (i), we get a—E—Zd =5—4=5
1 5
Thus a, of the A.P. =a+d=5+2=5
and a, of the A.P. =a+3d=%+3(2) =%
) 2 2 2 2
Hence the required H.P.is - ,=-, =, —,
15" 9" 13
Exercise 4.8 )
1. Find the indicated terms in the following harmonic progressions.
, 11 1 . 11 1
(i) =, =, ...; 9th term (i1) —,=,=, .. 12th term
3'7° 11 3'5°7
9 9 9 . 1 1
(iid) Pt T 8th term (iv) —c —5,—1, ...; 15th term
11 1 ) 1
() E'E'g' ...; 8th term (vi) 'E'E'"'; 11th term

5

)
1
2. If the 7th and 10th terms of an H.P are — and BT respectively, find its

14th and 20th terms.

WL W]|E

31
3. If the sum of first and sixth terms of H.P. is E Find the harmonic
1
sequence if the first term is "

1
4. The first term of H.P is —% and fifth term is E Find its 9th term.
5. If the pth term of an H.P. is g, the gth term is p: prove that the

pq
+ g)th term is .
@+a) (r+q)






4.9.3 Insert n harmonic means between two numbers

Let, Hy,H,,...,H, be the n harmonic means between any two given

numbers a and b. Then the corresponding A.P. will be:
11 1 11

E'H_l IH_ZI ...’H_n’E
Let d be the common difference of this A.P.,

1 1
So, ;=an+2=z+{(n+2)—1}d
i =2 (n+1)d
i.e. L =5t
d= a-b
ot B (n+1)ab
N —1+d—1+ (a—b)  a+nb
oW, H, a “a (n+Dab (n+1ab
(n+1)ab
Therefore, H =—-"
a+nb
N 1—1+2d—1+2 (a=b) 2a+Mm—-1)b
oW H, a T a (n+1Dab  (n+1ab
S _ (n+1)ab
O’ 27 2a+(n-1)b
. _ (n+1)ab
Similarly, H; = 3a¥(n=2)b
d H —H . +d= Bfbab
an noT ool ~ na+b
(n+1)ab (n+1)ab (n+1)ab (n+1)ab
Hence, , , ) aeny
a+nb 2a+(n—-1)b " 3a+(n-2)b na+b

are n harmonic means between a and b.
Relation Between Arithmetic, Geometric and Harmonic Means

Following are two important relations involving the arithmetic, the
geometric and the harmonic means between two given numbers.
(i) If A, G and H are respectively the arithmetic, the geometric and the

harmonic means between any two given numbers, then A, G, H are in G.P.
i c_H G2 = AH
i.e. —=— or =
A G

(i) If A, G and H are respectively the arithmetric, the positive
geometric and the harmonic means between any two real, positive and
unequal numbers then A > G > H.




21
Example 1. If A .M and H.M between two numbers are 5 and B respectively.
Find the numbers.

Solution: Let the numbers are aand b
AM=5
a+b _
7= 5
a+b=10 e (@)

and H.M=25—1

. 2ab 21 .
ie., — = — ...(ii)
a+b 5
From equation (i), using a + b = 10 in equation (ii), we get
2ab 21

10 5
21 x 10

5

=ab =21 ... (iii)
From equation (i), we get b =10 —a ... (v)
Using b = 10 — a in equation (iii),
we get a(10—a) =21

a?—10a+21=0

=(a-7)(a-3)=0
=a=7anda=3

Using a = 7 and a = 3 in equation (iv), we get
b=10-7=3 andb=10-3=7
Hence the required numbers are 3, 7 or 7, 3.

= 2ab =

75
Example 2. If G.M and H.M between two numbers are 15 and e
respectively. Find the numbers.

Solution: Let the numbers be aand b

G.M =15
+Vab = 15

Squaring both sides

(+Vab)” = (15)?
ab = 225 ()
75

and H'M:ﬁ




2ab 75

a+b 13
From equation (i), using ab = 225 in equation (ii), we get
2(225) 75
a+b 13
th= 26 x 225
T3
a+b=78 ... (iii)
From equation (iii), we get b =78 —a ...(iv)

Using b = 78 — a in equation (i),
a(78 —a) = 225
a’?—-78a+225=0
(a—75)(@-3)=0
= a=75and a=3
Using a = 75 and a = 3 in equation (iv), we get
b=78—-—75=3and bh=78—-3=75

Hence the required numbers are 3, 75 or 75, 3.

Exercise 4.9 )

=
=

1. Insert the H.M between:
. 1 1 .. 1 1
(i) o, and — (@) cand— ()3 + V2 and 3 -2
1 1
(iv) 2+ 3iand 2—-3i W] P and ' (vi) 3 and 7
2. Insert four H.Ms between:
1 1
(i) 4 and 20 (i1) —and —
9 81
1 1
3. Insert five harmonic means between Z and Z

Prove that the square of the geometric mean of two numbers equals
the product of the A.M and the H.M of the two numbers.

n-5,,,n-5
5. Find n so that W may be H.M. between x and y.

6. If 5 is the harmonic mean between 2 and b, find b?

7. Find the arithmetic, harmonic and geometric means between 1 and 9.

Also verify that AH = G2.
8. The A.M of two numbers is 8 and H.M is 6. Find the numbers.

24
9, The H.M of two numbers is ? and G.M is 6. Find the numbers.



ii.

iii.

iv.

vi.

vii.

viii.

ix.

xi.

xii.

xiii.

Review Exercise 4 )

Select correct option.
A sequence is a function whose domain is set of:

(a) integers (b) rational numbers
(c) natural numbers (d) real numbers
If H is the harmonic mean between x and y then H is:
@D )2 ©=2  @=
y 2xy x+y x+y
If a,-a,_, =n+1and a4 =14 then a5 = ----—----—-—--- :
(@3 (b) 5 (c) 14 (d) 20

A sequence {a,} in which a,,; — a, is the same number for all n € N is
called:

(a) A.P (b) G.P (c) H.P (d) None of these
Ifa,_1,a, a,41 are in A.P, then a, is called:
(a) AM (b) G.M (c) HM (d) Mid-point
Arithmetic mean between c and d is:

c+d c+d 2cd 2
() 2 (b) 2cd (©) c+d (d) c+d

The harmonic mean between V2 and 3v2 is:

4 3
(a) 4v2 (b) N (o) E\/E (d) None of these
For any G.P the common ratio ris equal to:
an an-1 an
(@) (b) (o) (d) apy1 —ap,forneN, n>1
an+1 an an-1
No term of a G.P is:
(@0 (b) 1 (c) Negative (d) Imaginary number
The sum of infinite geometric series is a finite number if:
(@ lrl>1 (b) Irl =1 ©Irlz1  (d)Irl<1
If the reciprocals of the terms of a sequence form an A.P, then it is:
(a) Harmonic sequence (b) Arithmetic sequence
(c) Reciprocal sequence (d) Series
an+1+bn+1
If ————— is A.M between a & b, then n is equal to:
a™+pn
1
(a) 0 (b) =1 (c) 1 (d) 2

If 1,x—1,3 arein A.P., then x = -——-—-———--
(@) 0 (b) 1 (©) 2 @ 3



Xiv.

XV.

Xvi.

xvii.

xviii.

G.M between —2 and 8 is:
(a) 4i or —4i (b)4or =4 (c) 16 or —16
General term of a sequence is (—1)"n?. Its 4th term is:

(d) 3 or =5

(a) —4 (b) —16 (c) 16 (d) 4
If |r| > 1 then infinite geometric series is -------------- :
(a) Convergent (b) Divergent (c) Undefined (d) both a and b

1 2
The harmonic mean of 5 and E is:
@ (b) ; (© @

a
= then a, b and c are in:

(a) A.P (b) G.P (c) H.P (d) None of these
The 5th term of an arithmetic sequence is 60 and 8t term is 90. Find
12th term.

There are n A.Ms. between 8 and 32 such that the ratio of the third
and 7th means is 3:5, find the value of n.

Find the sum of all the integers between 280 and 350 which are
exactly divisible by 9.

w |

How many terms are there in a G.Pifa =8,a, = % and r = %

The yearly depreciation of a certain machine is 20% of the value at
the beginning of the year. If the original cost of the machine is
Rs. 50,000, find the value after 5 years.

Find r, if S;y = 24455 in a G.P.

If AM and H.M between two numbers are 5 and 4% respectively. Find
the numbers.

If G.M. and H.M. between two numbers are 15 and 5% respectively.
Find the numbers.

1 -1
The second term of an H.P is 5 and the fifth term is - Find the 12t term.




Miscellaneous

Series _Unit |

e Weightage = 3% e Periods = 8

5.1 Evaluation of Zn, In? and In?

5.1.1 Recognize sigma (Z) notation

Let x; + x, + x5+ -+ x, be a series of first n terms, the sum of this

series is denoted by
n

2.
i=1
where X is a Greek letter “Sigma” which is used for summation.
n
ie., inle +x; +x3+ -+ x,
i=1
n
In summation notation Z X , 1is called index, x; is the ith element of the
i=1
series, whereas 1 and n are called lower and upper limits respectively.
10
For example, Z Xi means the sum of the values of x, starting
i=1
with x; and ending at x4,.
10
ie., in=x1+x2+x3+x4+x5+x6+x7+x8+x9+x10
i=1
10
Similarly, the expressionz x; means sum of the values of x, starting with
i=3
x3 and ending at x;g.
10
i.e, in=x3+x4+x5+x6+x7+x8+x9+x10
i=3




5.1.2 Find sum of
o the first n natural numbers (Zn)
o the squares of the first n natural numbers (Zn?)
o the cubes of the first n natural numbers (Zn?)

Let us find the sum of positive integral powers of natural numbers by

n
using Z [k™ — (k — 1)™], where m,n and k are natural numbers.
k=1

Now, Z[km — (k= 1)™] = (A™ — 0™) + (2™ — 1™) + (3™ — 2™) + (4™ — 3™) + -.-
k=1

+H(n-1D"-m-2)"]+[n" - -1"] =n"

ie Z[km — (k=1 =nm (D)

k=1

e Sum of the first n natural numbers (Zn)

Taking m = 1 in equation (i), we get
n

Z[k—(k—l)]=n

k=1
n
ie., 1=1+1+1+--tonterms=n .. (i)
k=1
Taking m = 2 in equation (i), we get
n

Dk - G- D2 =
n k=1
= K- -2+ D] =

k=1

n
= Y k-1 =n
k=1
n

=>22k— 1

n
k=1 k=1
n

n2

:22k—n

k=1

n?  [using (ii)]




n
z Tl +n
k=1

or Zk n(n+1) or Zn:@ ...(iii)

k=1

This is the formula for getting the sum of first n natural numbers.
Example 1. Find the sum of
(i) first fifteen natural numbers (ii) first fifty-one natural numbers
Solution:
We know that

zn: i = n(n+1)

k=1
(i) By using n = 15 (ii) By using n =51
15 51

15(15+ 1) 51(51+1)
e e

2 2
k=1 k=1
=120 =51(26) = 1326

Hence1+2+3+:-+15=120. Hence1+2+ 3+ -4+ 51 =1326.

Example 2. (i) Find the sum of first fifteen natural numbers starting from 5.
(ii)) Find the sum of first fifty one natural numbers starting
from 19.
Solution:
By using the formula

Zk_n(n+1)

(i) The sum of ﬁrst ﬁfteen terms of natural numbers starting from 5 is:
4

;5k=;1k—2k

k=1

_19(19+1) 4(4+1)

2 2
=190 -10 =180

So, z k =180

Hence, 5+46+7+--4+19 =180.




(i1) The sum of first fifty one natural numbers starting from 19 is:
69 69 18
D, k= k=) k
k=19 k=1 k=1
_69(69+1) 18(18+1)

2 2
= 69(35) — 9(19) = 2244

So, Z k = 2244
k=19
Hence, 19 4+ 20 4+ 21 + --- 4+ 69 = 2244.

e Sum of the squares of the first n natural numbers (Zn?)

Taking m = 3 in equation (i), we get
n

Y- te- 1% =0

k=1
n
- Z[k3—(k3—3k2+3k—1)]:n3
1

k:n
= Z(k3—k3+3k2—3k+1):n3

k=1

n
= Z(3k2—3k+1)=n3

k=1
n n n
= 3Zk2—3 k+z 1=n?
k=1 k=1 k=1
- 3n(n+1)
- 3 Z K2=n®+=""——n [using (i) and (iiD)]
k=1
n
, 2n*+3n*+3n-2n
3 Z K2 =
2
k=1

n(2n? +3n+1)
2)(3)
_ n[2nn+ 1)+ 1(n+ 1)]

kZ

NgE

&
Il
iy

k2
1

NgE

=
1l



Thus i 12 = nn+1)(2n+1) or an _nn+1)(2n+1)
’ - 6 - 6

k=1

This is the formula to find the sum of squares of first n natural numbers.

Example:

(i) Find the sum of squares of first six natural numbers.

(i) Find the sum of squares of first thirty five natural numbers.
Solution:

By using formula

Zn: 17 = nn+1)(2n+1)
B 6

(i) For n=6

2 86+ DRO) +1] _6(7)(13) _
Z 6 6

Hence, 12+22+32+42+52+62—91
(ii) For n = 35

= 14910

35

Z )2 = 35(35+ 1)[2(35) + 1] _ 35(36)(71)
6 6

k=1

Hence, 12 + 22 4+ 32 + .-+ 352 = 14910

e Sum of the cubes of the first n natural numbers (Zn3)

Taking m = 4 in equation (i), we get
n

D Ikt (k- 14 =t

k=1

[k* — (k* — 4K3 + 6k — 4k + 1)] = n*

U
-

= Z(4k3—6k2+4k—1) = nt
1

=

= 4§n:k3 6Zk2+42k z
_6n(n+ 1)(2n+ 1) +4n(n+ 1)
6 2

4

-n=n [using (ii), (iii) and (iv]

..(iv)



=42k3—n(n+1)(2n+1)+2n(n+1)—n=n4
=1
n

=42k3 =n*+nn+1)2n+1)-2n(n+1)+n
=1
n

:42]{3 =nn®*+m+1D2n+1)-2n+1) +1]
k=1

=>4Zk3—n(n +2n°+n+2n+1-2n—-2+1) =nn®+2n?+n)

- Zk n?(n? +2n+1) [n(n+1)]

Thus,

n 2
Zk3 - [@] W)

k=1

This is the formula to find the sum of cubes of first n natural numbers.
Example: Find the sum of cubes of first seven natural numbers.
Solution: By using formula

= n(n+1)2
Zk3:[ 2 ]

Forn =7, Z P [7(7 al 1)] @] — (28) = 784

Hence, 13 + 23 + 33 + -+ 73 =784

. Exercise 5.1 )

Sum the following series up to indicated terms.

12 + 22 + 32 4 -+ + 102 2.13+23 433+ +153
124+32+5%2+--uptonterms 4.2%2+4%+6%+8%+ - up to nterms
13+ 3%+ 53+ .- up to n terms

2x124+5%x22+8x3%2+ - up to nterms
1+(1+2)+(1+2+3)+- up to nterms

24+ (2+5+2+5+8)+:uptonterms

Find the sum of n terms of the series whose nth term is:

(1) 3nf+n+1 (ii) n?+4n+1

(i) n3+3n%+2n+1

WoNoOwEH



(i) Find the sum of first forty six natural numbers starting from 10.
(ii) Find the sum of last 12 terms of the series: 14+ 2+ 3 + .-+ 39.

11. Find the sum of 9th to 21st terms of the series of squares of first n
natural numbers.

12. Find the sum of last 12 terms of the series of cubes of first 30 natural
numbers.

5.2 Arithmetico-Geometric Series
5.2.1 Define arithmetico-geometric series

A series obtained by multiplying the corresponding terms of an A.P.
and a G.P. is called an artithmetico-geometric (A.G.) series. Such a series
will be of the form

a+(a+dr+(a+2d)r?+ -

This is the series which is obtained by multiplying the arithmetic
series a+(a+d)+(a+2d)+
and the geometric series 1+r+7r2+--

The nth term of A.G series is, T, =f{a+ (n—1)d}r"?

5.2.2 Find sum to n terms of the arithmetico-geometric
series

Sum of n terms S, of the arithmetico-geometric series is obtained as under.

Let S, =a+(a+d)r+(a+2d)r?+-+[a+ (n—-1dr"? ...(1)
Multiplying both sides by r
rSp=ra+(@+dr’+(a+2d)r3+-+[a+ n—1Ddr" ... (i)

Subtracting equation (ii) from (i), we get
Sp—rSp=a+dr+dr?+dr3+--+dr* ) —[a+ (n— Dd]r"

dr(1—r"1)
(1—r)Sn=a+ T —[a+(n—1)d]rn
1 onSp=at T T ke D
(A1=MSy=a+ - ————[a+@—Ddlr
Dividing both sides by 1 —r
g = a 4 dr dr™ [a+ (n—1Dd]r™
"T1-r (1-1r)2 (1-1)? 1—r - (i)

Example 1.
Find the sum of the series: 1-2 + 2:2% + 3+ 23 4+ ...+ 1002100,



Solution:
Let S=1-2+2-2%2 4+ 3:2% +.-4 1002100
Multiplying both sides by 2

2S =1-22 4+ 2:2%3 +..-4+ 99- 2100 4 100-2101
Subtracting eq. (ii) from eq. (i), we get

—-S=1-2 + 1-22 +1-23 ...+ 1- 2100 — 100-201

=  =S=2+2242% 4 +2190-100-2'1
= =S=2(1+2"+2% +2% + -+ 2%)—100-2'""
2022 -1)
= —S=—_ _~_100-2%01
2-1
=  -$=2'9-2-100-2""
= —-$=210(1-100-2Y) -2
= —S =2100(—199) -2
= S =2100(199) + 2
or S=199- 2100 42
Example 2. Evaluate the sum of the series: 1+ % + 512 + ;—g + -+ to infinite terms.
Solution:
4 7 10
Let, S=1+§+?+5_3+...

1
Multiplying both sides by s
5° 5 52 53
Subtracting eq. (ii) from eq. (i), we get

1 3 3 3
(1——)s=1+— to ot

5 5 52
1
= -S=1+3 5 ['-‘S=L Where|r|<1]
5 11 1-7r
5
4S 1+3[1 > 3
= —_ = —_—r— = —_—
5 5 4 4
s 7 5
- == —
4 4
35
Hence S_E

Thus, the required sum of the given infinite series
35

....(ii)

..(i)

...(ii)



1 3 5 7
Example 3. Find the sum of the infinite series: — + + > + — +

Solution: Let S denote the sum of the given AG series. Then

S = 11+31+51+71+ i

1
Multiplying both sides by =

1 1 N

Subtracting equation(ii) from equatlon (i)

1
S—§S=1§+26+2.ﬁ+28—1+
1 l
_ - 9
= —5‘—3+2<—_l
3
1+2<1 3)
= — — X =
3 9 2
25 1+1 2
= S =—4—-—=—
3 3 3 3
= S=1
Thus, the required sum of the given infinite series is 1
i A A
e 379 27 81" T

Sum the following series up to the indicated terms.
1-2+42-22+3-23+4-2*+ .- to 50 terms
14 25+3.52+4.53 + - to 30 terms
1+%+%+13+~-t025terms 4. 1+¢ +1§+ =+ - to n terms
2 2 5 5
Find the sum to infinity of the following series:
9 19
1+3+32+33+34+
1+9a+ 17a? + 25a3 + --- where |a| < 1
1+ 4b + 7b% + 10b3 + --- where |b| < |
1+ +472+£1}2+ 9. 1+5+392+;§+

1+ 5a +9a? + 13a® + --- where |a| < |



5.3 Method of Differences

5.3.1 Define method of differences

The Method of Differences is the method in which differences of
successive terms of the given series are used to find the sum of the series
particularly when the general term of the series is that of an “Algebraic

fraction”.
Theorem:
If a series can be expressed in the form of f(r+1)—f(r) or f(r)—f(r+1)

where f(r) is the known function of r, then
n

YIC+1) - f@)] = fon+ D) - FD)

r=1

or
n

D@ = fa+D]=fD) - fr+ D

r=1

Proof: Consider a series that is expressed in the form f(r) — f(r + 1)
Now, Y [f(r) = fGr+ D] = {f(1) = @} + {2 = R} +{F(3) — A} + -+
r=1
- -fM}+{f(n) — f(n+ 1)}

=fO-f@R+fQ-fB+ fB++fn-D—-f()+ f(W)—f(n+1)

=)~ f(+1)

ie, Z[f(r) CFr+D] = fA) = f(n+1) ()

r=1

Multiplying both sides by —1

(=1 D [f0) = G+ D] = (~DIF ) = £+ D]

= D UC+D-fO]=f0r+ D - FD )

Hence, both relations (i) and (ii) are proved.




Example: Sum the seriesz by the method of differences.

T (r+1)(r+2)
Solution:
Method 1:
The function can be written in the following form
1 1 1

CTDr+2) R (by partial fractions)

Taking summation on both sides up to fifty terms, we get

50 50 50
P e e R e R i
r+1Dr+2) Lr+1 r+2 - @)
r=1 r=1 r=1
Now,
50
1 _1+1+1+ +1+1
1r+1 2 3 4 50 51
T:
and

Z 1 _1+1+1+ +1+1+1
r+2 3 4 5 50 51 52

r=1
Substituting in equation (i) we get

1 1 1
Z(r+1)(r+2) [2+ + T +_+51] [3+ 373 + “t5ots s
After cancelling the values, we have
1 _ 1 1 _ 25
_1(r+1)(r+2)_2 52 52
Method 2: We know that
n
D@ = fo+ D] = fFD = f+ D) (0
r=1
H : - = ! ith = d +1
ere (r+1)(r+2)  r+1  r+2 with f(r) = 737 and f(r+ 1) =
50
N Z(l_l)_l_l .(-)]
oW N\r1 r+2) 141 5141 [using G
r=
1 1 25

2 52 52



5.3.2 Apply this method to find the sum of n terms of the
series whose differences of the consecutive terms are
either in arithmetic or in geometric sequence

We apply the method of differences to find the sum of a series which
is not in any standard progression. However, differences of the consecutive
terms of that series are either in arithmetic progression or in geometric
progression. The following examples show the method of finding the sum of
the series whose differences of the consecutive terms are either in A.P or in
G.P respectively.

Example 1: Find sum of the series: 5+ 10+ 19 4+ 32 4+ 49 4+ - to n terms
Solution: Here, differences of consecutive terms are in A.P.

i.e., 59,13,17,...; is A.P.

So, we use method of differences

Let S,=5410+194+32+4+49+ ---ton terms .. (1)
or S, = +5+10+£19+£32+ % a, ... (ii)

0=5+{5+9+13+ 17+ - to (n — 1)terms} —a,
[by taking difference of equations (i) & (ii)]

(n-1)
2
(n-1
2

= a,=5+

(2(5) + (n — 2)4} S, = %[Za +(n—1)d]

=5+ (4n +2)

=5+n-1)(Zn+1)
a, = 2n>—-n+4
For sum of the series,

n n
Sp = 22:112 —Zn+24
1 1

S, = 2 - S +an
_n{2(n+1D(2n+1)—-3(n+1) + 24}
B 6
_ nf2(2n®* +3n+1) —3n—3 +24}
B 6
_ n(4n® +6n+2—3n+21)
B 6
n(4n? + 3n + 23)
S, = 3

n(4n2+3n+23)

Hence, sum of the n terms of the given series is S,, = 3



Example 2: Find sum of the series: 34+ 7 + 15+ 31 4+ 63 + -+ to n terms.
Solution: Here, differences of consecutive terms are in G.P.

i.e., 4,8,16,32,...; is G.P.

So, we use method of differences

Let, Sp=3+7+15+31+63+---ton terms ... (i)
or Sp= £3+ 7£15+£31+£--%£ q, ... (i)

0=3+{4+8+16+32+ - to (n—1) terms} —a,
[by subtracting equation (ii) from (i)]

42" 1-1) a1
WM=3tToT ¥ Sn = (—r—l :
=3+ 42" 1 1)
=3+2-2"—4

a, =2-2"—1
For sum of the series,

n n
Sp = 222” —21
1 1
=2{2' + 224+ 28 4 42"} —n
2(2" - 1)
= 2[——] —
Sp=4@2"-1)—n

Hence, sum of the n terms of the given series is: S, = 42" —1) —n

| Exercise53 )

Find the sum of the following series.
3+6+12+21+ 334 to nterms.
54+10+ 17+ 26+ 37 + -+ to n terms.
7+ 14+ 26+ 43+ 65+ - to n terms.
3+6+15+42+ 123+ -+ to n terms.
7+ 14+45+ 100+ 179 + --- to n terms.
3+464+214+96+471+ - to nterms:-

a oakwbr=

.4 Summation of Series using Partial Fractions

Partial fractions also help in obtaining the sum of the series whose
general terms are rational expressions which can be expressed as a sum of
two or more fractions.



5.4.1 Use partial fractions to find the sum to n terms and to

° » . : 1
infinity the series of the type a(ard) + (a+d)(a+2d) t o

Let us use partial fractions to find the sum to n terms and to infinity

the series of the type
1 1 1

watd) @rd@+zd) @r2d@r3n
1

with general term a,

~ [ar(n—1)d]-[a+nd]

Example 1. By using partial fractions, evaluate the sum of the following

series to n terms. 1 4 1 N N
25 5-8 8-11

Solution: We have

! + ! + + -t t = i ! = i !
2-5'5.8 g.11  ontems = L2+ @m-D3AC+3)  LGr-DE+3m)
Now we find partial fractions of general term

1 A + B

(3n-1)(3n+2) 3n-1 3n+2
Multiplying both sides by (3n —1)(3n + 2)
We get 1=ABn+2)+B@Bn-1) ... (ii)

Let,

By using n = 5 in (i)

Weget 1=A1+2) = 3A=1 or A=%
By using n = —% in equation (ii)
Wegetl=B(-2-1) = -3B=1 or B=—%
By using values of A and B in equation (i)
1 1 1
We get

(3n-1)(2+3n) _ 3(3n-1) 3(3n+2)

n

Now, Z Gn— 1)1(311 +2) Z {3(3111— D 3(3n1+ 2)}

1
=fO-f@+D | f0) =35p]
1 1

“3Bx1-1 330+ -1
1 1

6 33n+2)




3n+2-2

~6Bn+2)
B n
T 2(3n+2)
1 1 1 n
So, —+—+—+  -tonterms = ————.
25 58 811 2(3n+2)

Example 2. By using partial fractions, evaluate the sum of the following

infinite series.
1 1 1

1'2'3+2'3'4+3'4'5+

Solution: We have

1 1 ¢
1237232 345 Z(n+1)(n+2)
Now we find partial fractions of general term
© nn+1)(n+2) n  n+l  n+2 - ()
Multiplying both sides by n(n + 1)(n + 2)
We get 1=An+1)(n+2)+Bn(n+2)+Cn(n+1) ... (i)
For n =0, (ii) becomes, 1=24 = A= %

For n = —1, (ii) becomes, 1=B(-1)(-1+2) =B=-1
For n = -2, (ii) becomes, 1=C(-2)(-2+1) =C=

By using values of A, Band Cin (i)
We get - s
© get; n(n+1)(n+2) 2n  n+1  2(n+2)

N —

Now,

(e )

Z +1)(n+2)

[Zn n+1 2(n+2)]

2,
TZ% 2n+1 ZZ(n+2)
1
2"

l+—+ +- ] [——————%—---] [6+ +—+

4



Hence,

1
=17 (By cancellation of terms)

1 1 1
+ + + -
123 234 345

1
7

| Exercise 5.4 )

Find the sum of the following series:

1 1

1
— 4+ — 4+ —+ - to n terms.
13 35 57

1 1 1
— +—-—+——+ - to n terms.
1-5 59 9-13
1 1 1 . .
+ + + --- to infinity.
1-5°9 5913 9:13:17
1 1 1

+ + + --- to infinity.
1-4-7 4-7-10 7-10-13

Find sum of the series:

1
W v
k=1

Review Exercise 5 )

Select correct option.

Ifa, =5—-3n+2n?, then ay, = ~———---—-----—--
(a) 5 —6n+ 2n? (b) 5 — 6n + 4n?
(c) 5+ 6n + 4n? (d) 5 — 6n + 8n?

If a,_, =3n—11, then a, =--—-—-——--—--—--
(&) 3n+5 (b) 3n—5

(c)3n—9 (d) 3n —13



(c) 1280 (d) 1285

1 2 1 3
n e b) o @t 95 wa
1 1 1
V. The nth term of =, =, —...1is:
2" 5" 8
1 1
(@) — (b)3n—-1 (¢) 2n+1 (d) —
vi. Y. n is equal to:
n(n+1) n(n+1)(2n+1) n?(n+1)>?
(a) = () TR (g R (d) n?
vii. Y n?is equal to:
nn+1) n(n+1)(2n+1) n?(n+1)>2
(a) = (o) TR (g (d) n?
viii. Y n3is equal to:
n(n+1) n(n+1)(2n+1) n?(n+1)>? n(n+1)>2
(a) = () TR (g gt
ix. IfS, = (n+1)?, then S,, is equal to:
(@) 2n+1 (b) 4n? +4n+1
(c) 2n—1)2 (d) Cannot be determined
20
Surm
n=3
(a) 1 (b) 19 (c) 20 d) 18

Sum the following series up to n terms

2X1%2+4%x224+6x3%+ -
o1 1 1 . .
Sum the series — + — + —— + -+ to infinity.
14 47  7-10



Permutation, Combination
& Probability P Unit |

e Weightage = 8% e Periods = 24

6.1 Factorial of a Natural Number

6.1.1 Know Kramp’s factorial notation to express the
product of first n natural numbers by n!

In mathematics, the factorial of a positive integer n, is the product of
all positive integers (i.e., natural numbers) less than or equal to n. It may be
noted that the factorial values for negative integers are not defined.

The product of first n natural numbers or factorial of n is denoted by
n! and read as ‘n factorial’. The factorial notation n! was introduced in
1808 AD by a French mathematician named Christian Kramp. The factorial
notation is frequently used to write continued products in simplified form.

Now, we find some factorials by definition.

=1
210 =2-1=2
31=3:21=6

4! = 4-3-2-1=24
Thus, n'=nn—-1)(n—-2)...3:2-1
or n! =n(n—1)(n—-2)! or n! =n(n—1)!
Also we define 0! = 1.

Note:  The symbol |n is also used for n!

15!
Example 1. Evaluate:
2110!
15! 1514:13-12:11-10!  15:14-13:12-11
Solution: = = = 180180
2110! 2110! 2

Example 2. Write in factorial form.

n—4
(n-2)(n-1)

n—4 (n—4) (n-1)! (n-4)!
n-2)(n-1)  m-2)(n-1)  (n=-1)!  (n-4)!

Solution:



(n—4) (n—1)(—2)(n—3)! (n—4)!

HCEDICENG (n— D! *—Dm-5)!
(n=3)!'(n—-4)
“m-1D!(n-5)
Example 3. Express (n-1)! _ (ntl)] as a single fraction:
r! (r-1)!
Solution: (n—1)! - (n+1)!
r! (r—-1)!
n-1! M+ Dnnh-1)!
“rr-10! (-1
n—1!r1
- Er - 1;! [;_ n(n+ 1)]
-1
= r(zlr _11))'! [1—nr(n+1)]
@ =n*r—nr)(n-1)!
r!
Exercise 6.1 )
1. Evaluate the following:
8! 10!
(i) 4! (i) 6! (iii) o (iv) e
. . _le! .o (9D?
(V) 51x 7I'x 3! (vi) 10! = 8!+ 5! (vii) B112l (viii) (537!
) 9!
) o
2. Write the following in factorial form:
(i) 6:5-4 (ii) 12-11-10
n(n+1)(n+2) .
(iii) T ez (iv) 20-19-18-17
3. Express the following as a single fraction:
. (n+1)! n! B (n+1)! n!
(1) +7 (i)

+
(r+1)! 7! r! (r+1)!



6.2 Permutation

6.2.1 Recognize the fundamental principle of counting and
illustrate this principle using tree diagram

A process of determining the number of elements contained in a set is
called counting. The symbol O(A) or n(A) or |A| is used to denote the number
of elements in the set A.

For example, If A ={a,b,c}, then 0(A) = 3.
Sum Principle of counting
If A and B are two sets, then

O0(AUB) =0(A)+0(B)—0(ANnB) ... (i)
This is known as the Sum Principle.
If A and B are two disjoint sets, then

O(AUB) =0(A) + 0(B) ooe. (i)
This is known as the Sum Principle for disjoint sets.
This principle can be extended to any finite number of disjoint sets:

iie.,, O(A;UA,UA3U..UA,) =0(A)) +0(Ay) +0(A3) + -+ 0(A,) ... (iii)

Fundamental Principle or Product Principle of counting
If A and B are any two sets and AxB is their Cartesian product, then

0(AxB) =0(A)-0(B) e (iv)
This is known as the fundamental principle or Product Principle.
The Product Principle can be extended to any finite number of finite sets:
ie., O(A; X Ay X A3 X .. X A,) =0(A1)-0(Az) - 0(A3) - ...- O(Ap) e (V)

Product principle can also be defined as:

If an operation performed in r distinct ways, and corresponding to
each of these ways there are s distinct ways of performing a second
operation, then the two consecutive operations can be performed together in
rs distinct ways in that order.

Example 1. There are 4 roads from village A to village B and 3 roads from
village B to village C. By how many different routes may one can travel from
A to C by way of B? Also enlist the various routes.

Solution: One can go from village A to village B by any one of the four paths

S1,S2,53,54 and then he can go from village B to village C by any one of the

three different paths ry, 1y, 3 (Fig. 6.1).

Note that by going from A to B by the path s;, he can choose any of
the three paths r;,15,73 to go from B to C. Therefore, from A to C, he can go
by any of the following three different routes:

S171 SiT2  SiT3




Thus, path s; from A to B is yielding 51
three different paths to reach C. Similarly,

each of the remaining three paths s,,s; and s, “
from A to B, will also yield three different A Cc
paths to reach at C. Hence, by the V

Fundamental Principle, he can go from A to C

by 4 times 3, or 12, different routes. (Fig. 6.1)
A list of various routes is as follows:

S 5112 S173
S S22 SaT3
S31y S312 S373
S4T1 $4T S4T3

Example 2. How many positive odd numbers, each having three digits, can
be formed from the digits 1,2,3,4,5,6 if no digit is to be repeated
in a given number.

Solution: Since the required numbers are odd, the unit’s place may be filled
in one of three ways: by the 1,3 or 5. In turn, the digit, in the tenth’s place
may be filled in any one of the five ways, and the digit in the hundredth’s
place may be filled in any one of the four ways. Hence, by the Fundamental
Principle of counting, the three places can be filled in

4)(5)(3) = 60 ways

Hence, 60 positive odd numbers of different digits can be formed.

Example 3. How many two-digit whole numbers can be formed from the
digits 3,4,5?

Solution: Any one of the three digits can be used in the tenth’s place. Since
the digits used need not to be different, so, the unit’s place may also be filled
in any one of the three different ways. Hence, by the Fundamental Principle,
the two places can be filled in

3:3 =9 ways

Hence, 9 whole numbers of two digits can be formed.

Tree Diagram

A tree diagram is a special type of diagram used in strategic decision
making, valuation or probability calculations. The diagram starts at a single
node, with branches emanating to additional nodes, which represent
mutually exclusive decisions or events.

Tree diagrams are useful for organizing and visualizing the different
possible outcomes of a sequence of events. For each possible outcome of the first
event, we draw a branch where we write down the possibility of that outcome.




Then, for each possible outcome of the second event we do the same thing.

Below is an example of a simple tree diagram.
Example: Farhan has 3 books and Hashir has 2 books. In how many ways
can they exchange a book? Also illustrate using tree diagram.
Solution: Farhan can give a book to Hashir in
3 ways (any one of his books F;,F,, or F; may
be given); and then Hashir can give one of his 2
books Hj,H,, to Farhan, so Hashir can give a
book in exchange by 2 ways. Hence by the
Fundamental Principle they can exchange a
book in

H — F1H1

H,—FH,
H, — F,H,

H2 - F2H2
H, —F.H,
(3)(2) = 6 ways.

The various possibilities can be shown
with the help of the following tree diagram
(Fig. 6.2)

H2 - F3H3
Fig. 6.2

6.2.2 Explain the meaning of permutation of ‘n’ different
objects taken r at a time and know the notation "P,

Permutation is one of the methods of counting, very useful in the
study of certain fields of mathematics.

We know that an ordered r-tuple (finite ordered list) whose first,
second, ... , rth elements are respectively tq,t,, ..., t. is written as (ty,t,, ..., t.).
Whenr = 2, we have the ordinary ordered pair; viz. (t;,t;).

An ordered r-tuple all of whose elements belong to a set S of n elements
(n =), is called a permutation of r elements selected from the set S.

Permutation of r elements from a set of n elements (n=>r) are
traditionally called “Permutations of n things taken r at a time” and denoted
as "P,.

The concept of a permutation is nothing more than an ordered set,
with each ordering of the elements of the set being a different permutation.

From the above discussion, it is obvious that a permutation is an
arrangement of all or part of a set of objects, with regard to the order of the
arrangement. For example, suppose we have a set of three letters: A, B and
C. If we arrange 2 letters from that set then each possible arrangement
would be an example of a permutation. The complete list of possible
permutations would be: AB, AC, BA, BC, CA, and CB. Thus, in this case
3p, = 6.




6.2.3 Prove that "P,=n(n—1)(n—2)--(n—r+ 1) and hence

deduce that

(i) "P, = (n“fr) (ii) "P, = n! (iii) 0' =1

We have already studied that if n distinct objects are given and we

have to arrange r (n =r) out of them at a time in which order is important,

such an arrangement is called a permutation of n objects taken r at a time.

The number of permutations is determined by the following theorem.

Theorem: The number of permutations of n elements of a set taken r at a

time is given by "P. =n(n—1)(n—2) ...(n —r + 1), up to r factors

Proof:

Let S = {ti,t;,...,t,} be a set of n elements. The number of

permutations of n elements taken r at a time from this set are the ordered r-

tuples which can be formed by using its elements. The number of

permutations of r elements out of n is the same as the number of ways of

filling up r blank places in an ordered r-tuple.

The first element of the ordered r-tuple can be chosen in n ways

because there are n element of S for us to choose from. After the first

element of the r-tuple is chosen in any one of these n ways, we are left with

(n—1) elements of the set S. Thus the second element of the r-tuple can be

chosen in (n—1) ways, so both 1st and 2nd elements can be chosen in n(n —1)

ways. After the first two elements of the r-tuple are chosen, we are left with

(n-2) elements of the set S. Thus the third element of r-tuple can be chosen

in (n—-2) ways. Again, by the Fundamental Principle, the first three elements

of the r-tuple can be chosen in n(n-1)(n-2) ways and so on. Continuing in

this way, the number of ways in which the ‘r’ elements of the ordered r-tuple

can be chosen is

n(n-1)(n-2) ... up to r factors.

Therefore, the number of possible ordered r-tuples is:

"Pr=n(n—1M—-2)..[n—(r—1)]

=nnh-1)(n-2)..(n—-r+1)
Hence, proved.

Deductions:

. np Nl

(@) "Pr =5

Using the relation "P,=n(n—1)(n—2)..(n—r+1)

Multiplying and dividing by (n —r)! we get:

[Mn—-1Dm-2).(n—-r+1D]Jn—-r)(n—-r—-1)..3-2-1
m-r(n-r—-1)..3-2-1

n n!

Hence P, = —n!




(ii) "P, = n! (iii) o'=1

n —
If r = n, then We have, "P, =1

n! By usingn =1
"P, = CET We get, p = 1!
n! n! 1 —
0T a-1
"p_=n! _ _
0!

U
-

6.2.4 Apply "P. to solve problems of finding the number of
arrangements of n objects taken r at a time (when all n
objects are different and when some of them are alike).

Example 1. How many different arrangements can be made by using all the
letters of the word “DAUGHTER”?

Solution: There are 8 different letters in the word “DAUGHTER” and all the

8 letters are to be used. This is a case of permutations of 8 different things

taking all of them at a time. Hence the total number of arrangements is:

8p; = 8! = 40320.

Example 2. In how many ways can 6 books of Mathematics and 5 books of
Biology be placed on a shelf so that the books on the same subject
always remain together?

Solution: The 6 books of Mathematics can be arranged in °P, i.e., 6! ways

among themselves.

The 5 books of Biology can be arranged in °Ps, i.e., 5! ways among
themselves.

The 2 groupings of the books on the two subjects can be permutated
in 2P, i.e., 2! ways. Hence by fundamental principle.

The total number of arrangements:

= 6! .5! .2!
= (720)(120)(2)
=1,72,800 arrangements.

Example 3. How many different three digit whole numbers can be formed
with the numbers 9,8,7,5,3,2. Assuming that no digit can be repeated?

Solution: This is the case of permutations of 6 digits taking 3 at a time.

Hence the total of three-digit numbers that can be formed is:

6! 6! 6.5.4.(3))

6
P, = =_ =
37 (6-3) 3! 3!

120




Example 4. How many signals can be made with six flags of different
colours, by hoisting 1 or 2 or 3 or 4 or 5 or all of them?
Solution: When only 1 flag is to be displayed at a time,

the number of signals = °P; = % = 6.

When 2 flags are to be displayed at a time,

the number of signals = °P, = % = 30.

When 3,4,5 and 6 flags are to be displayed at a time, the number of
signals are °P;, °P,, °P; and °P, respectively,

Hence the total number of signals:

= °P + °P, + °P; + °P, + °Ps + °Ps
=6+30+ 120+ 360+ 720+ 720

= 1956 signals

N3

Example 5. If "P; = 12. °P; , find n.
n
Solution: We have, "p, =12 . %P,

—  nn-1)n-2)= 12.(%) (g— 1) (g—z)

= 2n(n® —=3n+2)=3n(n—2)(n—4)
= 2(n? = 3n+2) =3(n? —6n+ 8)
= n?—-12n+20=0
= n—10)(n—2)=0
= n=10 or 2.
But n =2 is inadmissible.
Hence, n = 10.

The number of permutations can be determined by the following theorem if
some objects are alike.

Theorem

The number of distinct permutations of n things taken all at a time,
when r of them are alike of one kind, s of them alike of another kind, t of
them are alike of a third kind and the rest, if any, all different is

n!

ristt!

Proof:

Let P be the required number of permutations. Take any one of these
permutations and replace the r like things by r unlike things, different from
each other and from all the rest, and permute them in all possible ways
among themselves, leaving the others unchanged. We thus get 7!
permutations out of the original one. Hence out of the P original
permutations, we shall get (r! - P) permutations.




Similarly, if we now replace the s like things by s unlike things,
different from each other and from all the rest, and permute them in all
possible ways among themselves, we obtain (r!-s!- P) permutations out of
the (r!- P) permutations previously obtained.

Repeat the process with the ‘¢’ like things of the third kind, replacing
them by ‘¢ unlike things different from each other and from all the rest, and
permuting them in all possible ways among themselves. The number of
permutations is thus increased t! times. Hence we have (r!-s!-t!-P)
permutations in the end. But the ‘n’ things are now all different, and the
total number of their permutations must be n!. Therefore, 7r!-s!-t!-P =n!

or P=—-—

This number of permutations is symbolically written as (r 751 t)

The above theorem can be easily extended to cases where there are
more than three kinds of like things.
Note: If ‘P, ‘s’ and ‘¢’ are such that none of the things are left over, then r +
s+t=n.
Example 1. Find the number of permutations of 9 fruits, taken all at a time

when 3 are apples, 2 are oranges and 2 are mangoes.
Solution: Here 3 apples are like things of the first kind, 2 oranges are like
things of the second kind and 2 mangoes of the third kind and rest are the
different. The total number of fruits is 9.
Hence the required number of permutations is:
( 9 )= 9! =9-8-7-6-5-4(3!)
3,2,27 312121 3H2-1-2-1
Example 2. How many whole numbers can be formed with the digits
1,2,3,4,3,2,1 so that the even digits occupy the even places?
Solution: The arrangement 1,2,3,4,3,2,1 is one of the type required. The
even digits 2, 4, 2 can be permuted among themselves in their three places
in:

= 15120

3!
T 3 ways.
The odd digits 1, 3, 3, 1 can be permuted among themselves in their four
places in:
4!
ﬁ = 6 ways.
By fundamental principle

The required number = (3)(6) = 18.




Example 3. A coin is tossed nine times repeatedly. In how many possible
ways can we get 5 heads and 4 tails.

Solution: Out of 9 tosses, we are to have 5 heads and 4 tails. This can be
done in:

9 9!
(5,4):5! 4!
9-8:7-6-(5!)
T (5).4-3-2-1
= 126 ways.

6.2.5 Find the arrangement of different objects around a
circular permutation

Circular Permutation:

In an ordinary permutation of r things, the elements are arranged in
a definite order and their places can be marked as the first, the second, the
third... etc., so that every arrangement has a beginning and an end. In a
circular permutation, where the elements are arranged round the
circumference of a circle, there is neither a beginning nor an end, and the
positions cannot be marked out absolutely as the first, the second, the
third... etc. In a circular permutation therefore, it is the relative positions of
elements that matter.

Example 1. Suppose a man a , a lady b, a boy ¢, and a girl d, are sitting
around a round table as shown in Fig. 6.3.

a d c b
de aQC de CQa
c b a d

(i) (i) (i) (iv)

Fig. 6.3
Moving round the circumference in the anti-clockwise sense as
indicated by the arrows, the four letters a, b, c and d occur in the same order
and their relative positions are unchanged. Hence the various arrangements
thus obtained are to be regarded as identical. The four figures show the four
different forms in which the same arrangement appears to four different
persons standing outside the circle opposite a, b, ¢ and d respectively.
These identical arrangements round a circle correspond to four
distinct ordinary permutations:
abcd, dabc , cdab , bcda




obtained by taking in succession as first each of the four letters in the
circular permutation. Hence the total number of circular permutations of
four different things is one-fourth of the number of ordinary permutations. It

1
is therefore equal to " (4hH =3

Since these identical arrangements arise because all the things are
moved around without changing their relative positions, it follows that if we
keep one of them fixed in position and permute all the rest among
themselves, we shall get the required number of circular permutations.

In the above situation clockwise and anti-clockwise arrangements are
distinct.

In the case of a necklace of beads (or a garland of flowers) the same
necklace gives one order of beads if looked at from one side and the reverse
order of looked at from the opposite side. If one of these arrangements is
turned over, it becomes identical with the other.

Hence the same necklace is the result of both the orders of beads. In
such cases, therefore, the clockwise and anti-clockwise arrangements give
only one distinct permutation.

Theorem

The number of circular permutations of n elements of a set taken all
at a time, is (n—1)!, if clockwise and anti-clockwise arrangements are
regarded as distinct; if they are regarded as identical, the number is

~[(n-1)1]

Proof:

The number of circular permutations of n elements can be obtained
by fixing the position of any one of these elements wherever it may be and
then by permuting the remaining (n — 1) elements.

This can be done in (n — 1)! ways.

Hence the required number of circular permutations is (n — 1)!

If the clockwise and anti-clockwise arrangements are not regarded as

distinct, the number is reduced by one-half.

1
Hence in such cases the required number is: > [(n—1)1].

Example 1. In how many ways can 5 persons be seated at round table
conference?

Solution: The number of circular permutations of n distinct objects is

(n — 1)!. So the number of ways in which 5 person be seated at round table

conference is (5 — 1)! = 4! = 24 ways



Example 2. In how many ways, can 10 keys be arranged in a ring?
Solution: Since the clockwise and anticlockwise arrangements are identical.
(n—-1! @o-1! 9!

> > =5 = 181440

So, the number of permutations =

6.2.6 Solve daily life problems involving permutation

Example 1. There are 9 competitors in a race for 3 prizes. In how many
ways, can the prizes be given?

Solution:
Heren=9 and r =3
9 _ 9
Now P; = T
9!
G
9-8:7-6!

6!
= (9)(8)(7) = 504

Hence in 504 ways 3 prizes can be given to 9 competitors.

Example 2. In how many ways, can Fiza take one Red ball, one Yellow ball and

one Green ball from a box containing 4 Red, 3 Yellow and 5 Green balls?

Solution:

Fiza can take one red ball, one yellow ball and one green ball in

Pt - P3P} ways

=4-3-5 ways.

= 60 ways.

Example 3. There are 9 different posts vacant of which 5 must be held by
postgraduates and 3 by graduates, while the remaining 1 may be given to either
postgraduates or graduates if 8 postgraduates and 6 graduates apply for these
posts, in how many ways can the posts be filled?

Solution: There are 8 postgraduates and 5 different posts for postgraduates

alone. These can, therefore, be filled in 8P ways.

Similarly, the 6 graduates can fill the 3 posts for them alone in °P;
ways. When this has been done, 1 post still remains to be filled up and there
remain 6 candidates for the same. Thus the remaining 1 post can be filled
up by the remaining 6 candidates in °P;, ways.

Hence the total number of ways required to fill all the posts are:

8! 6! 6!
=8, °%;. °P=——-—

@) (7)) (6)(5)(4)(6)
= 4838400 ways.



13.
14.
15.

Evaluate the following:

. .. . 8 9

(1) 201:)3 (11) 16p‘l— (111) 121)5 (IV) (3’2) (V) (2,3’4)
Find the value of n in each of the following:

(i) "p, = 30 i)  "Py =60 (i °p, =876

(iv) P, =11109 (v) nt2p,.Mtlp = 5.1 (vi) "B ™Ry = 9:1

In how many ways different batting orders are possible for a cricket
team consisting of 11 players.

In how many ways can two English books, three Chemistry books and
four Physics books be arranged on a shelf so that all the books of
same subject are together?

How many different arrangement can be formed of the word “MATRIX”
using all letters? Also find the number of arrangements if each of
them start with “R”.

How many signals can be given by 8 flags of different colours when 5
of them are used at a time?

A fair coin is tossed three times. How many outcomes are possible? Find
by fundamental principle and illustrate using tree diagram.

How many 5-digit numbers can be formed, without repeating any digit:
(i) 5,6,7,8,9 (ii) 1,2,3,5,7,9 (i) 2,4,6,8,0

Prove that:

(i) npr = n_lpr +r: n_lpr—l (i) pr=n- n_lpr—l

How many arrangements can be formed using all the letters of the
following words.

n

(i)  STATISTICS (i)  PLANE
(iii) OBJECT (ivy ~FASTENS
(v  MATHEMATICS (vi  ASSISTANCE

How many 8-digit numbers can be formed from the digits
2,2,2,3,3,3,5,6 How many among these are greater than
60,000,000?

How many distinct permutations of letters of the word “ESSENTIAL”
are possible? How  many will have the two S’s
(i) together (ii) separate.

In how many ways, can 8 persons be seated around a round table?

In how many ways, 7 keys be arranged in a circular key ring?

How many 3-digit numbers can be formed by using each one of the
digits 2,3,5,7,9 only once?




How many numbers greater than 23,000 can be formed from the
digits 1,2,3,5,6 if digits may repeat?

Find the number of 5-digit numbers that can be formed from the
digits 1,2,4,6,8 (when no digit is repeated), but

() the digits 2 and 8 are next to each other.

(i) the digits 2 and 8 are not next to each other.

How many 6-digit numbers can be formed without repeating any digit
from the digits 0,1,2,3,4,5? In how many of them will O be at the tens
place?

19. How many 5-digit multiplies of 5 can be formed from the digits
2,3,5,7,9 when digits may repreat?

6.3 Combination

Combination is another method of counting, like permutation. If we
form subsets of a given set S of n elements, each one of which has a
specified number of elements, say r (r < n) without any regard to the order
of the elements in any of these subsets, then each of these subsets is called
a combination.

6.3.1 Define combination of n different objects taken r at a
time

Combinations of r elements from a set of n elements (n>r), are
traditionally called “Combinations of n things taken r at a time”.
The number of ways of selecting r things out of n different objects is

denoted by ™"C, or (:) In other words, the number of combinations of n
objects taken r at a time (r < n) is denoted by "C, or (2) In combination

order does not matter.

n!

6.3.2 Prove the formula "C, = (") =
and deduce that
c G=0G)=1
e (D=0 D=6 =n
e I+ =0

The general formula for finding the number of combinations of n
elements of a set taken r at a time is given by the following theorem.

r!(n—-r)!




Theorem: The number of combinations of n elements of a set taken r at a
time is

()=
r/ 7l
_nn-1)(n-2)..(n—r+1)
B r'(n—r)!
n!
7 (n—r)!

Proof: We know that the number of permutations of the n elements of a set
taken r at a time is given by

".=nn—-1)n-2)..(n—7r+1). (i)

Each one of the combinations of r elements that can be formed

provides r! of these permutations. Thus by the Product Principle we have:

()=,

Dividing each member by r!, we get:
n nPr ..
(r) = ...(ii)
Substituting the value of "P, from (i) in (ii), we get:
(n) _nn—1)(n-2).(n—-r+1)

T T!
Multiplying the numerator and the denominator of the right member by

(n—r)!, we have ifn>r.
(n) _nn-1)n-2).(n—r+Dn-r)!

r/ rt(n—r)!

n n!

ot (7”) - ri(n—r)!
Deductions:
H  @=@=1

n n!
We have, (r = T—
If r=n, then
We get (n) = n—l =1

et n nl(m-n)!

i.e. the number of combinations of n things taken n (all) at a time is 1.
Now, if r =0, then

!
We get, (:)l) = m =1



@ () =0

Here we have (2) = .(:!_r)n
n n!
If r=n-r,then (n—r) - (n-r)![n-(n-r)]!
n!
- (n—n)r!

n
=(;)

When we are selecting r elements out of n, in fact, we are leaving
(n —r) elements. Sometimes it is simpler to select (n —r) elements which are
left out. For example, if we have to select 90 students out of 100, it would be
simpler to select 10 students whom we want to reject. Such combinations of
r elements or (n —r) elements, out of n elements are called complementary
combinations.

wi) (3)=(")=n

We have, (nﬁr) = (:«l)

Taking r=1
! !
We get, (n1—11) - (111) - 1!(::—1)! - (nr—ll)! -
Hence, (711) = (nfl) =n.
w )+ ) =)

. n n!
Proof: By using (r) = (=)’

n n n! n!
we have, (r—l) + (r) = (n-r+1)!(r-1)! + (n—r)ir!
_nlr+nl-(n—r+1)
- (n—‘r‘+ 1)!r!
_nl(r+n—-r+1)
T o (n—r+ D!
_ (n+Dn!
“@m-rtDm
_ (n+1)!
“mtioom

-1




Hence, (r1—11) + (:) = (n:fl)

This rule is called Pascal’s rule.

Example 1. Find the value of (151).

. 11\ _ 11!
Solution: (5) T (11-5)!'5!

~11-10-9-8-7-6!
T 6!+5:4:3:2-1

=462
Example 2. If 2°C, = 2°C,,, , find "Cs
Solution: Here 20¢,. ZOCHZ
. n
By using ( ) = r'(n ny
20!
We have,
(20—r)!-r! o0-r-2)-(r+2)!
1 1
—1 =
Ro—nr)t-rt (20—r—=2)!-(r+2)!
1 1
—1 =
RQOo—nrt-rl Ro0—r—=2)!-r+2)r+1)!
1

1

(20—r)(20—r—1)(20—r—2)!-r!=(20—r—2)!-(r+2)(r+1)-r!

Cancelling out [(20 — r — 2)!] - ! from the denominators
1 1

Weeget 0—m@—r—D G+ +D

= rr+2)r+1)=R0—-—7r)20—7r—1)

= rr+2)r+1)=@QR0—-7r)(19—-71)

= r2+3r+2=380—-39r +7r?

= 42r = 378

= r=09.
Hence, "Cs = Cs

9-8-7-6-(5)) 9-8:-7-6 9-8-7-6
T (9=5)!-(5) 41 =T3.2.1 126

Alternatively,
we know that "C, = "Cp_y
So, 200 = 20¢,,

But we are given that 2°C, = 2°C, .,

Therefore by comparison,




We get, 20—mr=r+2

= r=9

Thus "Cs = °Cg = 126.

Example 3. Verify Pascal’s rule when n = 8 and r = 4.

Solution: If n = 8 and r = 4 then, according to Pascal’s rule (2) + (Z) = (Z)

LH.5 = (2) " (i) - (8—2!)! 317 (@ —i!)!-4!
8! 8! 8! 8!

=531 a4 54131 4431

_ 8! (1+1>
4!1-3!1\5 4

_ 9-8! _ 9! _ 9! —(9>—RHS
C5-41x4-31 51-41 (9—-4)4 \4/ T

Hence, (3) + () = ()

i.e., Pascal rule is verified.

6.3.3 Solve daily life problems involving combination

Example 1. How many matches can be played among five cricket teams, if
each team has to play once against other.

Solution:  This is the case of combination in which two teams are to be

selected out of five teams.

| |
So, required number of matches = (5) _ Ol _5xdx3l_ 10.

2] T 21317 T2x30 T
Example 2. A department in a college consists of 3 professors and 6
students. A study tour is to be arranged. In how many ways can a party of

ist five tour be chosen so as to include at least one professor?

Solution:  The party may consist of
(i) 1 professor and 4 students, or
(ii) 2 professors and 3 students, or
(iii) 3 professor and 2 students

These can be chosen in:

. 3 6 .o (3 6 .. (3 6 .

(i) (1) . (4) (i) (2) . (3) (iii) (3) : (2) ways respectively.

All these choices are independent. Hence by the sum Principle, the
required number of ways is:

(2)()+ ) () +()C)

= (3)(15) + (3)(20) + 15 = 120.



Example 3. In how many ways can a party of 5 students and 4 teachers be
formed out of 18 students and 6 teachers?

Solution: The students can be chosen in (158) ways and the teachers in (2)

ways.
Hence, by the Product Principle, the required number of ways is:
18 6
(5) ()
18! 6!

= X :
(18 —=5)!-5! " (6 — 4)! - 4
_18-17-16-15-14-13! 6-5-4-3-2!

= (8568)(15)

131-5-4-3-2-1__ _21-4l
= 128520 ways.

| Exercise 6.3 )

1. Evaluate the following:
0 2y () i) (20
; 17
v ()
2. Find the value of n when:
(i) "C, =21 (ii) "C3=4 (iii) "Cyy = "Cq
(V) "Cs= o0l (v)  "Cs=TCp (Vi) "Crp= it
3. Find the values of n and r, when:
(i) "p. =210 and "C, = 35 (i) "'C_q: "Ci"C,4, =3:6:11
4. If (i) 12¢ = 12¢,,, then find °C,.
(i) "Cy, = ™Cyp then find 2°C,.
5. The members of a club are 12 boys and 8 girls. In how many ways,
(i) a committee of 5 members be formed?
(ii) a committee of 4 boys and 3 girls be formed?
6. A box contains 7 red balls and 6 black balls. In how many ways can 5
balls be selected such that exactly 3 are red?
7. How many (a) diagonals and (b) triangles can be drawn in a plane by
joining the vertices of the polygon having:
(i) 6 sides (ii) 8 sides (iii) 10 sides

®

Show that: °C4 + °Cs = 1°C,.
9. There are 11 men and 9 women members of a club. How many



committees of 8 members can be formed, having:

(i) exactly five men (i) at most five women

(iij)  at least five women.

Find the number of combinations of the letters of the word “Question”
taken 5 at a time.

How many words can be formed by 3 vowels and 4 consonants out of
S vowels and 7 consonants.

Probability

The word “Probability” is commonly used in everyday speech. We say:
“It will probably rain tomorrow”; “He will probably pass the examination”; or
“The black horse will probably win the race”.

Probability has become a science that predicts the chances of success
or failure of an untold number of occurrences for man’s benefit. The
numerical measure of uncertain statements is, infact, called probability.

The theory of probability is of great importance in a number of
modern fields. It is particularly useful in solving problems related to
mortality and insurance, biological, physical, medical, engineering and
social phenomena. It is also useful in our daily life.

6.4.1 Define the following:

o statistical experiment

e sample space and an event

e mutually exclusive events

e equally likely events

e dependent and independent events
e exhaustive events

e impossible event

e simple and compound events

(i) Statistical Experiment

The process by which an observation is made is called an statistical
experiment or a trial.

Examples:

(i) Rolling a dice.

(ii) Tossing a coin.

e Outcome

The results of an experiment are called outcomes or logical
possibilities.




Examples:
(i) Outcomes of an experiment of tossing a coin are head and tail.
(ii) A possible outcome of an experiment of rolling a die is 1,2,3,4,5 or 6.
e Sample Point
Every possible outcome, no two of which may be outcomes at the
same time, is called sample point or an element.
Example: Head is the sample point for the experiment of tossing of a coin

(ii) Sample Space and an event
(a) Sample Space
A set of all sample points or outcomes of an experiment is called the
sample space or an outcome set and is usually denoted by S.
The sample space for rolling a die is S = {1,2,3,4,5,6}.
(b) Event
Any subset of a sample space is called an event.
A subset of a sample space having no element at all is called a null

space or empty space and is denoted by <.
(iii) Mutually Exclusive events

Two events are said to be mutually exclusive or incompatible if they
cannot occur simultaneously in a single outcome. In other words, if one of
the events excludes the occurrence of the other event in an outcome, then
they are said to be mutually exclusive. Thus, two events A and B are said to
be mutually exclusive if ANB=0¢ , i.e. if A and B are disjoint sets. For
example, in a single toss of a coin, the events A=fhead} and B={tail} are
mutually exclusive, for if one occurs the other cannot happen.

(iv) Equally likely events

Outcomes of an experiment or a trial are said to be equally likely if
taking into consideration all the relevant evidences, there is no reason to
expect one in preference to the other.

For example, in the tossing of an unbiased coin, both the faces are
equally likely to come up; or in the rolling of a fair die, all the six faces are
equally likely to occur. If each member of a set has an equal chance of being
selected, we say that there is a random choice or a random selection.

(v) Dependent and Independent Events

(a) Dependent Events
Two events are dependent if the outcome or occurrence of the first affects
the outcome or occurrence of the second.




Example: If we draw two colored balls from a bag, and the first ball is not
replaced before you draw the second ball then the occurrence of the second
drawn ball will be affected, hence both events are dependent events.

(b) Independent Events

Two events are independent if the outcome or occurrence of the first
event does not affect the occurrence of the second event.

Some examples of independent events are:

(i) Getting a head in tossing a coin and getting a S in rolling a die.

(ii) Choosing a marble from a jar end getting tail in tossing a coin.

(vi) Exhaustive events

Let A and B be two events of a sample space S. Then A and B are said
to be exhaustive, if AUB = S.

In the case of rolling a die, the two events,

E = {4 and F = {3} are not exhaustive for EUF # S while the events
A = thead} and B = {tail} in the tossing of a coin, are exhaustive as AUB =S in
this case.

(vii) Impossible event

An impossible event is an event that cannot happen.

Example: In flipping a coin once, an impossible event would be getting both
a head and a tail.

(viii) Simple and Compound events

(a) Simple Event

An event containing only one element of the sample space, is called a
simple or an elementary event.

For example, in throwing a dice, the event A of getting 4 is simple
event. In this case sample space = {1,2,3,4,5,6} and event A = {4}.

(b) Compound Event

A compound event is one that can be expressed as the union of
simple events.

The event B = A set of getting head or tail in tossing a coin. It is a
compound event, since B = {head} U {tail} = {head, tail}

It may be noted that the union of simple events produces a compound
event that is still a subset of the sample space.

Complementary Events

Two events A and B of sample space S are called complementary
events if AUB =S and ANB = 0.

Note: The compelement event of the event A is denoted by A" or A¢




For example, the events A = {2,4,6} and B = {1, 3,5} in the rolling of a
die with S = {1, 2, 3, 4, 5, 6} are complementary events, because AUB =S
and AnB=0.

6.4.2 Recognize the formula for probability of occurrence
of an event E, that is

E
P(E)="2 " o<PmE) <1
n(S)
If S is a sample space and E is an event such that E ¢ S, then the

probability that the event E occurs is defined as
n(E
P(E) = %
Since EcS
= n(E)< n(S)
= P(E)<P(S)
ie. P(E)<1 (1) PO =1
~ E is an event
~n(E)=0
= P(E) =0 ...(ii)
Combining (i) and (ii), we get, 0 < p(F) < 1.

Thus this result guarantees that no probability may be less than zero
or greater than one. P(E) = 0 means that E cannot occur, i.e., when E =0 and
P(E) = 1 means that E must occur, i.e. when E = S.

6.4.3 Apply the formula for finding probability in simple
cases

Example 1. A bag contains a red, a yellow and a blue marble. What is the
probability of picking a red marble?
Solution: There are three possible outcomes, picking a red marble (r), a
yellow marble (y) and a blue marble (b).
Therefore, S ={r,y,b}
Let, E be the event of picking a red marble, i.e, A = {r}.
Hence the probability of picking the red marble is:
O(E) 1
P(E) = @ = g
Example 2. A basket contains two white balls and two black balls. What is
the probability of drawing two black balls?
Solution:
Here, the sample space S = {(w,w), (w,b), (b,w), (b,b)}.
There is only one favorable case for the event E.



E = An event set of drawing two black balls = {(b, b)}.

Hence the probability of drawing two black balls is: P(A) = % = %

Example 3. Two coins are tossed together once. Find the probability of
getting at least one head.

Solution: Here, sample space, S ={HH,HT,TH,TT}, where H denotes head

and T denotes tail.

Let, E be the event of getting at least one head.

ie., = {HH, HT, TH}
Therefore 0(S)=4 and O(E) =3
Hence P(E) = % .

6.4.4 Use Venn diagrams and tree diagrams to find the
probability for the occurrence of an event

Venn Diagram:

A Venn diagram can be used to represent the S
outcomes of an experiment and is very helpful to find | A C B
probability. It generally consists of a rectangle that
represents the sample space S together with circles or &
ovals. The circles or ovals represent events. For 1
example, in throwing a dice, the events A, B and C (Fig. 6.4)
along with the sample spaces are shown through Venn diagram (Fig 6.4)
where A be the event of getting a prime number, B be the event of getting an
even number and C be the event of getting both prime and even.

The use of Venn diagram in finding probability is explained with the
help of the following examples.

Example 1.
Let A be the event of getting tail on the first coin. S
and B be the event of getting tail on the second A B HH
coin when two coins are tossed.
Find P(ANB) and P(AUB) with the help of Venn TT
diagrams
Solution:
Here, sample space is ANB
S = {HH, HT, TH, TT}. (Fig. 6.5)

Event A ={TT, TH} and event B = {TT, HT}.
Therefore, ANB = {TT} as shown in Fig 6.5.



Using Fig 6.5, P(ANB) = % = 0.25

and AUB ={TH, TT, HT}. as shown in Fig 6.6.

Using Fig 6.6,  P(AUB) =5 = 0.75
Example 2. 40% of the students at a local college
belong to a club and 50% work part time.

5% of the students work part time and belong

to the club. Find the probability with the help (Fig. 6.6)

of Venn diagram
(i) that a student belongs to club and works part time.

s
(ii) that a student belongs to club or works part time.
Solution: 5%
Let C be the event that student belongs to a club
c

and T be the event that student works part time. T
By using Fig 6.7 cnTt
e The probability that the student belongs to a club (Fig. 6.7)
is: P(C) = 0.40 8
e The probability that the student works part time
is: P(T) = 0.50
Using Fig 6.7
e the probability that the student belongs to a club
and works part time is: P(C N T) = 0.05 ¢ T
Using Fig. 6.8, cur
(Fig. 6.8)

e the probability that the student belongs to a
club or works part time is:
P(CUT) =0.85
Tree Diagram

We have already studied that a tree diagram is a special type of diagram
used to determine the number of outcomes of an experiment. It consists of
"branches" that are labelled with numbers of outcomes or probabilities. Tree
diagrams can make some probability problems easier to visualize and solve.
The following example illustrates how to use a tree diagram.

Example 1. There are 11 balls in a basket in which three balls are red
(R) and eight balls are blue (B). Draw two balls, one at a time, with
replacement. With the help of tree diagram, find the number of BR
outcomes and

Calculate P(RR).

Calculate P(RB U BR).

Calculate PR on 1stdraw N B on 2nd draw).

Calculate P(BB).

pap o




Solution:
“With replacement” means that we put Tree diagram showing
the first ball back in the basket before we select outcomes
the second ball. The tree diagram shows all the

. . 1st Draw
possible outcomes (Fig. 6.9)
We have, Total numbers of outcomes

8B 3R
= 64 + 24 + 24 + 9 = 121 /\ /\
2nd Draw
The first set of branches represents the
88 3R 8B 3R

first draw. The second set of branches | | | |
represents the second draw. Each of the g pp 24BR 24rRE 9RR
outcomes is distinct. We can list each draw (Fig. 6.9)
containing red balls as R1, R2, and R3 and

blue balls as B1, B2, B3, B4, B5, B6, B7, and B8. All BR outcomes can be
listed as under.

B1R1 B1R2 B1IR3 B2R1 B2R2 B2R3 B3R1 B3R2 B3R3
B4R1 B4R2 B4R3 B5R1 B5R2 BSR3 B6R1 B6R2 B6R3
B7R1 B7R2 B7R3 B8R1 B8R2 B8R3 (24 outcomes)

Also, with the help of tree diagram
Number of BR outcomes = 24
Using tree diagram (Fig. 6.9)

9
a: P(RR) = 121
48
b: P(RB U BR) = 57
c: P(Ron 1stdraw N B on 2nd draw) = P(RB) = %

64
d: P(BB) = o1

Example 2. In a standard deck of 52 playing Tree diagram showing

probabilities
cards, twelve cards are face cards (F) and 40
cards are not face cards (N). Two cards are /\ TstiDraw
drawn one at a time, without replacement. F N
. . 12 40
. Using tree diagram — o
a. Find P(FN or NF).

b. Find P(at least on face card). / \ / \
Solution: The tree diagram is labeled with all IF 0 fo 1F2 ;Ig 2nd Draw
possible probabilities. (Fig. 6.10) 51 51 51 51

480 | 480 | | | |
P(FN or NF) = 2,652+2,652 132 480 480 1,560
960 2,652 2,652 2,652 2,652
=5¢E7 = 0.362 FF FN NF NN

Fig (6.10)




b. P(at least one face card)
(132 + 480 + 480)

2652 = 04118

6.4.5 Define the conditional probability

The conditional probability of an event B in relationship to an event A
is the probability when event A has already occurred. The notation for
conditional probability is P(B/A) [read as probability of event B given A] and
is determined by:

P(ANB)
P(A)
Example 1. A single six sided die is rolled once. Determine the probability

P(B/A) =

that a 2 is rolled. Given that an even number has already been rolled.
Solution: The sample space for this experiment is S = {1,2,3,4,5,6}
A is an event that 2 is rolled i.e., A = {2}, B is an event that even number
is rolled i.e., B = {2,4,6}. Now probability of A on the occurrence of B is:
P(A/B) = P(ANB) _ 1
P(B) 3
Example 2. A family has two children. Determine the probability that the
family has; (i) one boy and one girl given that the first child is a boy.
(ii) two girls given that at least one is a girl.
Solution: Here, S = {BB, BG, GB, GG}
(i) Let A is an event of having one boy and one girl
i.e., A ={BG, GB} and B is an event of having first child is a boy
i.e., B={BB, BG}
We have, AnB={BG}

1

P(ANB) _
“P@B) 2 2

Now, P(A/B) =5

ENT RSN

(ii) Let A is an event of having both girls i.e., A = {GG} and B is an
event of having at least one a girl i.e., B = {BG, GB, GG}
P(ANB) 1

Now, P(A/B) =—; B "3




6.4.6 Recognize the addition theorem (or law) of
probability: P(AUB) = P(A) + P(B) — P(ANB),
where, A and B are two events
Deduce that P(AUB) = P(A) + P(B) where A and B are
mutually exclusive events

To write down the elements of a sample space S and to count the
number of favourable cases often proves tedious in practical problems. To
facilitate the computations of probabilities in such cases. We have the
following theorems in which we shall denote

the probability of A or B by P(AUB),
and the probability of A and B by P(ANB).

Theorem 1: (Addition law of probability)
If A and B are two events of sample space S, then
P(AUB) + P(ANnB) =P(A) + P(B).
This law is called addition law of probability.
This can also be written as:
P(AUB) = P(A) + P(B) — P(ANB).
Proof: From Venn diagram (Fig. 6.11), it is clear that

0(AUB) +0(ANB) = 0(A) + 0(B) 3
Dividing both sides by 0(S) A B
O(AUB) O(ANB) 0(A) O0O(B)
We get, =
0(S) 0o(S) 0(s)  0(S)
ie., P(AUB)+P(ANB) = P(A) + P(B)

Corollary: If A and B be mutually exclusive events, (Fig. 6.11)

P(AUB) = P(A) + P(B)
This result can be extended to any finite number of mutually exclusive
events Ay, A, , ...., A,. That is, if A4, A,, ..., A, are disjoint subsets of S, then
the probability of at least one of them is given by
P(AJUA,U.. UA,)) =P(A) +P(Ay) + -+ P(Ay).
Theorem 2:
If A and A’ are complementary events in a sample space S, then

P(A)+P(A)=1 5
Proof: From Venn diagram (Fig 6.12) ra
AUA'=S A
= P(AUA') = P(S) /
= P(A) + P(A’) = 1, (By using addition law of (Fig. 6.12)
probability)
P(A)=1-P(A)

and P(A') =1 - P(A).



Theorem 3:

P(@) = 0.
Proof: Since QU@'=S
Therefore, PS)=P(@U®)
= 1=P(@) + P(@), (Byusing addition law of probability)
1=P(@) + P(S), [Since @'=S— @ = §]
= 1=P@®)+1, [Since p(S)=1]
= p(@) =0.

Theorem 4:

If ACB cS, then w
P(A) < P(B). 4@%

Proof: According to Venn diagram (Fig. 6.13) it

B=AuU (Aan) (Fig. 6.13)
Also, AU (A NnB)=(AUA) N (AUB) (distributive law)
=SN(AUB)
=AUB
=B, (~ ACB)
From Venn diagram (Fig. 6.14)
AN(ANB) =0 3]
i.e., A and (A'NB) are disjoint sets. ANB B
Therefore P(B) = P[AU (A’ N B)] @
=P(A) + P(A' N B) =
But P(A' N B) = 0. (Fig. 6.14)
Therefore P(B) = P(A)
or P(A) < P(B).

Hence proved.
6.4.7 Recognize the multiplication theorem (or law) of
probability: P(ANnB) = P(A) - P(B|A) or
P(ANnB) =P(B):- P(A|B) where P(B|A) and P(A|B) are
conditional probabilities.
Deduce that P(ANnB) =P(A)- P(B) where A and B are
independent events

Multiplication theorem of Probability

If A and B are events of sample space, then the probability that both
A and B occur is equal to the probability of the event A times the probability
of B given that A has occurred.



i.e., P(ANB) =P(A) - P(B/A)

Also, P(AnB) =P(B)-P(A/B)
where P(B/A) and P(A/B) are conditional probabilities. This is multiplication
rule for two dependent events.

In the case where A and B are independent (where A has no effect on the

probability of event B), the conditional Probability of event B given by event

A, is simply the probability of event B, that is P(B).

So, P(A N B) = P(A) - P(B)

Example 1. A box contain 5 black and 7 red balls. Two balls are drawn from
the box one after the other without replacement, what is the probability that
both balls are black balls.

Solution:

The total number of balls in the box is 5+ 7 = 12. Let B; is the event
of getting first black ball and B, is the event of getting second black ball.
Here, both events are dependent events.

So, P(B; N By) = P(B1)P(B2/B1)

5 4 20 5
T12711 132 33

Example 2. A coin is tossed and a single 6-sided die is rolled. Find the

probability of getting head of the coin and rolling a 3 on the die.

Solution:

Let A be the event of getting a head and B be the event of getting a 3
on the dice.

« Both events are independent

P(ANnB) =P(A).P(B)
1 1 1
“2%6 712

6.4.8 Use theorems of addition and multiplication of

probability to solve related problems from daily life

(i) Problems of theorems of addition of probability.

Example 1. An integer is chosen at random from the first 200 positive
integers. What is the probability that the chosen integer is divisible by 6 or
8?
Solution: Here S ={1,2,3,...,200}
Now the number of integers divisible by 6 in the first 200 positive
integers = 33.
Again, the number of integers divisible by 8 in the first 200 positive
integers = 25.



Also, the number of integers divisible by 24 (L.C.M. of 6 and 8) in the
first 200 positive integers is 8.
Let A be the event that the chosen integer is divisible by 6.
ie., A={6, 12, 18,..,198}.
Let B be the event that the chosen integer is divisible by 8.
ie., B=1{8 16, 24,..,200}.
ANB={24,48,72,96,120,144,168,192}.

Now, P(AUB) = P(A) + P(B) —P(ANB)
33 25 8
=200 200 200
50 1
=200 4

Example 2. If the probability of solving a problem by two students Ahsan
1 1
and Umar are 2 and 3 respectively then what is the probability

of the problem to be solved.
Solution: Let A and B be the events of solving the problem by Ahsan and

Umar respectively. We have P(A) = % and P(B) = %

The problem will be solved if it is solved by at least one of them.
So, we need to find P(A U B).
A and B are independent events

P(ANB) = P(A) x P(B) = 3 X 5
By addition theorem of probability, we have
P(AU B) = P(A) + P(B) — P(A n B)
1 11 1 1 1 1 3+2-1 2
So, PAUB) =5+3732%373%37 6 6 ~3

(ii) Problems of theorems of multiplication of probability

Example 1. Three cards are chosen at random from a deck of 52 cards

without replacement. What is the probability of choosing 3 aces?

Solution: P(3 aces) = 4 3.2

~ 1,32,600
1
5,525
Example 2.In a shipment of 20 computers, 3 are defective. Three
computers are randomly selected and tested. What is the probability
that all three are defective if the first and second ones are not
replaced after being tested?




Solution:  P(3 defectives) = 2% . % . 1_18 = % = ﬁ

Example 3. Suppose an individual applying to a college determines that he
has an 80% chance of being accepted, and he knows that dormitory
housing will only be provided for 60% of all of the accepted students.
What is the chance of the student being accepted and receiving
dormitory housing?

Solution: P (Accepted and Dormitory Housing)
= P(Dormitory Housing|Accepted) - P(Accepted)
= (0.60) - (0.80) = 0.48.

Example 4. A jar contains 3 red, 5 green, 2 blue and 6 yellow marbles. A
marble is chosen at random from the jar. After replacing it, a second
marble is chosen. What is the probability of choosing a green and
then a yellow marble?

Solution: P (green)= %
P (yellow) = 1—66

This is the case of independent events.
P (green and yellow) = P (green) * P (yellow)

5 6 30
16 16 256
15
128
Exercise 6.4 )
1. Two fair coins are tossed. Find the probability of getting:
(i) Same faces (ii) All heads (iii) At most one head
(iv) At least two tail (v) At least one tail
2. Two dice, one red and the other green, are rolled simultaneously. The
numbers of dots on the tops are added. Find the probability of getting
a sum of:
(i) 8 (ii) 10 (iii) 12
3. A bag contains 40 balls out of which 5 are green, 15 are red and the
remaining are black. A ball is drawn out of the bag. Find the
probability of getting:

(i) The ball is green (ii) The ball is black (iii) The ball is not green

4. A card drawn from a well shuffled deck of cards, find the probability
of:
(i) getting a King (ii) getting a club (iii) getting a face card



A die is rolled. Find the probability using Venn diagram of getting:
(i) an even number (ii) a number greater than 4
(iiii a number which is even and greater than 4.

In a three child family, by using tree diagram. Find the probability of
having:
(i) three boys  (ii) exactly two boys (iii)  atleast one girl
In a single throw of two fair dice, find the probability that the product
of the numbers on the dice is:
(i) between 2 and 10 (both inclusive) (ii) divisible by 5
A marble is drawn at random from a box containing 20 red, 10 white,
25 orange and 15 blue marbles. Find the probability that it is:
(i) orange or red (ii) not blue or red (iii) red, white or blue
The king, queen and jack of clubs are removed from a deck of 52
playing cards and then shuffled. A card is drawn from the remaining
cards. Find the probability of getting:
(i) a heart (ii) a queen (iii) a club  (iv) ‘9’ of red color
A pair of fair dice is thrown. If the two numbers appearing are
different, find the probability that (i) the sum is 10, (ii) the sum is six
or less.

Given that P(A) = 0.3, P(B) = 0.7, P(AnB) = 0.21 then find:
(i) P(A/B) (ii) P(B/A)

If one card is selected at random from a deck of 52 playing cards,
what is the probability that the card is a club or a face or both?
From two events A and B, P(A) =0.5, P(B) =0.2, P(AUB) =0.4 then
find P(A N B)?
A natural number is chosen out of first 35 natural numbers. What is the
probability that the chosen number is divisible by 8 or 9?
A bag contains 15 black, 25 red and 10 white balls. A ball is drawn at
random. Find the probability that it is either red or white?

1
4!

Two events A and B are such that P(A) =5, P(A/B) = % P(B/A) = %
Find P(A n B) and P(B)?
A fair die is thrown twice. Find the probability that an even number of
dots appear in first and the number of dots in the second throw is
less than 4?
Three missiles are fired at a target. If the probability of hitting the
target are 0.5, 0.3 and 0.6 respectively, and if the missiles are fired
independently, what is the probability that all the missiles hit the

target?




ii.

iii.

iv.

vi.

vii.

ix.

xi.

xii.

viii.

xiii.

Review Exercise 6 )

Select correct answer.

(n+1)!
If n =0, then =
n!
(@) O (b) 1 (c) n (d) oo
Probability of getting 7 in throwing a dice is:
(@0 (b) 1 (c) —1 (d) Not defined
The factorial form of 12-11-10- is:
12! 12
(@) 5, (b) 12! () (?)! (d) (121 - (91

If two independent events A and B occur in p and q ways respectively,
then number of ways that both events can occur is:

(@) p + q ways (b) p.q ways (c) (pq)" ways (d) rp + qr ways
An arrangement of n objects according to some definite order is
called:

(a) Combination (b) Permutation

(c) Factorial (d) none of these

An arrangement of n objects without any order is called:

(a) Combination (b) Permutation

(c) Factorial (d) none of these

The number of permutation of the letters of the word COMMITTEE is:
9 6 9 9

(@) (2, 2, ) (1, 2, 2) (©) (2, 2, ) @ (2, 3, 0,

8.7.6 is equal to:

(2) °Ps (b) °Cs (c) °Ps (@ °Cs

If r=n, then "B, is equal to:

(a) r! (b) (n—1)! (1 (d)0

The number of ways that a necklace of n beads of different colours be
made is:

(@) (n— 1! o) = () = @ 2
Any subset of a sample space is called:

(a) Sample space (b) an event

(c) a Trial (d) Random variable

For two events A and Bif ANB =0, then events A and B are called:
(a) Mutually exclusive (b) Not mutually exclusive

(c) Overlapping (d) Dependent events

When a dice is rolled and coin is tossed, all possible outcome are:
(a) 6 (b) 12 (c)18 (d)24



xiv.

XV.

xvi.

xvii.

Xviii.

Xix.

If two events A and B have equal chance of occurrence, then the
events are:

(a) Equally likely (b) Not equally likely
(b) Dependent (d) Not mutually exclusive

If E be an event of a sample space S, then:
S

(a) P(E) = % (b) 0 <P(E) <1
(c)0<PE)<1 (d) all of these
The probability of getting the tail in a single toss of a coin is:

1 2 1 1
(a) 3 (b) 3 ()3 (G
Three dice are rolled simultaneously, then n(S) is equal to:
(a) 36 (b) 18 (c) 216 (d) 6

Two teams A and B are playing a match, the probability that team A
does not lose is:

1 2 1
@3 () 3 ©5 @0

If "Cy, = "C;,, then n equals:

(a) 18 (b) 12 (c) 6 (d) 20
Evaluate the following: 3
6C x 4C 6P X 4P
0 o () o DI
C4, P4- r=1

There are seven seats available in a compartment. In how many ways
can seven persons be seated?
A room has 3 lamps. From a collection of 10 light bulbs of which 6
are no good, a person selects 3 at random and puts them in the
sockets. What is the probability that he will have light?
If two dice are thrown simultaneously, what is the probability of
obtaining a sum of 7 or a sum of 11?
A bag contains 8 white, 10 black and 12 red balls. 3 balls are drawn
from the bag. What is the probability that the first ball is white, the
second ball is black and the third ball is red, when every time the ball
is replaced?
In how many ways can a football team of 11 players be selected out of
15 players? How many of them will include a particular player?




Mathematical
Induction & | Unit |

Binomial Theorem
e Weightage = 8% e Periods = 20

7.1 Mathematical Induction

A powerful method of proof, frequently used in mathematics is
mathematical induction. This method is not to be confused with the method
of inductive logic used in the experimental science in which generalization is
formulated by observing many specific cases. In contrast, mathematical
induction is a form of deductive reasoning in which conclusions are
established beyond any doubt.

7.1.1 Describe principle of mathematical induction

Principle of Mathematical Induction

If P(n) is a proposition about a positive integer (natural number) n such that
e P (n)istrueforn=1, and
e P (n)is true for n = k implies that it is also true for n = k + 1.

Then P (n) is true for all positive integers (natural numbers) n.

Principle of Mathematical Induction when Proposition P (n) is not true
for the first few values of n

Sometimes a proposition P(n) is not true for the first few values of n
and is true for all successive values after a certain stage.
For an application of the method of mathematical induction to such cases,
the principle of mathematical induction is modified and restated as under.
If P(n) is a proposition about a positive integer n such that
e P(n)is true for n =i, where iis a positive integer, and
e P (n)is true for n = k + 1, whenever P(n) is true for any positive integer
n==k.




7.1.2 Apply the principle to prove the statements,
identities or formulae

Example 1. By using principle of mathematical induction, prove that the
following formula is true for all positive integral values of n.
2+ 4+ 6+-+2n=nmn+1).
Proof:
(i) Forn=1,wehave2=1(1+1)or 2=21ie.,P(n)istrueforn=1
(i) Assume that the formula or P(n) is true for some positive integer n = k.

ie, 2+4+6++2k=k(k+1) ...(i)
Now we shall prove that the proposition is true for n = k + 1, that is, we shall
prove that: 24446+ -+2k+2k+1D)=(k+D{(k+1)+ 1)}

By our hypothesis, we have
2+44+6+-+2k=k(k+1)
Adding 2(k + 1) to both the sides of equation (i), we get
2+4+6++2k+2(k+1)=ktk +1)+2(k +1)
=((k+1(k+2)
= (k+D{(k+1)+13.
i.e., P(n) is true for n = k + 1 whenever it is true for n = k. Hence by

principle of mathematical induction the proposition is true for all positive
integral values of n.
Example 2. Prove that 2" > (2n + 1) for all integral values of n > 3.
Solution:
It can well be seen that for n = 1 and 2, the proposition gives 2 >3 and 4 > 5
which are false.
We therefore, apply the modified form of mathematical induction.

(i) Here, i = 3 and so P(n) for n = 3 gives
23> (2-3+1)
or 8 > 7 which is true. So, P(n) is true for i = 3.
(ii) Assume P(n) to be true forn =k, i.e.
2k > 2k + 1)

Now, multiplying both sides of the above inequality by 2, we get
2.2 > 22k + 1),
= 2M1>4k 42
= 2K > 2k 42k + 2.
Deducting 2k from right side and keeping 1 instead, the inequality
statement holds and we have,
2K > 2k + 142




21 > 2k + 2+ 1.
i.e., 2k*1 > 2 (k 4+ 1) + 1. Therefore, P (n) is also true for n = k + 1.
Hence, by the principle of mathematical induction P(n) is true for all
integral values of n = 3.

Example 3. Using the principle of mathematical induction prove that:

n(n+1)
1+24+3+-n=

, for all natural numbers n.

Proof:
(i) For n =1, P(n) becomes 1 = @
or 1=1

So, P(n) is true for n = 1.
(ii) Assuming the result to be true for n = k , we get the hypothesis:
k(k+1)

2
Now we have to prove that the result is also true for n = k+ 1. To do so, we
add (k + 1) to both sides of the above hypothesis and get

k(k + 1)
14243+ +k+(k+1)=———+(k+1)

1+2+3+-+k=

(k+2)

=(k+1) (§+1)=(k+1)-

ke +D{k+1)+ 1}
B 2
i.e., P(n) is true forn =k + 1.
Thus, by the principle of mathematical induction P(n)is true for all natural
numbers n.
Example 4. Prove that:

_ n(n+1)(2n+1)
B 6

12 4224324 ...4 n? for all natural numbers n.

Proof:
If P (n) represents the above proposition, then
1(1+1)(2-1+1)

(i) for n =1, P(n) becomes 12 = .
1= 1(2)(3)
6
or 1=1 which is true.

i.e., P(n) is true for n = 1.
(ii) Suppose that P(n) is true for n =k, i.e.,
k(k+1)Q2k+1)

12+ 224324+ k?= c

Q)



To prove P(n) to be true for n = k + 1 we add (k + 1)? to both sides of
the above equation (i).
k(k+1)2k+1)
6
_(k+1)

6
_Ge+1)

12422432+ 4+ k2+ (k+1)? = + (k + 1)?

{(k(2k + 1) + 6(k + 1)}

{2k? + 7k + 6}

_ (k+1)(k+2)(2k + 3)
B 6
ke +D{k+ D+ 1} {2(k+1) + 1}
B 6
This, in fact, is the same as the given proposition P(n) for n = k + 1.
Thus, the truth of P(n) for n = k implies its truth forn = k + 1.
Hence, by the principle of mathematical induction, P(n) is true for all natural
numbers n.

n(n+1)
2

2
Example 5. Prove that: 134+23+33+...+n3 = [ ] , for all natural

numbers n.

Proof:
i. For n =1, P(n) becomes
2
13- 1.(1+1)
2
1 =1, which is true.
i.e., Pm)istrueforn=1
ii. Assume that P(n) is true for n = k.
k(k + 1)7°
ie., B+23+33++ k3= [%]

Adding (k + 1)3 to both the sides, we have

k(k + 1)7°
P+234+33+- 4 k3+(k+1)3=[¥] + (k+1)3

_(k+1)?
=0

k + 1)?
=%{k2+4k+4}

_ (k+1)?(k +2)?
B 4

_ [(k + D{k+1)+ 1}]2
- . ,

(k% + 4(k + 1)}




Thus, it is true forn = k + 1.
Hence, by mathematical induction P(n) is true for all natural numbers.
Example 6. Prove that 23" —7n—1, is divisible by 49 where n is any
positive integer.
Proof:
(i) For n = 1, the given expression becomes
2 —7n—1= 2%1-7-1-1
= 8-7-1=0
Since zero is divisible by 49, the given statement is true for n = 1.
(ii) Assume that the statement is true for n = k, i.e.,
23k — 7k — 1 is divisible by 49
Now for, n = k + 1, we have
23+ _ 7k +1)—1 =23k3 7k —7 -1
=82% -7k -8
= 8.23F — 8(7k) — 8 + 7(7k)
=8(23%% — 7k — 1) + 49k
By our hypothesis (23% — 7k — 1) is divisible by 49 and 49k is obviously
divisible by 49. Therefore, the given expression is also divisible by 49 for
n=k+1.
Hence by mathematical induction the given statement is true for all positive
integral values of n.

‘ Exercise 7.1 )

1. Prove the following propositions by mathematical induction for every
positive integer n.
(i) 143+5++@2n—-1)=n?
(i) 3+6+9+-+3n=3n(n+1)

(i) 1+4+7++@n-2) =200

(iv) 1+%+%+---+#=2(1—2in)

v) 2+6+18+-+4+2-3"1=3"-1

(vi) 2+6+12+-+n(n+1) =%n(n+1)(n+2).
(vii) 22442+ 6%+ -+ (2n)? =2n(n+1) (2n+1).

(viii) 1-3+2-4+3-5+---+n(n+2)=§n(n+1)(2n+7).



) 1 1 1 1

(ix) —+—+—+-+ =
1.2 23 34 n(n+1)

(x) 1.2+22%2+3.22+4.22+ - +n2"=(n—1).2""1 + 2.

(xi) 11-1421-243'34+-+nl'n=mn+1)! -1

- 1 1 1 _n

(i) a(a+1) + (a+1)(a+2) Tt (a+n—-1)(a+n) o a(a+n)
oE W )

(i) T2+ 53 (2n-1)(2n+1)  2(2n+1)"

(xiv) (i) at+ar+ar?+--+arh? =@,(r¢ 1).

. n n n
@ (o)+ (D) ++()=2"
n ny _ m+1).
i (") ()= (e
2. Prove the following statement by mathematical induction.
(i) 23"*+2 _ 28n — 4 is divisible by 49,% n € N.
(ii) 32n+2 _ 8n — 9 is divisible by 64,% n € N.
(iiiy 7™ — 4" is divisible by 3
3. Prove that:

(i) 21 > (2n + 3), for all integral values ofn > 2,
(ii) 3771 > 2m for all integral values of n > 3,
(iif  n!'>3""1, for all integral values of n > 5.

7.2 Binomial Theorem

7.2.1 Use Pascal’s triangle to find the expansion of
(x + y)" where n is a small positive integer
An expression consisting of two terms connected by +ve or -ve
sign is called a binomial expression or simply a binomial.
For example, a+b, 2x—3y, z°—2z a®+ b? are all binomial expressions.
For (x +y)" where (x+y) is a binomial and natural number n is its
exponent or index. The following products can be verified by actual
multiplication.
x+yt=x+y
(x+y)2=x%+2xy +y?
(x +v)® =x34+3x%y + 3xy? + y3
(x+ )t =x*+4x3y + 6x%y? + 4xy3 + y*



In the binomial theorem we wish to state a general law of formation
that lies behind these expansions; i.e., we wish to state a general law for the
expansion of (x +y)" , where n is a natural number. The following diagram
illustrates the process.

1_
(x+y) /x\y + x/y\y
(x+Y)* = 2/X + \2x/ + \y2

Ve N, Ziy N,

x+Y)3 = xa/ + ng/ + éx{ + N
Criyi= SN T O N

4 4/C Y s/x y\z/zx y\ /3x y\ 4
x+y)*= x + 4xy + Obxy + 4xy + Yy

(Fig. 7.1)

The coefficients in the above expansions may be shown in the
following scheme, which is called Pascal’s triangle.

(Fig. 7.2)

A very definite pattern is evident in this array. The first and the last

number in each row is 1. Each of the other elements is the sum of the two

elements to its left and right in the row immediately preceding. Thus we
would expect the coefficients of the expansion of (x + y)° to be

1 ) 10 10 S 1
Direct multiplication will verify this result. Similarly, for (x + y)®, we
have 1 6 15 20 15 6 1

It may also be noted that there is a connection between the
coefficients in these expansions and the possible number of combinations of
x and y. Thus, Pascal’s triangle can also be given in the following form.



(Fig. 7.3)
Each element in a row, other than the 1’s is the sum of the two
elements to its left and right in the row immediately preceding it, that is, in

()= ()

This is called Pascal’s rule. Apart from coefficients, a definite pattern
about the terms of the expansion of (x + y)™ is also evident from (Fig. 7.1).
Each term contains product of powers of x and y. From first term to the last

term the products are:

XMy, x" Ly, x""2y2, Oy
Example: Using Pascal’s triangle, expand (x + y)°>.
Solution: According to Pascal’s triangle, the row related to n=5, is:
1,5,10,10,5,1

So, (x+7y)°=x5+5x*y + 10x3y? + 10x2y3 + 5xy* + y°5.

7.2.2 State and prove binomial theorem for positive
integral index

It is difficult to find the co-efficients in the expansion of (x + y)" from
the scheme given above when the exponent n is large. In this section we
state and prove a theorem, known as the Binomial Theorem, due to UMER
KHYAM (1074 A.D).

Statement:
If nis a positive integer, then

(@a+b)" =a™+ (711) a™'h + (721) a"?bh? + -+ (Trl) a™ b + - + (n " 1) ab™ ' +b"

Proof: We prove that

(a+b)"=a"+ (711) a b+ (721) a"?p% + -+ (r " 1) a™"tprl 4 ('rl) a™"b" + -+ b"




with the help of the Principle of Mathematical Induction.
() For n =1, we have
(@+b)' =a'+ (1) al™'b! = a + b
Thus, the theorem is true for n =1
(ii) Assume the theorem to be true for n =k, i.e., let the hypothesis be

k— ko (K k-1 kY k2,2, . k k=r+1pr-1 o (K\ k-rpr o .. 1 1k
(@a+b)=a +(1)a b+(2)a b? + +(T_1)a b +(T)a b+ +b
Multiplying each term of the formula in the above hypothesis by a + b,

we have

(a+b)* =afd + (’;) ak1h + (’;) ak2p2 4 - 4 (T k 1) ak T+ 4 (];) T + 4 b

a*'h + (’2‘) a*7?h? + - + (r f 1) akmprt 4 (I;) a* b’ + - + b"}

)
];) akb + (IZC) akh? + . + (r f
ak

_ {ak+1 + ( 1) ak—r+2br—1 + (I;) ak—r+1br 4ot abk}
+ {akb + (1{) -1p2 4 (]2() ak=2p3 4 o 4 (T f 1) ak-T+pT 4 (ﬁ) ak—ThTH 4o 4 bk+1}
(s (o () (et (L Jatr s

[By grouping the like terms]

() +GE)=(77)

Therefore, (]I) + (’5) = (k —{ 1); (];) + (II) = (k ; 1); ... and so on

But by Pascal’s rule

Hence,

kel _ k414 (K+ 1) & E+1\ ko102, o (E+H 1Y kea- 4 pk4l
(@+b)y+t = a4 ( j Jakb+ ( ; )ak1p? + o ! )k TR 4t b
Therefore, the theorem is also true for n = k + 1. Hence by the Principle
of Mathematical Induction the theorem is true for all positive integral

exponents.
Characteristics of Binomial Theorem

We may notice the following points in connection with the binomial
formula for the positive integral index.
() Using the other notation for combinations the formula can also be
written in the form as:

(a+b)" = "Coa™+ "Cia™ b + "Cra™ 2. b% + -+ "Cn.b™
(i) The binomial formula is frequently written as:

-1 -Dmn-2 -Duln-r+1
(a+b)"=a"+na"‘1b+%a"‘2b2+%a"‘3b3+m+n(n )T('n L )a

(iii) The number of terms in the expansion of (a + b)" is n + 1.
(iv) In the successive terms index of “a” decreases by one and index of “b”

n—TbT' + + bﬂ




increases by one so that the sum of two indices is always n.

(v) The coefficients of successive terms are 1, "C;, "Cy, ..., "C,,_1, 1. These
are known as binomial coefficients.
(vi) Since the expansion of (a+ b)" is symmetrical w.r.t. a and b, it

follows that the coefficients of a®™"b" and a"b™™" are equal, i.e., the
coefficients of terms equidistant from the beginning and the end are
equal.

(vii)  since (3) =1= (Z), we may, for the sake of uniformity write (g) as

the coefficient of a" and (::) as the coefficient of b™ in the expansion.

(viiij Ifweputa=>b=1 in the binomial formula, then

= ()« ()4 (3)+ -+ ()+-+ ()
This formula also determines the total number of subsets of a set S

consisting of n elements. Whereas "C, is the total number of subsets
of S each consisting of r elements.

(ix)  Since (a — b) = {a + (—=b) }, we have

fa+ by =am+ (1)@ (=b) + () @2 (=b)? + o+ (1) @7 (=b) + -+ (=)

ie., (@=b)=a"—(}) @b+ (5) a2 — ot (<1 (1) @ T @Y + o+ (1)
Thus, the terms in the expansion of (a — b)" are alternatively positive
and negative, the last term being +b™ or —b™ according as n is even
and odd respectively.

(%) Putting a = 1 and b = x in the expansion of (a — b)", we have
=1 (" m 2 (™M) g+ e —1)x"
-0t =1-(7)x+ () x> =+ 07 (0)x" + -+ (-1
. _ n ny , n
Similarly, (1+x)"=1+ (1)x + (Z)x + (r) x" 4+ x"
Example 1. Expand (x +y)’ by the binomial theorem.
Solution:
7.6 7.6.5 7.6.5.4 7.6.5.4.3 7.6.5.4.3.2
(x+y) =x7 + Txby + —x5y? + —x*y® + xSyt + x2yS + ———axy® +
2! 3! 41 5! 6!
=x7 + 7x%y + 21x5y? + 35x*y3 + 35x3y* + 21x2%y° + 7xy® + y”7

Example 2. Expand (ax — %)6 by the binomial theorem.

Solution: , ; \
(ax — 2)6 = (ax)® — 6(ax)® <§) + 63 (ax)* (g) _6a4 (ax)? (g) + 6543 (ax)? (g)

4!
_ 6.5.4.3.2 (@) (2)5 (é)

5! x

6




15a%b* 6ab®> b°

= a®x® — 6a°bx* + 15a*b%x?% — 20a3b® + > —+—=
x x x

Example 3. Compute (1.01)° by means of the binomial theorem correct to
three decimal places.

Solution:  (1.01)° = (1 +0.01)°
9 98 g , 987 ., s
=1 +I' 1°-(0.01) +ﬁ' 1°-(0.01) +m' 17-(0.01)° + up to last term
=1+ 0.09 + 0.0036 + 0.000084 + --- up to the last term

= 1.093684 approx: = 1.094 correct to three decimal places.

7.2.3 Expand (x + y)" using binomial theorem and find its
general term

If nis a positive integer, then
(x+y)"=x"+ (111) x"ly + (721) x" 2y 4t (7:) X"y 4+ (n " 1) xy™ 4y
which is called the binomial expansion.
The term T, ;= C}) x""-y" is called the general term in the
expansion of (x + y)" where n is a +ve integer, we observe that
T= ()=
T, = (n) x"ly = nx" 1y,

1
T; = (721) x"2y? = %x"‘zyz, and so on.
Example 1. Find the sixth term in the expansion of
2x 3\
5-2)
Solution: Te = Ts41

-((3) ()

1o 25x° 3°
~ 51(10—5)! 35 25x5

10.9.8.7.6(5!)

= " Sa321(8h 22
Example 2. Find the coefficient of x° in (a® + 3bx?)®
Solution: Here, Ty = (i) (a®)® " (3bx?*)"

— (?) (a3)6—r(3b)rx2r

Now, T,,; will contain x°, if 2r =6 or r = 3.



So, T, contains x°.

. _ (6)/,36-3 243
ie., T, = (3) (a®)673(3bx?)
!
~31(6—-3)!
= 540a°b3x®
So, the coefficient of x° is 540a°b3.

a’(27b3x®)

7.2.4 Find the specified term in the expansion of (x + y)"

In the expansion of (x + y)", where n being a positive integral index.
We can find specified terms like middle terms, the term involving particular
power of x, the term independent of x etc.

The term involving particular power of x and independent of x

Example 1. Write in the simplified form the term involving x~17 in the

15

expansion of (x4 - %)

Solution:  Suppose x~17 occurs in T,
— 15 . 4\15—-r _i "

Now, Try1 = (r ) (x%) ( x3)

— (_1)1' (17.5) x60—4—r R x—3r

_ 1y (15Y . _e0-7r
=0 () x
Thus 60—7r =—17 or r =11.
So, Trv1 = Ti141
15.14.13.12.(11 ) 17

15 - _
= (—=1)11. . 460-7(11) _ = —-1365x"17.
D (11) x (114321 x
Hence the term involving x~17 is —1365 x~17.
9
Example 2. Find the term independent of x in (Zx + 3—3162)
Solution: Let (r + 1)th term be independent of x.
9—r _9_r 9—r

—(9). 9—r.(L>r_ N2 X7 (9.2 o-ar

Now, Trp1 = (T) (2x) 32) (T) 3T x2r (T) 37 x

Since this term is supposed to be independent of x, we must have
9—-3r=0. or r=3.
Thus, the required term, T,;; = T341.

L9\ 273 e 9BT6L 26 26 1792
Now, Ta41 _(3) 33 32161 3 >4 T
1792

Hence, the term independent of x is



7
Example 3. Does the expansion of (x + %) contain a term

(i) independent of x, (ii) involving x®
Solution:
(i) Suppose the term independent of x (i.e. the constant term) is (r + 1)th
term.
(7N 7= (LY _ (7 7-2r
Now, Trp1 = (r)x (x) = (r) X

Since, this term is supposed to be independent of x, we must have

7-2r=0orr=7 Then r+l=2+1=>
Since the position of a term cannot be fractional.

Therefore, there does not exist a term independent of x in the given
expansion.

(ii) Let x® occurs in (r + 1)th term of the expansion.
Now Ty ='Cp x77 = ="C, x772",

According to the supposition 7 —2r =6

= r= %, which is a fraction.

So there does not exist a term involving x° in the given expansion.
Middle Term:

We shall find the middle term or terms in the expansion of (x + y)",
n being a positive integral index.

The number of terms in the expansion of (x + y)" is n+ 1. If n is even
then there is one middle term and if n is odd, then there are two middle
terms.

If n is even, say n = 2k, then the number of terms is (2k + 1). Hence

nT-l_Z)th term is the middle term. On the other
hand. If n is odd, say n=2k+1, then in the expansion there are
n+1 =2k + 2 terms, i.e., the number of terms is even. In this case there are

two, (k + 1)th and (k + 2)th, middle terms. Thus the required middle terms
n+1 n+3
are (T)th and (T)th terms.

only one term, i.e., (k + 1)th = (

10
Example 1. Find the middle term in the expansion of (x - 23—3’)

Solution: Here, n = 10 is an even. So, there is only one middle term that is

(10+2

)th term = 6th term.




So,

So, the required middle term is

Example 2. Find the middle terms of (x?’ + xiz) .

Solution: Here, n = 7 is an odd. So, there are two middle terms, that is

7+1
2

Now,

and

Te = Tsyq = (150) ()03 (_sz)S

1
5! x 5! 35

= (-

0! 2% - y®

X x° X

—252x°-32-y°

243
—896x°y>

27

—896x°y°>
27 )

7

1
=35x1%2 x —
X6

= 35x°

= 35x

N h )

1
=35x9><—8
X

—)th and (#)th the terms. Hence T, and Tg are two middle terms.
= Qe ()

Hence, 35x° and 35x are the two required middle terms.

Exercise 7.2 )

1. Expand by means of the binomial theorem:

@  @x-3y* (i (\E - \@4

(v) (Bx% —2y3)°

(1)

(iv)
2. (@)

(1)

(b)

(1)

(a + b)®

E-Y
2 X

Use the binomial theorem, to find the value of:
(iii) (99)*

(11)°

(i) (19)°
Use the binomial theorem to compute the values of the

following correct to four places of decimal.

(1.01)8

(i) (1.02)7

(iii)

(2.03)°




10.

7.3.1

We get

Evaluate:
(i) A+2va)*—(1-2Vya)* (i) Q-Vi—-a)’+Q+VI—a)s
() @+V3)>—(2-V3)°

Find the indicated term in each of the following expansions.
10

8
G  (3x-3) itheswmterm (i) ($-2); the 7* term

10
(iii) (Zx — %) the last term

Find the middle term in the expansion of:

0e-2" @1-22) @ - @ (-l

Find the two middle terms of:

. 5 1Y . b2\’
M (x3+ x—z) (i) <2b - T)
Write, in the simplified form, the term independent of x in
9 6

. 1 .. 5
(i) (Zx + F) (ii) (Zx + ;)
Obtain in the simplified form:

7
(i) the term involving x° in the expansion of (2x3 - x_lz) .

12
(ii) the term involving a® in the expansion of (az - %)

2
(iii) the coefficient of x in the expansion of (xz + %) .

9
Does the expansion of (32—a - 3%) contain a term.
a

(1) independent of q, (i1) involving a'?
The coefficients of the fifth, sixth and seventh terms of the expansion
of (1 + x)" form an A.P. Find n.

7.3 Binomial Series

Expand (1+ x)" where n is a positive integer and
extend this result for all rational values of n

We know that

()" = 2" nanly M D nezy2 g ROTUOED insys 4y yn )
By putting x = 1and y = x in equation (i)
(142" =1 +nx + 2= Dyz 2z D0=2) 5 4 ym ... (i)

3!



When n is a positive integer then in the expansion of (x +y)" or
(14 x)", there are (n + 1) terms or finite number of terms and is valid for any
real value of x.

But if n is negative or rational (fraction), then the above expansion
never ends or have infinite number of terms and is valid only for -1 <x <1
or |[x] <1 thus in such a case the expansion is

_ _ — — _ — T
n(nz! 1) 2 n(n 13)!(11 2) - nn—1)(n 21, (n—r+Dx N
This series is called binomial series and its general term is
nn—1Dn-2)..(n—r+1) _
r! x

Example 1. Expand (2 — x)~3 to four terms, where |x| < 1.
Solution:

2-x)3=2731- %)‘3, making the first term of the binomial as 1.

1+x0)"=1+nx+

r+1 =

o, oot (1-3) " - ()

2 3
(PR () HEEEE ) e <

1( 3x 3x% 5x3 )
=1+

8 2 2 4
3

Example 2. Expand (1 + %) 2 to four terms, when |x| < 1

Solution:
_3 _3\(=3_1 2 (=3 (=3_1)(=2=2 3
(45 e () Ly ORI e
=1-— +1_5 Z_g 3+...
AT T1e2”
=1— +E 2_§ 34+...
= X 6x 54x

7
Example 3. Find the first negative term in the expansion of (1 + x)z
Solution: By using the general term fromula

1G-1)(-2)-Gore)

T, =
r+1 rl

7
This will be the first negative term when ST + 1 is negative,
) 9 9
ie, ——r<O0orr >-—,
2 2

i.e., whenr > 4% , S0 r =05,




Hence, when r = 5, we get the first negative term,

7
L 1G-)G-2)G-3)G-4) ,__ 7 .
6 51 256" °
7.3.2 Expand (1 + x)"in ascending power of x and explain

its validity/ convergence for |x| <1 where n is a

rational number

We know that if n is negative or rational (fraction), then the expansion
of (14+x)® has infinite number of terms and is valid only for
—1 < x <1or x| <1and the expansion is
n(r;' D X2 4 nn— 13)'(11 2) X34

As we see in the expansion, we get ascending power of x and the
terms progressively get smaller and smaller for —1 <x <1 or |x| <1, so the
series will be valid or convergent.

Let us explain the validity or convergence of this series

We have, (1 +x)" =1+ nx + (2,1) x? oo MDD ()
r.

I+x)"=1+nx+

s lxl <1

Replacing x by —x in (i), we have

-2 =1+ W02 MDD s gy gy POD O Dy < 1 )
Changing the sign of nin (i) and (ii), we get
A+0)™m=1- +n(121-I!-1)x2 _n(n+§)!(n+2)x3 ot (_1)r.—n(n+1).; (!n+r—1)xr +oglx] <1 (i)
and
=2 =1+nx +n(n+1) 2+n(n+1)(n+2) 34 g n(n+1)T$n+r 1) . Sl <1 (i)
Hence, for |x| <1 and n=1, we have from (iii) and (iv)
A+x) t=1—-x+x2—x3+ -+ (=1)"x"+ - ()
A=—0)T=14+x+x2+x3++x"+ - oo (V)
Similarly for n = 2, we have
A+x)2=1-2x+3x2—4x3+ -+ (=" (r+ 1x" + - ... (vii)
and (1—-x)2=14+2x+3x2+4x3++ T+ Dx"+ - ... (viii)

We see that the expansion (vi) does not hold for x = 2. In this case the
equation (vi) becomes
(D) t'=-1=1+42+22+2%+.-+42" + -, which is absurd.
Summing the infinite given series on the right-hand side of the
expansion (vi), we have

1
1+x+x2+x3++x"+ v =——=1—-x)""
1—x



which is true only when |x| < 1.
Thus expansion (i) is valid or convergent for |x| <| where n is a

rational number.

Example 1. If y = 3x + 6x% + 10x3 + -+,

1.4 1.4.7
then prove that, x =2— 2+ 3 ..
P 373220 T 330
Solution: Since y = 3x + 6x2? + 10x3 + -+
So, 1+y=1+3x+6x%+10x3+ -
ie., 1+y=(1-x)73
1
Therefore, (1 —-x)=0+y) s
1y/_1 1
-D(-% -1 H-L-1
ie., 1—x=1+(—1y) ( 3)(2? )y2+( 3)( 3 )( )y .
14 1.4.7
or l-x=1—-3zy+ 2o ——y34
3y 2217 33307
1, 14 > 147 5
Hence, xX=3Yy 32.2!3’ +3 3,3/
Example 2. Evaluate /31 to five places of decimals.
Solution:
1
1 1 1\)5
Y31=B1)s5=32-1) = {32 (1 — §)}

= (321 —3i) =201 ——)s

=25 () + () (5) g (D)D) qe )
- 5 \32 AN AP TR 7 AR W) A R TR

= 2(1 — 0.00625 — 0.000078125 — 0.000001464 + ---)

=2 x0.99367 = 1.98734.

7.3.3 Determine the approximate values of the binomial
expansions having indices as - ve integers or fractions

We know that
A+x)"=1+nx+

where n is negative 1nteger or fraction.

We see that the terms progressively get smaller and smaller. In such a
case, to get an approximate value of the expansion, we may omit the terms
containing squares and higher powers of x.

Thus, we can get approximation of this expression.
(14+x)"=1+nx approximately and this approximation is called 1st
approximation.

( 1) 2 4 M= D(n—2) X3 4

3] when |x| < 1.




Similarly, up to a second approximation, we have

nn—-1) ,
A1+x)"= 1+nx+Tx
and so on.
Example 1. If |x| < 1, find the first approximation of

V1-7x
V@ +2x)3

31—7x
(1 + 2x)3
1 3
=(1-7x)3(1+2x) 4

B6 )[40,

2! 2!

Solution:

=11 17
= —§(X)+

neglected, prove that
1
V14 2x+ (16 4+ 3x)4 3 227

+ RS
(1—x)? 32 °
Solution: The given expression

1 1 3 1
(1+2x)2 + (16)4 (1 + 1—6x)1
- 1 —x)?

(1 +§2x) +2(1+7 - =)
= 1= 2x) , approximating

(1+x)+2(1+%x)
- (1—2x)

=(3 +£x (1—-2x)71
32

35

= (3 + 3—2x) (1 + 2x), approximating again
227 _

=3+ 3—2x, approximately.

-1 Qx)% + -

= (1 - %x) approximately (neglecting the term containing the square of x)

Example 2. If x be so small that its squares and higher powers can be



Example 3. If (a — b) be small as compared with a or b then show that
n+Da+n—-1b a\n
(n—Da+ @+ Db (E)

Solution: Let a = b+ h where his a small quantity.

(n+Da+—Db m+1DbB+h)+m—-1)b

> m—Da+tm+Db (m-DbB+h) + @+ Db
_2nb+(n+ Dh
" 2nb+ (n—1Dh
n+l h
o %
n—1 h
50 b
B <1+n+1 h)(1+n—1 h)_l
B 2n b 2n b
= (1 + nz_-l;ll : %) (1 - nz_—nl : %), approximating
h : oy
=1+ 5 om (Again approximating)
_ h
=1+
. b+h . h .
Also (%)n = (T)n = (1 + E)n [Since, a = b + h]

h . .
=1+ oy approximating

Hence, from (i) and (ii), we have
(n+Da+nm—-1b (a)%
(m—1Da+n+1b

b
7.3.4 Application of summation of series

In general, most of the infinite series can be summed up very quickly
by identifying them with some binomial expansion, as is shown in the
following examples.

Example 1. Sum to infinity the series:
1 14 1 147 1

1 P —_—— [ “ee
+ 32 * 1.2 34 + 1.2.3 3¢ +
Solution: Identifying the given series with
nn—-1
A+x0)"=1+ nx%x2 + -

By comparing,




we get nx = % (i)
1 ..
= nzxzzﬁ ... (ii)
nn-1)x? 2
and ~ 81 ... (idi)
2! 81
.. ST n—1
From (ii) and (iii), by division, we have o = 2 or n—1=4n
Therefore 3n=-1 or n= —%
By using n= —% in equation (i), we get x = —%
. 1 1
Using x = —3, n=—3
1
n _ _1\"3
we have AQ+x)*= (1 3)

Hence, the sum of the given series is i/g .

1, 13135 1.3.5.7

Example 2. If x =3+3¢365 136012
Solution: Adding 1 to both the sides of the given series,

1,13 135 .

We have X+1—1+§+ﬁ+m+ (1)

Let the series on the right hand side of (i) be identified with
1+x)*= 1+nx+n(g—_,1)x2 + -

By comparing

+ .-+, prove that x2 + 2x — 2 = 0.

we get, nx = % ...(i)
= nix? =4 ...iti)
1 , 13 .
and > n(n—1)x* = e ...(iv)
From (iii) and (iv) by division, we get

n—1 3

— or 2(n—1)=6n or 2n—2=6n or 4n=-2
2n 2

N =

Therefore, n=-—
Hence, from (ii), x = —

By substituting x = —

1.
and n = —5in (1 + x)™ we have




Sum of the given series is
1 1

2\ 2 1\ 2
=(1-3)"=() "=
Thus, from (i) and (iv) give we get x+1=+3
Squaring both sides, we have
x2+2x+1=3 or x24+2x—-2=0
Exercise 7.3 )
1. Find the first four terms in the following expansions:
-1 M+~
(i) ¥8=16x (if) % (i) @1+303  (iv) ifix
2. Find first negative term in the expansion of
4 5
(i) (1+y)3 (i) (1+2x)2
3. If x is so small that its square and higher powers may be neglected,
then show that:
(i /1+%xz1+%x () YT+8x~1+2x
4. Using binomial series, find the value of the following up to three
places of decimals:
(i) V24 i V28 (iii) 3241
. 1 1
(iv) (1280)4 (v) 5\/%
5. Identify the following series as binomial expansion and find the sum
in each case.
35, 357 .. 11 1 1 1
(1)1+ +4—8+4—812+” (11)1+§'§—5'Z'?+“'

(i) 1—%(4)+%+(21)2—%@3+
(iv)1—§()+§(%) 532() e

2
v)1-3 3+%(§) _%@) +

6. Use binomial theorem to show that:
. 1 1-3 1:3-5 .. 1:3:5
(1) 1+Z+f+m...—\/_ (11) 1+ +—+m+"‘—
1 1 1 1 1 1 3 1

then show that 16y(y + 2) =1.

1 2 13/2\% 135/2\3
8. If-==4+=—(2) +=2(2) +..,
x 5 21 \5 31 \5



then show that 4x? —2x—1 = 0.

y 1[4 13 [(4\?> 135 (43
9. Iz==(-)+ 2) + 2) 5
2 2\9/) ' 2221 \9 2331 \9

then show that 5y% + 20y — 16 = 0.

Review Exercise 7 )]

1. Select correct answer.
i. The general term of the binomial expansion (a + x)" is where n € N
@ () amx ) (a7 (F)axm (@) (1) @or
ii. The number of terms in the expansion of (a + b)?" are:
(@n (b) 2n+ 1 (c) 2™ (d) 2n-t
iii. In the expansion (a + x)", the exponent of ‘x”:
(a) decreases from nto 0 (b) increases from 0 to n
(c) remains n every where (d) becomes 0 at the end
iv. Middle term in the expansion of (a + b)?" is:
(a) nth term (b)(n + 1)th term
(c) (2n + 1)th term (d) (2n — 1)th term
V. The term independent of x in the expansion of (a + 2x)" is:
(a) First term (b) Middle term
(c) Last term (d) 2nd last term
vi. The coefficient of the last term in the expansion of (2 — x)” is/are:
(@1 (b) —1 (c) 7 (d) =7

7
vii. In the expansion (a + %) , the number of middle terms is/are:

(a) one (b) two (c) three (d) four
viii. Sum of odd binomial coefficients in the expansion of (a + x)™ is:

(a) 2™ (b) 21 (c) 2nt1 (dn+1
. n+1 n+1 n+1 n+ 1. .
ix. ( 0 )+( 1 )+( 2 )+---+(n+1)1sequalto.

(a) 2™ (b) 2n+1 (c) 2" (d)Cannot be determined

1
X. The number of terms in the expansion of (1 + x)3 is _
4

(@ 3 (b) 4 (c) o (d) 2
xi. 1—x+x%—x3+-is equal to:

(@ (T+x)7* (b) 1 —x)7* (©) 1+x)72 (d) (1 —x)72

xii. The expansion of (1 — 2x)~2 is valid if:

(@ Ixl <0 () Ix] <3 (© Il <2 (@ Ixl <1



xiii.

xiv.

The middle term in the expansion of (a + b)" is (g + 1) th term; then nis:

(a) Odd (b) Even

(c) Prime (d) None of these
8
In (a + %) , the sum of the binomial coefficients is:

(a) 64 (b)128 (c)256 (d) 512

Prove by principle of mathematical induction ¥n € N that 8 X 10™ — 2 is
divisible by 6.

Prove by mathematical induction

12432+ 52 4+ 2n— 1)2 = 3n(2n - D(2n + 1)

1 .
m is 96, find m.
Given that the terms involving m* and higher powers may be

1

(a+bm)® (1+3m)*

Given that the coefficient of y? in the expansion

=cm? + dm3, find the values of

neglected and that
a,b,c and d.



Functions
& Graphs

e Weightage = 9% e Periods = 24

8.1 Function
8.1.1 Recall

o function as a rule or correspondence
¢ domain, co-domain and range of a function
e one to one and onto functions

a. Function as a rule or correspondence

A function f from a set X to a set Y is a rule or correspondence that
assigns each element of X to, one and only one element of Y. The elements of
X are called pre-images of the function and the corresponding elements of Y
are called the images of the function.

Symbolically, we write it as, a function f:X = Y, where y = f(x), Vx € X
and y €Y.

The variable x is called the independent variable and y is called the
dependent variable.

Example 1. Let X = {a,b,c} and Y = {4,5,6}. State whether or not the relations
indicated by the following figures are functions from X to Y.

f g h
X Y X~ Y XY
s
| — >
| S\
Fig. 8.1 Fig. 8.2 Fig. 8.3

Solution:
fis a function, because each element of X has a unique image in Y. (Fig. 8.1)

g is not a function, because the element c of X has two images in Y. (Fig. 8.2)
h is not a function, because the element b of X has no image in Y. (Fig. 8.3)



Example 2. If function f: R—R is defined by f(x) = 3x + 5, then find
M r@ @) Fe3) G £(3)

i f2) =32)+5 =11

(i) f(=3)=3(-3)+5=—4

(i

i) £(2)=3(3)+5=7

b. Domain, co-domain and range of a function

Solution:

Let f : X—> Y be a function from a set X to a set Y, then X is called the
domain and Y is called co-domain of the function f.Whereas the range is the
set of all images of the function.

Example 1. jfx = {1,2,3,4}and Y ={1,2,3,4,5,6,7,8,9,10}, the function fis defined by
f(x) =2x+1, Vx €X, then find range of f.

Solution: ‘1(
Here f(x) =2x+1 2

for x=1,weget f(1) =3 ‘SP

for x=2,weget f(2)=5 6

for x=3,weget f3)=7 8

for x=4,weget f(4)=9, 10

N N (Fig. 8.4)

Thus, Range of f = {3,579} as shown in Fig. 8.4.

Example 2. If function f:X = Y is a function as shown f

in Fig. 8.5, where X ={a, b} and Y = {1,2}, then X~ W
write domain of fand show that Co-domain of f=Range of f.
Solution: Here, from Fig. 8.5, we have .
Domain of f={a,b}
Co-domain of f= {1,2} and Range of f= {1,2} Fio 8.5
Hence, Co-domain of f=Range of f. (Fig. 8.5)
(x—2)(x—4)
(x—1)(x-3)
Solution: We have to find those values of x for which f(x) is undefined, so
that these values may be excluded from R.
The function is undefined when the denominator is zero.
Let(x—1)(x—-3)=0 = x=1lor x=3
So, f(x) is undefined for x =1 or x = 3

1-2)(1—-4 —-1)(-3 6
ie., f(1) = El — 1;& — 3; = ((0))((_2)) =3 (Undefined),

Example 3. Find the domain of f(x) =




B-2)B-4 O(1) -1
f(3) = G-DG=-3) @O o (Undefined)
Thus, the domain of f = {x|x € Randx # 1or3} or Df =R-{1,3}
Example 4. If f(x) = x? then find range of f.
Solution: Let y = x?

x2>0 Vx€eR

Range = {yly e RAy = 0}

=R* U {0}.
Example 5. Find domain of the function f(x) =vVx +9
Solution: For real values, we take radicand as greater than or equal to zero
i.e., x+9=>0
= x=-9

Hence the domain of f(x) = {x|x e Rand x = -9} =[-9, )
Example 6. Find the domain and range of the function f(x) = Vx? — 4
Solution: For real values, we take radicand as greater than or equal to zero

ie., x>—42>0
= x2 >4
or x=2o0rx< -2

Hence domain of the function f(x) = {x|x e Rand x = 2 orx < -2}
Let y=f(x)=vVx2—-4

Here f(-2)=f(2)=0

and f(x)>0Vx<-—-2orx>2

Hence Range = {ylye€ R A y >0} =R" U {0}

. . . 1
Example 7. Find the domain of the function f(x) = N
Solution:
We have to find those values of x for which f(x) is undefined or non-real so
that these values may be excluded from R.
The function is undefined or non-real when x — 1 is less than or equal to O.
ie., x—1<0
= x<1
So, the domainof f=R—{x|]xeR A x<1}
or domain of f = {x|[x e Randx > 1}

c. One to one and onto Functions

(i) One - to - one function (Injective function)

A function f:X — Y is one-to-one (injective) if distinct elements of set X
have distinct images in set Y.
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The graph of y = x3 is a curve shown in Fig. 8.18.

TS L R Bl

(Fig. 8.18)

(ii) For n = 4, we have y = x*,Vx € R. Some corresponding values of x and y
are given in the following table.

X -2 -1.5 -1 0 1 1.5 2
y=x*| 16 | 5.06 1 0 1 5.06 | 16
= x* is shown in fig. 8.19.

The graph of y

A

(=2,16) 16 (2.16)

(=1.5,-5.06) (1.5,5.06)

(Fig. 8.19)
(b) nis a —ve integer (x = 0),
We sketch the graph of y = x™, where n is a negative integer, by taking
—1,-2,—-3 and —4 as values of n.
(i) Whenn:—l,thenyzx*:%,xio

Some values of x and their corresponding values of y are mentioned in the
table.




X -3 -2 -0.5 0.5 2 3 4
1 —-0.25| —-0.33 | =05 -1 -2 2 1 0.5 | 0.33 | 0.25
X
The graph y =% is a curve as shown in il
|
(205)
05 (3033) w02
R T
05
i
135
v
(ii) Whenn = —2 , then y = x~% = xlz X #0 (Fig. 8.20)
Following table shows some corresponding values of x and y of the function
1
=2
x | -25| -2 |-15|-1|-05|05|1]| 1.5 2 2.5
1 10.16|025| 044 | 1 4 4 |1]0.44|0.25]|0.16
x2
The graph y = xlz is a curve as shown in Fig.8.21

(2250, 1_(1)(72._,/0..2;]/"(4‘5,0.44)

X'
Eone | GRS | I I R A




(iii) When n=—3, then y = x~3 = —

Following table shows some corresponding values of x and y of the function

_x_3’

x#0

_ 1
y=3
X -2 -15 -1 | =05 05 1.5 2
1 -0.12 | —-0.29 -1 -8 8 0.29 | 0.12
Y 3
The graph y = x% is a curve as shown in Fig.8.22.
y
s o (0.5 8)
2
6
4
3
22
: (1.1
Hi (hG02y 5)
e '_U'(I_)r,_;"r),zmo 1 PR E AT
EipEh) 2t
25
-3
=4
&S
o
:
(-0.5.-8)8 L8
¥

(Fig. 8.22)

(iii) When n= -4, then =x"* = xi‘* , x#0

Following table shows some corresponding values of x and y of the function

1
y=g
X +0.7 | £0.8 | £0.9 +1 +1.5 12 +2.5
y_i 4.16 | 2.44 1.52 1 0.19 0.06 0.02
=

The graph y = % is a curve as shown in Fig.8.23.




(_0.7.4.16) A, (0.7.4.16)

(=0.8.2.4)

(-0.9.1.5) 13

~2,0.06
( 2.5.0.02)( (1:5;0:19)
X - X
s s TSI g 1S 0.5 1 145 2 215 3 B

Fig. 8.23

Notes: (i) When the value of n is negative odd then the graphs of
y = x™ are symmetric about origin. In this case, all the graphs

1
have the same general pattern as of 3

(ii) When the value of n is negative even then the graphs of
y = x™ are symmetric about y axis. In this case, all the graphs

1
have the same general pattern as of — .
x

(iii) When the value of n is positive odd then the graphs of
y = x™ are symmetric about origin. In this case, all the graphs
have the same general pattern as y = x3

(iv) When the value of n is positive even then the graphs of
y = x™ are symmetric about y-axis. In this case, all the graphs
have the same general pattern as y = x?

(c) nis a rational number for x > 0

For n is a rational number, we sketch the graph of the function

11
y=f(x)=x",x>0by takingz,g

(16.4)

1
and Z as values of n.

1
(1) When n =% then y = x2=+x, x=>0.
Following table shows some
corresponding values of x and y of the O 3 S O 530 g i
function y =+x (Fig. 8.24)




X 0

y=vx | O

The graph of the function is a curve in xy —plane as shown in Fig. 8.24.

1
(2) When n =% theny = x3 = {x.
Following table shows some corresponding values of x and y of the function

y =x
X
y=3x
A
3
(8.2)
2

(1,1

(27.3)

»X
0 2 oS IO I I O SIS O HADH DA+ D OHHIS

Fig. 8.25

The graph of the function is a curve in xy —plane as shown in Fig. 8.25.

1
(3) Whenn = % then y = X% = Vx.
Following table shows some corresponding values of x and y of the function

y =Vx
x 0 4 8 12 16
y=%Yx| O 1.41] 1.68 | 1.86 2
}I\ 16,2
’ (8.1.68) (12,1.86) (16,2)
The graph of the function is a
curve in xy-plane as shown in (@141
the Fig. 8.26.
» X
0 2 6 14 16

(Fig. 8.26)




8.3.3 Sketch graph of quadratic function of the form
y = ax* + bx + ¢,(a # 0),a, b, c are integers

A nonlinear function that can be written in the form y = ax? + bx + c,
where a # 0 and a, b, c are integers, is called a quadratic function. Graph of
every quadratic function is a parabola and the parent quadratic function is
y = x2.

Example 1. Sketch the graph of the function y= f(x)= x?+4x+5.
Solution: y = x2+4x+5

=x?+4x+4+1

=(x+2)?%+1
Following table shows some corresponding values of x and y of the given
function

X -6 -4 | -3 -2 -1 0 1 2 3

y 17 S 2 1 2 5 10 17 | 26
The graph of the given quadratic function ;\7 = A
is a parabola. Its vertex is at a point (—2,1) = +
and it opens upward as shown in Fig. 8.27. =

A0

(Fig. 8.27)

Example 2. Sketch the graph of the function f(x) = x2—2x+1.

Solution: y =x?-2x+1= y=(x—1)>?

Some corresponding values x and y of the function y = x? — 2x + 1 are given in
the following table.

x | -3 -2 -1 0
y 16 | 9 4 1 0 1 4

[am—y
w
N
ul

O
—
(o)}




The graph of the given function is a
parabola. Its vertex is at point (1,0) and it
opens upward as shown in Fig. 8.28.

(Fig. 8.28)

Example 3. Sketch the graph of function y = f(x) = —x2.
Solution: Some corresponding values of x and y of the function y = —x? are
given in the following table.

x -3 -2 -1 0 1 2 3
y -9 —4 -1 0 -1 —4 -9

The graph of the given function is a
parabola. Its vertex is at point (0,0)
and it opens downward as shown in
Fig. 8.29.

(2,-4)

(3,-9)

(Fig. 8.29)




Notes: (i) When the coefficient of x? is positive in quadratic function
y=ax?+bx+c (a#0)ie., a >0, the graph of the function
opens upward.

(ii) When the coefficient of x? is negative in quadratic function
y =ax?+bx +c,(a # 0) i.e.,a < 0, the graph of the function opens
downward.

8.3.4 Sketch graph using factors

We draw the graph of quadratic function in the form of factors
y = f(x) = a(x —p)(x — q) by using the following steps:

1. Identify the points (p,0) and (g, 0) where the graph of the function cuts
X- axis.

2. Take x = 0 in the function to identify the point (0,y) where the graph
cuts y — axis.

3. The sign of the constant ‘a’indicates the shape of the graph opens upward

or downward.
4. To draw the graph, we get some additional points of the graph.

S. Graph of each quadratic functions is a parabola. So, we draw parabola
through the points.
6. Locate the correct point where the graph is turning.

The method of sketching the graph of a quadratic function using factors
is illustrated through the following examples.
Example 1. Sketch the graph of the function y = f(x) = —2x?% + 6x.
Solution: y=-2x +6x = y=-2x(x—3)
In order to draw the graph, we proceed as follows
i. To identify the points where the graph of function cuts x- axis.
we compare with y = f(x) = a(x — p)(x — q)
and geta=-2; p=0; q=3.
or we put y = 0 in the given equation, we get
x=0and x =3
so the points are (0,0) and (3,0) where the graph cuts the x- axis
ii. To identify the points where the graph cuts y — axis.
We put x =0 in y = —2x? + 6x, and get
y = 0. So the point is (0,0) and the graph cuts y-axis at (0,0).
iii. We check the sign of the constant ‘a’which is negative in this case, therefore
the graph opens downward.
iv. For plotting the graph, some additional points will be obtained from the
function y = —2x? + 6x as shown in the table.
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Review Exercise 8 )]

Select correct answer.
If f: A - B be a function, then it is an onto function if:

(a) Range =B (b) Range c B
(c) Image is not repeated (d) Domain # A
The graph of y = x® is symmetric to .
(@) x — axis (b) y — axis (c) origin (d) none
An one to one function is also called ____function:
(a) Injective (b) Surjective (c) Bijective (d) Inverse
Inverse of a function exists only if it is:
(a) Injective (b) Bijective (c) Surjective  (d) all of these
The function f = {(x,y) | y = mx + ¢}, m and c are real numbers is:
(@) Linear (b) Quadratic (c) A circle (d) A point
The function f = {(x,y) | y = ax? + bx + c,a # 0} is:
(@) Linear (b) Quadratic (c) A circle (d) A point
The range of f(x) =x? +3 Vx € Ris .
(a) R (b) R™ (c) (3,) (d) [3, 0]
Graph of y = x™ is symmetric to ____if nis an odd integer.
(a) x — axis (b) y — axis (c) origin (d) none
The graph of linear function is:
(a) Circle (b) Straight line
(c) Parabola (d) Triangle
If fis function from A to B. Domain of fis equal to:
(a) Any subset of A (b) AX B (c) A (d) B
Every function is a:
(a) Relation (b) Inverse function
(c) One to one (d) None of these
If fand g are equal where f(x) = 7x — 4 and g(x) = x then x =:

1 2 4
@3 (b) ©1 @3

. . 3x+1 .

Domain of the function f(x) = =1 1S set of all:
(a) real numbers (b) rational numbers
(c) complex numbers (d) real numbers except 1
A function f(x) = |x| — x? is:
(a) odd (b) Linear

(c) Even (d) Neither even nor odd



Find domain of the following functions.

0 fe)=22 () fG)=vi¥3

x+4
Graphically, find the point of intersection of the function f(x) = x and

g(x) = x? —x.

Find the equation, in the form y = ax? + bx + ¢ of the parabola which
cuts x-axis at (1,0) and (5,0) and cuts y-axis at (0,15).

The function fis defined by f(x) = ax? + bx + c. Given that

f(0) =5 f(—1)=15and f(1) =1, find the values of a, b and c.

The function fis defined by f(x) = x* —3x + 5. Find the values of x for
which f(x) = f(3).




Linear
Programming (LP) _Unit |
e Weightage = 5% e Periods = 12

9.1 Introduction

Linear programming was developed as a discipline in 1940s motivated
initially by the need to solve complex planning problems in war times
operations. Its development accelerated rapidly in the postwar period as many
industries found valuable uses for linear programming. During World War-II,
linear programming was used extensively to deal with transportation,
scheduling, and allocation of resources subject to certain restrictions such as
costs and operations.

9.1.1 Define linear programming (LP) as planning of allocation
of limited resources to obtain an optimal result

Linear Programming (LP) is a mathematical technique for
allocating limited resources in optimum manner.

If we have limited resources at our disposal then we intend to seek
optimal utilization of those resources. The resources may be time, money,
space etc. For example, we have 50 square feet of office space to use for
storage and we have a budget of Rs 20,000 and there are variety of cabinet
types and sizes from which to choose. So how best the available space, we
should utilize and stay within the allocated budget. In another example a
company manufactures three products using the basic raw material, some
are more expensive to produce than others and few of them are perishable,
and need to be used quickly. How much of each product should the company
manufacture to minimize the cost and which combination produces the least
waste.

In above examples the situations are complex, as so many variables
and constraints are involved for consideration. In order to handle such type
of problems, we take the help of linear programming. Linear Programming is
a mathematical technique that determines the best way to use available
resources. Managers use the process to help make decisions about the most
efficient use of limited resources.




9.2 Linear Inequalities

In mathematics, a linear inequality involves a linear expression in two
or more variables by using any of the relational symbols such as <,>,< or >.

9.2.1 Find algebraic solutions of linear inequalities in one
variable and represent them on number line

Inequalities of the form ax < b,ax < b,ax > b or ax = b, where aandb
are constants, known as linear inequalities in one variable.
x<-=5,5x<10, —2x — 6 > 10 and —2(x + 2) = 4 — x are few examples of linear
inequalities in one variable. Solutions of a linear inequality in one variable are
the values of the variable which satisfy the linear inequality.

The graphic solution of a linear inequality in one variable is represented
by a number line. We use the left parenthesis symbol “(“ and right parenthesis
symbol “)” for “>” and “<” respectively. We also use the left square bracket
symbol “[“ and right square bracket symbol “|” for “>” and “<” respectively for
graphic solutions of linear inequalities as shown below.

The graph for x > =3, Vx € Ris:

B e —
4 -3 2 -l 0
The graph for x > 2, Vx € Ris:

—>
4

X }

-4 -3 -2 -1 0 | 2
The graph for x <11, Vx € R is:

e ° ° °
-2 0 2 4
The graph for x < 11, Vx € Riis:

e ° o o ° ° —}
-2 0 2 4 6 8 10 12 14
Example 1. Solve the inequality x —3 < 0 and represent the solution on
number line, where x € R.
Solution: We have x—3<0
Adding 3 to both sides x—3+3<0+3=>x<3
Thus, the solution of the inequality is the set of all real values of x that are
less than 3, i.e., solution set = {x|[x e RA x < 3}
The solution of the inequality is represented by number line as under:
e e e o

6 -5—4 —

[ ]
[ ]
[ ]

[ |

(o)
o0
—
S
—
[\
—
'

v

~







Example 2. Solve the inequality: 2(x + 2) < x —5, Vx € R and represent the
solution on number line.
Solution: We have 2(x+2)<x—5
= 2x+4<x-5= x<-9
The solution set = {x|[x e RA x < -9}
Representation of solution on number line:

e B T

-11-10 -9-8-7-6 54 -3-2-1 01 2 3
Example 3. Solve the inequality 2(x — 3) = 3x — 4, V x € R and represent the
solution on number line.
Solution: We have 2(x—3)=3x—4
= 2x—6=23x—4 = —x=22= x<-2
Thus, solution set = {x|x e RA x < -2}
Representation of solution on number line:

1

e R
-S54 -3 2-1 0 1 2 3 4 5 6

Note that the graph has an arrow indicating that the line continues without

end to the left i.e.,—oo.

The solution can be expressed in Interval notation as (—o,—2], i.e., all real

values of x less than or equal to —2.

Note:Interval notations: [a,) = {x |x € RAx = a}.Also (a,») = {x |x € RAx > a}
(—w,al={x|x€RAx <a}. Also (—x,a) ={x |x e RAx < a}

Example 4. Solve the inequality 19 <3x+7 <28 , Vx € R and represent
solution on number line.
Solution: We have 19 <3x+7 <28 ,Vx €R.
= 19<3x+7and 3x+7 <28
= 12 < 3x = 3x <21
= 4<x = x <7
Thus, solution set = {x|[x e RA 4<x <7}
Representation on number line:

i Y S N
-4 -3-2-1 0 1 23 4 5 6 7 8

9.2.2 Interpret graphically the linear inequalities in two
variables.

The general form of inequalities: ax + by <c¢, ax+by >c, ax+by <c
and ax + by = ¢ are known as linear inequalities in two variables, where
a # 0, b # 0 and care constants, xand y are variables. The solution of a linear




inequality in two variables like ax + by > ¢ is an ordered pair (x, y) that
produces a true statement when the values of x and y are substituted into the
inequality. The graph of linear inequalities in two variables is a set of all
solutions that constitutes a region representing half portion of the plane.
Graphical solution of linear inequalities in two variables
Consider the linear inequality

ax + by <c, a#0, b¥0and c#0 e (1)
Following are the steps to graph the solution region of above inequality.
Step 1. Consider the inequality as an equation

ax + by = c, .o (2)

Step 2. Find x-intercept, and y-intercept
For x-intercept, we put y = 0in (2)

c
We get ax+b(0)=c = ax=c=x =§ so, x-intercept is — and (g,o) is the
a

point where line cuts x-axis.
Similarly, for y-intercept, put x =0 in (2)
We get a(0)+by=c=by=c=>y= % so, y-intercept is % and (0,%) is the
point where line cuts y-axis.
Step 3. Plot the points in a graph and draw the straight line.
Step 4. Substitute (0, 0) in the inequality (1),
(a) if inequality is true then origin is a part of solution and shade the
region involving origin.
(b) if inequality is false then origin is not a part of solution and shade
the region which does not involve origin.
Example 1. Graph the solution of the inequality: 3y + 2x < 6.

Solution: We have 3y +2x <6 ...(1)
(i) Consider the inequality as an equation x
i.e., 3y+2x=6 ...(2) 3
(ii) For y-intercept, we put x = 0 in (2), (0,2)
and get3y+2(0)=6=y =2
So, intersection point of line and y-axis is 1
(0, 2) ’ o|3v+2x<6 (3,0)
For x-intercept, we put y = 0 in (2), and get x<_2 £ e, e 3\§x
300)+2x=6=>x=3 v e}
So, intersection point of line and x-axis is Region
(3,0) i
(iii) We plot the above intersection points y
(0, 2) and (3, 0) in the graph. (Fig. 9.1)

(iv) Weput x =0and y =01in (1) , we get
3000+ 2(0) <6 = 0<6,




which is true. So, origin is a part of solution of inequality (1).
Now shade the region in the graph as shown in Fig. 9.1 which represents the
solution set.
Example 2. Graph, the solution of the inequality 3x+ 5y =30
Solution: We have 3x+5y =30 ...(1)
(i) Consider the inequality as an equation

i.e., 3x + 5y =30 ...(2)
(ii) For y-intercept, we put x = 0 in (2),

A e
and get 3(0)+5y =30 = y=6 8 ??};g(ijor?
Intersection point of line and y-axis is (0,6) (0,6)

For x-intercept, we put y = 0 in (2),

and get 3x + 5(0) =30 = x =10
Intersection point of line and x-axis is (10,0)
(iii) We plot the above points (0, 6) and << B Y YR S 13\12:y

4 Sy+3x > 30

2

(10, 0) in the graph. | o
(iv) We put x = 0 and y = 0 in (1), and get -
3(0)+2(0) =230 = 0=30 which is not true. ‘y’,
So, origin is not a part of solution of inequality (Fig. 9.2)
(1).

Now shade the region as shown in the Fig. 9.2 which represents the solution set.

9.2.3 Determine graphically the region bounded by up to 3
simultaneous linear inequalities of mnon-negative
variables and shade the region bounded by them

Two or more linear inequalities form a system of linear inequalities. The
solution of the system of linear inequalities in two variables x and y can be
obtained by graphing each inequality and then taking intersection of their
regions. The common region is the solution region of the system of linear
inequalities. In case of ‘<’, solution region is below the line and in case of ‘ >,
solution region is above the line.

Example 1. Solve graphically

5x+y =10 ...(i)

x+y=6 ... (i)

x+4y =12 ...(iii)

x,y=0
Solution: Let the corresponding equations of above inequalities are

5 +y =10 ...(iv)

xX+y==6 . (v)

x+4y =12 ...(vi)

x,y=0




Inequality (i)

For y-intercept, we put x = 0 in (iv), (O,lo)ylk
and get 5(0)+y=10=y =10 =
Intersection point of line and y-axis is g |3
W
(0,10) 06) 64.\°
For x-intercept, we put y = 0 in (iv), -
and get5x+(0) =10 = x =2 4 0.3) }\*G
Intersection point of line and x-axis is 2 Ly,
(2 O) x'< (2.0 P X
. - - 02 -4 6-8 10 12 [
For origin, we put x = 0and y = 0 in (i) (6.0) (12,0)
we get ,0 = 10 which is not true ‘y’,
So, origin is not a part of solution of (Fig. 9.3)

inequality (i)
Inequality (ii)
For y-intercept, we put x =0in (v),and get 0+y=6=y =6
Intersection point of line and y-axis is (0,6)
For x-intercept, we put y =01in (v),and get x+0=6=x=6
Intersection point of line and x-axis is (6, 0)
For origin, we putx =0 and y =0 in (iij) we get 0>6
which is not true. So, origin is a not a part of solution of inequality (ii)
Inequality (iii)
For y-intercept, we put x =0 in (vi), and get 0+ 4y =12 =y =3
Intersection point of line and y-axis is (0,3)
For x-intercept, we put y = 0 in (vi), and get x +4(0) =12 = x =3
Intersection point of line and x-axis is (12, 0)
For origin, we put x = 0and y = 0 in (iii) we get 0=12
which is not true. So, origin is a not a part of solution of inequality (iii),
We draw the lines by plotting the above intersection points on the graph.
The region bounded by the intersection of three inequalities is shaded
(Fig. 9.3) which is the required solution satisfied by all the inequalities.

Note: Since all the inequalities are of type “>” and coefficients of y are positive.
Therefore, the solution region is above all the lines.

Example 2. Solve the following system graphically

5x + 10y < 50 (1)
8x + 2y > 16 .2
3x -2y <6 ..(3)

x,y=0
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Constraint 1: x<6
Consider the constraint as an equation i.e., x = 6, Draw the line for x = 6.
The line is parallel to y-axis through (6,0).

Constraint 2: 2x+ 3y <19

Consider the constraint as an equation

2x+3y =19

When x =0, weget y=6.33.and

wheny =0, weget x=09.5.

The intersection points are (0, 6.33) and (9.5, 0). We draw line through these
points.

Constraint 3: x+y<8

Consider the constraint as an equation x+y =38

When x=0, weget y=8.

and for y=0, weget x=38.

The points of intersection are

(0, 8) and (8, 0).

We draw line through these points.

Step 3. Identify the feasible region

The intersection of three linear inequalities is the required feasible region
OABCD which is the shaded area in the graph as shown in Fig. 9.9.

Step 4. Locate the solution points

The solution points or corner points of region OABCD are O(0,0), A (6,0),
B (6,2), C(5,3) and D (0,6.33) in the graph.

Step 5. Evaluate the objective function

Solution points or Objective function
Corner points flx,y)=5x+7y
O (0, 0) f(,0)0 =50)+7(0) =0+0 =0
A (6, 0) f(6,00 =56)+7(0) =30+0 =30
B (6, 2) f(6,2) =56)+72) =30+14=44
C (5, 3) f(5,3) =50GB)+73@) =25+21=46
D (0, 6.33) £(0,6.33) =5(0) + 7(6.33) = 0 + 44.31 = 44.31

Step 6. Select the Optimal Solution

From the above table, as the maximum value of the objective function
is 46 at the point (5, 3). Therefore, the optimal solution to the given LP problem
is: fmaximum = 46 ; x=5, y=3
Step 7. Verify the optimal solution

For the optimal solution (5, 3),




1st constraint x < 6 becomes, 5 < 6 which is true.

2nd constraint 2x + 3y < 19 becomes, 19 < 19 which is true.

3rd constraint x + y < 8 becomes, 8 < 8 which is true.

« All the constraints are satisfied by the optimal solution.

-~ it is verified.

Example 2. Find the optimal solution of the following LP problem:
Maximize z = 6x—8y

Subject to  30x+ 20y <300; 5x+ 10y <110; and x,y=0

Solution:
Step 1. Mathematical formulation of LP problem

The mathematical formulation is already given as

Maximize z =6x —8y

Subject to  30x + 20y <300; 5x+ 10y <110; and x,y=>0

Step 2. Construct the graph

For the graph, first we find intersection points of the constraints with axes.
Constraint 1. 30x+ 20y < 300

We consider it as an equation 30x + 20y = 300

When y = 0, we get x = 10 y
The intersection point of line with 1\ 0,15)
x-axis is (10, 0) H
When x = 0, we get y = 15 2]
The intersection point of line with 10
y-axis is (0, 15) 8
We draw line through these points. 6
Constraint 2. 5x + 10y <110
We consider it as an equation

5x + 10y =110 i (22,0)
When y = 0, we get x = 22 S R TS B N R R R D
The intersection point of line with (Fig. 9.10)

x-axis is (22, 0)

When x =0, we get y =11

The intersection point of line with y-axis is (0, 11)

We draw line through these points.

Step 3. Identify the feasible region

The intersection of two linear inequalities is the required feasible region
OABC which is the shaded area in the graph as shown in Fig. 9.10.

Step 4. Locate the solution points

The solution points or corner points of the region OABC are O (0,0), A (10,0),
B (4,9) and C (0,11) in the graph.




Step 5. Evaluate the objective function

Solution points or Objective function
Corner points f(x,y) =6x—8y
O (0, 0) (0,00 =6(0)—8(0) =0—-0 =0
A (10, 0) f(10,0) =6(10) —8(0) =60—0 = 60
B (4, 9) f(4,9) =6(4)—8(9) =24—72 =—48
C (0, 11) f(0,11) =6(0) —8(11)=0—-88 = —-88

Step 6. Select the Optimal Solution
From the above table, as the maximum value of the objective function
is 60 at the point (10, 0). Therefore the optimal solution to the given LP
problem is: fmaximum = 60; x=10, y=0
Step 7. Verify the optimal solution
For the optimal solution (10, 0),
1st constraint 30x + 20y < 300 becomes, 300 < 300 which is true.
2nd constraint 5x + 10y < 110 becomes, 50 < 110 which is true.
« All the constraints are satisfied by the optimal solution.
~ it is verified.
Example 3. Find the optimal solution of the following LP problem:
Minimize z = 3x + 4y
Subject to the constraints
2x+3y=26; x+y<8 and x=20,y =0
Solution:
Step 1. Mathematical formulation of LP problem
The mathematical formulation is as already given
Minimize Z =3x+4y
Subjectto 2x+3y=6; x+y<8 and x>0,y =0
Step 2. Construct the graph
For the graph, first we find intersection points of the constraints with axes.
Constraint 1. 2x+3y>6

We consider it as an equation 2x +3y =6 Neos

When y =0, we get x =3 7

The intersection point of line with xaxis is (3, 0) ¢

When x =0, we get y =2 o

The intersection point of line with y-axis is (0, 2) *

We draw line through these points. - o

Constraint 2. x +y < 8 BD(OQ*

We consider it as an equation x+y =8 : Do AG e
When y =0, we get x =8 i

The intersection point of line with x-axis is (8, 0) (Fig. 9.11)




When x = 0, we get y =8

The intersection point of line with y-axis is (0, 8)

We draw line through these points.

Step 3. Identify the feasible region

The intersection of two linear inequalities is the required feasible region
ABCD which is the shaded area in the graph as shown in Fig. 9.11.

Step 4. Locate the solution points

The solution points or corner points of the region ABCD are, A (3,0), B (8,0),
C (0,8) and D (0,2) in the graph.

Step 5. Evaluate the objective function

Solution points or Objective function
Corner points Z=f(xy) =3x+4y
A (3,0 (3,00 =3(3)+4(0)=9+4+0 =9
B (8, 0) f(8,0) =3(8)+4(0)=244+0 =24
C (0, 8§) f(0,8) =3(0)+4(8)=0+32 =32
D (0, 2) f(0,2) =3(0)+4(2)=0+8 =8

Step 6. Select the Optimal Solution

From the above table, as the minimum value of the objective function
is 8 at the point (0, 2). Therefore the optimal solution to the given LP problem
is: fminimum = 8; x=0, y=2

Step 7. Verify the optimal solution

For the optimal solution (0, 2),

1st constraint 2x + 3y = 6 becomes, 6 = 6 which is true.

2nd constraint x + y < 8 becomes, 2 < 8 which is true.

» All the constraints are satisfied with the optimal solution.

~ it is verified.

9.4.3 Solve real life simple LP problems

Following are some examples of real-life simple LP problems which are solved
through graphical method.

Example 1. A company has two flour mills, A and B, which have different
capacities for high, medium and low-grade flour. This company has to supply
flour to a firm every week 12, 8 and 24 quintals. (1 quintal = 100 kg) of high,
medium and low grade respectively. It costs the company Rs.1000 and Rs.
800 per day to run mill A and mill B respectively.

On a day, mill A produces 6, 2 and 4 quintals and mill B produces 2,
2 and 12 quintals of high, medium and low-grade flour respectively.
How many days per week each mill is operated in order to supply the
flour to the firm most economically?




Solution:
Step 1. Mathematical formulation of LP problem
The problem can be formulated in the following tabular form:

Flour Production Mill :apamtir/ﬁn B Requirement
High grade 6 2 12
Medium grade 2 2 8
Low grade 4 12 24
Cost (Rs)/day 1000 800

Let x be the number of days per week mill A operates.

Let y be the number of days per week mill B operates.

The objective is to minimize the total cost of operation and to find the values
of xand y.

Now, we can write mathematically LP problem as follows:

Minimize f =1000x 4800y

Subjectto 6x+ 2y>=12; 2x+ 2y = 8; 4x + 12y = 24; x,y=0
Step 2. Construct the graph

For the graph, first we find intersection points of
the constraints with axes.

Constraint 1. 6x + 2y > 12

We consider it as an equation 6x+ 2y =12
when x=0,weget y=6 and

when y=0,weget x=2

The intersection points of line with axes are (O, 6) S

and (2, 0). < (2,0) B
We draw line through these points. y+ I 2 3 N5 6
Constraint 2. 2x+ 2y >18 (Fig. 9.12)
We consider it as an equation 2x + 2y =8

when x=0,we gety=4 and i
when y =0, we get x =4 645 0.6)
The intersection points of line with axes are £ ’
(0, 4) and (4, 0).
We draw line through these points. 4
Constraint 3. 4x + 12y > 24 3 oC (1,3)
We consider it as an equation 4x + 12y = 24 5
when x =0, we get y = 2 and B (3.1)
when y =0, we get x =6 ! T
. . . . . A (6,0)
The intersection points of line with axes are X' >
Wil e s G

(0, 2) and (6, 0).
We draw line through these points. (Fig. 9.13)



Step 3. Identify the feasible region

The intersection of three linear inequalities is the required feasible region
ABCD which is the shaded area in the graph as shown in Fig. 9.12 and
Fig. 9.13.

Step 4. Locate the solution points

The solution points or corner points ABCD are A (6, 0), B (3,1), C (1,3) and D
(0, 6) in the graph.

Step 5. Evaluate the objective function

Solution points or Objective function
Corner points f(x,y) = 1000x + 800y

A (6, 0) £(6,0) =1000(6) +800(0) = 6000 +0 = 6000
B (3, 1) £(3,1) =1000(3) +800(1) = 3000 + 800 = 3800
C(1,3) £(1,3) =1000(1) + 800(3) = 1000 + 2400 = 3400

D (0, 6) £(0,6) =1000(0) +800(6) =0 +4800 = 4800

Step 6. Select the Optimal Solution

We note that the minimum cost at point C = (1, 3) is Rs. 3400. The
company operates mill A for one day per week and mill B for three days per
week to supply flour to a firm most economically by paying Rs. 3400.
Therefore, the optimal solution to the given LP problem is
fminimum = 3400 Rupees; x=1, y=3
Step 7. Verify the optimal solution
For the optimal solution (1, 3),
1st constraint 6x + 2y = 12 becomes, 12 = 12 which is true.
2nd constraint 2x + 2y > 8 becomes, 8 = 8 which is true.
3rd constraint 4x + 12y = 24 becomes, 40 > 24 which is true.
+ All the constraints are satisfied by the optimal solution.
-~ it is verified.
Example 2. A workshop has three types of machines A, B and C; it can
manufacture two products 1 and 2, and all products have to go to each
machine and each one goes in the same order; First to the machine A, then
to B and then to C. The following table shows:
¢ The hours needed at each machine, per product unit
¢ The total available hours for each machine, per week
¢ The cost of each product per unit sold

Find maximum profit under given constraints.




Type.of Product 1 Product 2 Available hours
Machine per week

A 2 2 16

B 1 2 12

C 4 2 18

Profit per unit Rs. 1 Rs. 1.5
Solution:
Step 1. Mathematical formulation of LP problem
Let x be the units produced weekly of the Product 1
and y be the units produced weekly of the Product 2
Now, we can write mathematically LP problem as follows:
Minimize f=x+15y
Subject to 2x+2y<16; x+2y<12; 4x + 2y < 28; x,y=0
Step 2. Construct the graph "
For the graph, first we find intersection Y\
points of the constraints with axes. 14
Constraint 1. 2x + 2y < 16 12
We consider it as an equation 2x + 2y = 16
when x = 0, we get y =8 and 10
when y =0, we get x =8 8
The points of intersection of line with axes
are (0, 8) and (8, 0). 6
We draw line through these points. 4 =
Constraint 2. x + 2y < 12 Feasible " i
We consider it as an equation x + 2y = 12 = e =
_ _ i AP 8,0 (129

when x =0, we get y =6 and P T e
when y = 0, we get x = 12 Y. \
The intersection points of line with axes are (Fig. 9.14)

(0, 6) and (12, 0).

We draw line through these points.
Constraint 3. 4x + 2y < 28

We consider it as an equation
when x =0, we get y = 14 and
wheny=0,wegetx =7

The points of intersection of line with axes are (0,14) and (7,0). We draw line
trough these points.

Step 3. Identify the feasible region

The intersection of three linear inequalities is the required feasible region OABCD
which is the shaded area in the graph as shown in Fig. 9.14 and Fig. 9.15.

4x + 2y = 28



Step 4. Locate the solution points

In the graph, the solution points or corner points of the region OABCD are
0(0,0), A (7, 0), B (6, 2), C (4, 4) and D (O, 6).

Step 5. Evaluate the objective function

Solution points or Objective function
Corner points flx,y) =1x+ 1.5y

O (0, 0) (0,00 =1(0)+1.5(0)=0+0 = 0
A (7, 0) f(7,0) =1(7)+150)=7+0 =7
B (0, 8) f(6,2) =1(6)+152)=6+3= 9
C 4,4 f4,4) =14 +154)=4+6= 10
D (0, 6) f(0,6) =1(0)+1.5(6)=04+9= 9

Step 6. Select the Optimal Solution

We note that the maximum profit at the T

point C = (4,4) is Rs. 10 14

Therefore, the optimal solution to the 12

given LP problem is i

fmaximum = 10 rupees x=4, y=4

x = 4 units of product 1 and y = 4 units of
product 2. 6
Step 7. Verify the optimal solution 4
For the optimal solution (4,4), 4
1st constraint 2x + 2y < 16 becomes
16 < 16 which is true. S AR R G B
2nd constraint x + 2y < 12 becomes,
12 < 12 which is true.
3rd constraint 4x + 2y < 28 becomes, 24 < 28 which is true.
« All the constraints are satisfied by the optimal solution.
~ it is verified.

| Exercise9.3 )

Solve the following linear programming problems by graphical method
when x>0,y >0
(i) Maximize Z(x,y) = 10x+ 11y
Subject to: 2x+3y<8; 6x+3y <10
(i1) Maximize Z(x,y) = 30x + 36y
Subject to: 4x + 2y <12; 6x+ 5y <20
(iii) Maximize Z(x,y) = 41x + 38y
Subject to: 4x +5y < 26; 8x+5y<22; 5x+2y<10

(0,6)

Feasible B (6,2)

region

(Fig. 9.15)



£ (p) z () £ £ (o)
T Z )

ST 3d90I91UI-X ST UQ}
8 S A¢ — xy Arenboaur ue jo uoryenbs Surpuodsaiiod a3 ST 8 = A€ — x¥ JI

{"1-'01} (P) {01z ) {'s'v} (@) {"v'e'dd(e)
Z D x2IdyM T S131es uopnos S udy) £ G —xz

‘Iamsue 31091100 }09[9S

(6 osiorong notaou 3

¢3S02 a3 azrwrturwa 03 uosiad yoea Aojdure oy pmnoys sjeam Jad sinoy Auewt
MO ‘S[eam oea papeld oq 03 stoded 1T 1S€9[ 3B SBY Je)jes Mpqy ‘Joid JI
JuswAorduwa I3} Ansnl 0} 3oom B INOY 2UO }SeI] Je pakolduwa og snur
yoey ‘siaded 3urpeid 10j 1noy Jod Gg$ sures zerelreg (anoy tad sioded
0 2peisd ued pue IJBI00SSE [BI0J00p-)sod € sI zerejreg ‘sioded 3urpeid 10]
oy 1ad G1¢ sures ueyrey anoy J1ad siaded (g speid ued pue juspnis
arenped e ST ueytey 'sasse[o s1y JoJ stoded apeid 0] ‘zerejreg pue ueyieq
‘oidoad om} ALojdwo 031 soysmm Jejles [Npqy JOSsaJold ‘AJISISATUN B 1Y
dyunoure 3UI[es Y} SZIWIXeUW 03 SA0} 93 Jo Yyoea 10} Anjuenb o1} oq pmoys
yeyMm ‘Aep 1od g ore sInoy 3un{Iom [e10} PUue sainuIll G Jo awpy uononpoid
e asmbal yjog "sjtuUN 20JN0sal Iqe[reae 000 JO INO ATep syun gi
pue sjiun og 21mbaz ‘Ajeanoadsal g pue v s£03 oY, "A[eAnoadsal 0 sy pue
Gz Sy I0] ST[eS pue g pue Yy sA0] Jo sadA) omy sernjoejnuewl A1030e] L0 Y
‘31701d €101 QU3 2ZIWIXEW
03 st os do1do yoea 03 Pajedo[[e 2 PINoYs pue[ yonw MoH "21e3ooy Jod
SI9)1] O PU®B SIS Qg JO s9jel je X pue X sdoid I0] pasn aq 03 ST ‘SO
008 UeU} 2J0W OU JPRIqIoy pImbi] B ‘spaom [013U00 O], "A[oAnoadsal
000‘6 Sd PUe (Q0S‘OT S Sse porewnsa aie arxejooy 1ad sjgoad
M X pue X sdoio oml moi3 03 puel JO SaIejody (0S sey plo[puel v

6L +x¢9=2 A +x7 ‘g = A+ x :SJUTBIISUOD 3} 03 303[qng
AST'0 4+ X710 = Z oztwituIN  (114)

Yy A+x ‘92 A+ x7 S1UTRIISUOD 93 03 Joalgqng
Az +xg = 7z oziwtutN  (14)

¥2S A% + xg (0T < A7 + x :SIUTRIISUOO 9} 0} 303[qng
£00S + X007 = Z 9ZIWIUIN (a)

obSAL—x ‘p6SA4+xg  05S AL+ x :01109[gng
£+xp =7 QZIWIXEBN (a1)

0T S Az+x5 22> 45 +x8 975 A5+ xp 103 309[qng
A8 + x1¥ = (A'x)z  ozmwuixel (i)




a1qIseay (p) a1qrseayu] (o)

papunoqun (q) paurquo) (e)

‘uordaxr~  Ppared

ST jueipenb 3si1] oy} 03 pajorrsal Airenbaur ue jJo uordal uonnios ay],
jurod a1q1seay (p) jutod 1ouI10) (9)

urstiQ (q) yurod S[ppIIN (€)

T poed st

309sI93UT SAUI] Arepunoq s3jI Jo omi 2I1aym uordai uopnios e jo jurod y
Airenbaur xardwo) (p) Airenba reaury (0)

Arenbaur 1eoury (q)  Arenbaur xeaur-uoN (e)

PI[[BO ST U D 4D 0#D ‘0> q+xD

0} Tenby (p) PaXIA ()
0} tenbo 10 v} 193€2IN) (q) 03 Tenba 10 ueyy ssa7 (B)
QU JY3Teis € SI UoI3al 9[qISedJ 2U) ‘Qureijsuod ..  , Ue JO 9sed U]
uor3dal a[qiseaq (p) uordal ayruygu] ()
uorda1 papunoqun (q) uordaI orqiseayu] (e)
T porred st we[qoid J Ul Uuonnjos Jo Uordal ay],
syurensuo)(p)  sygoid (0)  s3s0D(q) so[qerreA (e)
:warqoid J1 2y} uo pasodwil suonejrwi] I0 SUOIJOLIISAI 93 218 ~
1s00 frunizoddQ (p) sjurer}suo) (o)
S9[qerreA uoIsa( (q) uonouny 2AR23(qQ (e)
‘wrarqoad J1 23 3ulA[os Jo [eo3 10 aA130a[qo ay3 sayroads
1s00 fruniyzoddQ (p) sjurer}suo) (o)
so[qerreA uoIstoR( (q) uonouny 2AR3qO (e)

‘warqoid 41 2yj Jo uonnios

91 WOJJ PIUIULISISP 9( 0} 3IB SIN[BA ISOUM SININIUS 3Y) aIe
#9) (p) (0°0) 9 (9‘'0) (a) (0'%) (e)
Je wnwixew
st uonoury 2y} uay3 (9°0) pue (0%) ‘(0°0)‘(4‘S) oI uoLax S[qISES]
a3 Jo sjurod I9UI00 Y} pue UONOUNJ 2a130a[qo ue St Ay + xG = (A %) [ JI

aurl a3 2a0qe pue uo syurod [TV (P) aurl a3 Mmo[aq sjurod IV (9)
auIl] 9y} Mo[oq pue uo sjutod 11V (q) aur] 9y} 2a0qe syurod 1y (e)
T sopnpur y 3 £xA ‘9 S A¢ + xz Arenbaut xeaur] a3 jJo doeds uonnjog
srqrseajul (p) rewndQ ()  TeranLy (q) oqIseay (e)
‘uomrInN[os™  urejqo o} pasn sI (d77) Surwmuwrerdord reaur]

[G ‘=) (P) (06)(0)  (G'—) (q) (0 s] (e)
T ={s<xVv Y>3 x|x}

*AIX

"HIX

"X

IX

X1

“TIA

‘A

‘1A

*AT

I




éigoad SIy 9ZIwIxew 0} JOPIOo Ul Aouow
SIY 3S9AUI oY pInoys moy ‘Ang ued ay ey} Swajl 3y} [[e [[eS ued ay ey}
Surwnssy "A[oa10adsar @1 % pUe gg % 2uIyoew 3UIMIS B PUE UE] B UO
jjo1d syuem oY "A[2A1302dsal Ot % PUB 0OE % 21 2uIyoewW JUIMIS B pUe
uejJ € JO $3S00 9, "SWa)I O }ISoW Je jo aoeds pue 189AUL 0} 09/G % A[Uo
SeY oY 'souIyoews 3Umas pue Suej Jo awos aseyosnd 0} SoySsim Ja[eap vy
02403 x Z1SA7+xg ‘S ALg+xT
SjuTeIISUOd 3y} 03 33lqns Ag — xy = (Ax)J
uonouNj 93 JO sen[ea WNWIUTW PUe WNWIXeW 9} PUl]
02403 x §54—x FTSAe+x7 624+ x¥
‘syurod JoUIOO SII pUlj OS[e pue
sjureI}suod 3ulmorroj ay3 o3 10alqns Areorydeid uor3dal a[qIses] ay3 puIq
02403 x ZTIAz+xg 0T 2 Lg+xT
‘uor3dal 9[qISea)
puy pue sanmenbour reaur jo wolsAs Jumoloj ay3 jo ydeid meiq
uonnios xardwo) (p) uonnios rentyuj (o)
uonnos JouIo) (q) uonnios rewndo (e)
: oY} Po[[ED SI UonRounj
9A1O2[qO QU3 sozZIWIUIW JO SIZIWIXeW UYIdIYm UOIN[OS I[qISEd] Y[
uonounj Jeaur uoN (p) uonounj aAnRdafqo ()
uonjouny renby (q) uorjouny Jeaury(e)
Po[TeO ST PIZIWIUTW JO PIZIWIXeW 9q 0} ST YoIym UOoounj y

‘IAX

*AX



ur) aanseaw 3unjuasaidal Joquinu [eal Aue SI g UM SUOROUNJ OLI}oWOU03ILI}
QWI009(Q SONBI 9S9Y]} JEU) SSB[O SNoiaaid Ul PaIpnis Os[e 2ABY 9M

» g jo apis asoddo jo yadudf

= @29s0d ‘9
o) asnuajodAy jo yadua|
( 3
9 _ 630 9p1s jusdelpe jo y3sud] _ 0995
o) asnuajodAy jo yadua|
D _ 6J09pIs aysoddo jo y3duaj —g100 b
g 6 Jo apisiuddelpe jo yadua|
0 apIs Juade(pe jo yadua
q_630°pIsi ‘PEJO U3 [=9uel'£
»  gJo apis aisoddo jo yadua|
d& 3
o _ _ esnuojodAyjoypsusy 6505 7
q  @JoapIsiuadelpe jo yi3us|
d& 3
2 _ _ osnudjodAyjoydusl ouss T
» @ Jo apis aysoddo jo yadua|

IopUN SE PIulep 2tk ‘g 93Uk 9JNdE JI0J SOIJBI JLIJOWOUO0SLL],
‘T°'0T Sy urumoys se g =V > w

PUe 06 =D >w YoIym ur Dy oO[duel} po[due-1ysLl e IopISuo)
‘039800 pue
€09s 300 ‘Ue] ‘SO0 ‘UIS Sk pojeladlqge aJe Sonel OLIJaWOoUOoJLI)

gOI .S!% y XIS 989U, '}UBIIS0D puE JUBIIS ‘Qua3uejoo ‘Quadue] ‘oUIS0d
u \/  ‘ours Aowreu ‘sorpjel OLI}OWOUOJLI} XIS oJe 2I9U],
< Sorpel
p o) OLI}oWOUO3LI} PI[[ed aJe ‘o[duel} pa[due-jydll B JO SIpIS
Jo sU33Ual 9y} JO SO1el YL, '[[e931 SN 327 'SISSB[O snoiatad
g Ul sopel OM}PWOUOILI} PIIpnN)s Apeale 2aey 9M

SoI1jel J11)9WOoUuoSLI) [[ed3y I°'T°01
ArnjowouoSii], Jo me] jejyudwepung 1°01
£ = SPOLISd e %8 = 93 eI e

sa)jbuy JO
aouasLafiq 29 wunsg
‘m JO saunuapy

ori3owouobrL],




€01 *Sid

(0 urs “n s02)

y "v'0T 314

, / ur umoys se ((d —0) urs‘(g —0)sod) pue (0°1)

X < /ol/¥ owo00aq A[aanoadsar ‘0 pue d JO S91eUIPIO0d 3}
oy //g e ‘wro)sAs 93eUIPIOO0D STY3} 0} 30adsal Ym Uay], 'd

(g uts ‘g soo)d jurod a2y} ysnoayjy sassed SIxe-x a3 JO UONOIIP

X

A

aanyisod oy} JBY) OS SaXe JU} 31BJ0I MON
(M (guis —ouis) + ,(gs0d—» soo)/\ = |0d|
B[NULIOJ 20UE)SIP 3UIsn Aq UL,
“9TOJIO

jrun 93 uo sjurod om) Aue aq (0 uls‘0s02)) pue (g uis‘gsod)d 191
‘€01 814 ur umoys se (0‘0)O e 213U20 YIIM I[OII0 JIUN B JOPISUOD

duis ouis + gsod 0s0d = (g — 0)s0d me] [eyudwrepunyg

(=2 + (" = 2x) M = |4 'd|
7e[NULIOJ 90UEB]SIP SB UMOUS] B[NWLIOJ 331 AQq PUNO] SI

(2h 2x)2q pue (M4 ‘Ix) g sjutod om) 9y} UM} 20UBISIP I} Jey} [[B09y]

g uel} o uel+4| -
Juey roue; (d T o)uey o

g uis 0 sodoF g sooo uis = (g Fo)uis e

guisouis — g soo0s0d = (g +0)s0d e
Jey) aonpap pue

guiso uis + g sod0s0d = (g —0)s0d

A1jswouogiiy

Jo me[ [ejudowepuny yYsI[qeiso O3 e[nuIoj oouelsip 3s) Z'I°0I

‘"dVOV pa[Sue 1Yy3i ul £ = Jyw pue X = QW 9I9YM

<

A x
— = g09s0d Z =goss
¢'o1 314 1 1
AL 02 X _ gue
x93 £=0ue
¢ X = @gsod ‘AL =gus
< Jopun se pauygep
) v X 1O
- ] are g 9[8ue Aue IOJ SUONROUNJ OLI}OWOUOSLI],
< 'T0T 3
(& x)d ul umoys Se 9o 9y} uo jurod Aue aq (A‘x)d pue
910110 JTUn Ul uonisod pIepueils Ul 93Uk UE JO (Suerpel




g urs g uis + g sod( sod = (g — 0)sod 293 am
(1) ur 0 = » Bursfe],

*SONIIUAPI JOYJ0 WS 20NPap am ‘(J) A3nuapl aaoqe ayy 3ulisn

me’] [ejudwepung aY3) WoIj suoonNpag

g—/\ = I . g/\ g/\ . I =
g uiso uis + g soow sod = (g — o) sod ‘MON
(yueapenb 3sa1y o3 Ul ST g 20Uls) % = duis
lr- (L)1 F=
1t (g/‘) M

4

g,500 — T MF =gduis SABY am

‘1 =g ,uis + ¢,s00 woiy uredy

‘(3ureapenb 3sa1J U3 UI SI 0 90UIS) 5: 0 Uls
£3 = (§-1f7-
ep AL
0,500 — TAF =D UIS =
T =D ,UIS 4+ D,S00 MOU3] S\ UOIIN[OS
‘(4§ —0) sod
pulg -jueipenb 3siy oy} ur a1e ¢ ‘v pue é =g soo '% = 0502 J] :ordurexyg
"A130WI0U031I} JO ME] [BIUSWBPUN] PI[[BD ST ME[ SIYL,
I guiso uis + g sod20s0d = (g —0) sod ‘0g
(§ —0)sodz—z = (gduisouis + g s0d0s02)Z — Z =
T+ (g —1)s0dz —[(d — 1) uls + (g —0),500]
= (¢ urs o uIs + g s0d 0 s02)z — (g, uIs + ¢,509) + (0, uIs + 0,500) I0

(g =) us + ,[T — (d —0)s00] =

v°0T ‘314 ,(Juts —ours) + ,(g 05 — 0 s02)
(@) ms “(g-0) s00) sopts yroq Surrenbg
)7 [0 = (§ — ) ws] + 4[1 — (§ = 0)s02] } =
‘< oI 2(g u1s — 0 u1s) + (g s0d0 —vs0d) M 398 om
‘V o ) (1) pue (1) uoryenbs Surredwoo £q ‘9ouUsy
MY () 2o — (g = o) wss] + [T — (§ = 0)s02] } = b




909500 = (9 — %) 29s pue

9J9s = (9 — %) J9S02 OS[V

goas = (g—)des pue

9 29s00— = (p—) 29S0D ‘AlrertuIrs

1417 Qi puey = (9 - %) 100 ‘08
9s0d G—Z uis Z P

117, 0100 = (9 — %) ue) ‘og
‘o700 = B _ (6=5)s00 o 7 ‘

7. S 9S00 = (9—%) urs =

(e — %) uis = [(9 — %) — %] S0D ‘08

guis = (g — %) S0D yeyl mous] S

A 9100 — = (g —)3100 ‘08

9100 — = o us— _ () ws _ (p—) 100 ‘uredy

9sod ~ (g—) sod

AL puel— = (p —)uel

@S0 (p—) sod
S euis—  (p—)urs

‘OS

‘MON

111380 [ Jus—=(g—)us | ‘08
—

—

—

g uel—

= (o-) uey

(g—)uis = (1—) guis + (p) g soo

(g—) uis = (% —) urs guis + (% —) $00¢ 500
(g-) uis = ((% =) - g) S0

(g—)uis = ((g—) — %) o))

aney om ‘(1) ur ¢ 10§ - Iunie],

e [[ = %u;s ‘0= %so:) ] guis = (gj — %) S0D ‘oS
d urs %u;s + ¢ so0o %soo = (g —%) S0D

aAey am ‘% = Sunind ‘uredy

[0=0uis‘T = (s0d -] I g sod = (g—) soo I =




T—¢gp
he pT
T g
A ‘
o 6o £ — gyuls sonrea 3ursn A
11 1 & grut I L d

0S¥ UIS ;09 SO0 —,GF S02,09 UIS = (,SF —o09) UIS = ST UIS  :UOIINJOS
‘.G TUIS puy ‘103e[NOTED JO SI[qe) SUIsSn INOYIMN ‘g ojdurexyg

T
T+er
2, 97 _
T gp
Zp

ez, Y
T T

=u=—uis 393 am

‘sonrea 3uisn £g

Yus€ Ysor € _(2 §) —ull :
;WIS 800 + 2500 2uls = (- + u;s_uLugs :uornjos

"JOYernored Jo sa[qe)} 3uIsn 3noym uZL—Iugs Jo anyea oy} puly 1 aidurexyg

Al g uls 0 sod — Q S0Jd 0 UlIs = (g _X)) urs ‘.9.].:

(g—) urs 0 509 + (§—) s020 uIs = (g — ) UIS ALY oM
‘(111) ur g 103 g— Sumind £g

oI = g uis v so0d + ¢ sodv uis = (g + 0) uIs ‘og
d u[S'(X) —E)u1s+g soa'(v—ﬁ)soa =
{g - ()o - %)} S0d = [(g +0) — %] s0d = (g + o)uis oABY oM

‘g 10J (¢ + 0) Sunand Aq 210J019Y} ‘g UIS = (G - %) S0D 20UIg

g uis 0 sod Fgsoovo uis = (g F o)uis jJo uoryonpag

I Isju!snugs — g 5030500 = (g +») so:)I ‘og
cgsod=(g—)soo pue ¢guis— = (g-—)uls mg
(g —)urso urs + (g—) soow0 sod = (g + 0)s0d
aAeY am ‘g 10] J— Sunind Aq pue
g uiso uis + ¢ s0d0 s0d = (g — 0)sod 2ABY O M

me] Tejuswrepuny Ag

guiso urs — g soo0s0d = (g + 0)sod jJo uoryonpag




sin (a+f)

Example 3. Prove that: = tan a + tan f; (cos a # 0,cos B # 0).

cos o cos f3
Proof:
LH.S = %
_sin acos B+ cos asin B
B cos acos f3

_sina  sinf
" cos o cos P
= tana + tan
= R.H.S
+ L.H.S=R.H.S
_sin(a+ B)
" cosacos B
Hence proved.
Example 4. Show that:

sin (180° +6) = —sin 0.

=tano + tan 3

Solution:
L.H.S = sin(180° + 0)
= sin 180° cos 6 + cos 180° sin 0
= (0)cos 0 + (—1)sin 6
=—sin® = R.H.S
So, L.H.S = R.H.S, hence shown.
tana + tan
1+tan o tan
sin (a+p)
cos (a+f)
_ sin acosf + cos a sinf

Deduction of tan(a + ) =

We know that tan(a+ ) =

" cos acos P —sin a sinp
Dividing the numerator and the denominator by cos acos 8 # 0,

tan a+tan 3
1—tan o tan

we have tan(a + B) =

Again putting —f for § in (V),

tan a+tan(—f3)
1—tanoatan(—f)
tan o — tan f

~1+tanatanp

We get, tan(a —B) =



tan a—tan 3

So, | tan(@=PB) =it atanf
1
Now, cot(a+PB) = )
3 1
T “tanoa+tan B

1—tan atan 3

_1—tanatan

" tan o + tan f8
1 1
cota “cot B cotacotBf—1
1,1 cota+ cotP
cot a cot 3
cota cot B—1
So, cot(a+ B) = cot a+ C([ft B

Again putting —f for B in (VII), we have
cotacot(—B) —1

cot(a—pB) =
( B) cota + cot(—B)
_ —cotacotf—1
~ cota— cotfP
cot a cot B+1
So, cot(a —B) = cot B— cota

Example 1. Prove that tan(270° — 6) = cot6
Proof: L.H.S = tan(270° — 0)
_sin(270° - 6)
~ cos(270° — 0)
_sin 270°cos B —cos270°sin 0
€05 270°cos 0 + sin 270°sin 0
_ (=1)cosH —(0)sin6
"~ (0)cos® + (—1)sinb

...VI

.. VII

...VIII

__ —cosb
~ —sin®
= cotH
=R.H.S
Example 2. Without using tables or calculator, find the value of tan75°.
Solution:
Here, sin 75° = sin (30° + 45°) = sin 30°cos 45° + cos 30° sin 45°

By using values, we get



e
_1++3

2V2
and cos 75° = cos (30° + 45°) = cos 30°cos 45° — sin 30° sin 45°
By using values, we get

cos75°=§-%—%-%
V31
22 22
_V3-1
C2V2
Now, tan75° = (S:g; ;gz
1+V3

_2J2 V341 2V2
S V3-1 2v2 V3-1
2V2

J3+1
So, tan75° = ——
(0] an 3_1

Example 3. Find the value of cot%n without using tables or calculator.

. 1 n m _ cotzcotz+l
Solution: COtﬁT[ = cot (§ - Z = m
1
—.1+1
By using values, coty5 = ‘/é—l
V3
_1+v3 V3
V3 V3-1
s A V3+1
0, cot—m=——
12 V3-1
Exercise 10.1 )
1. Prove that:
(i) cos(360° + 0) = cosHO (i) sin(180°+46) = —sin®

(iii) tan(180° — ) = —tan© (iv) sin(270° — 0) = —cos©



(v) cot(270° + 6) = —tan® (vi) cot(270° —0) = tan6
(vii) cosec(360° — 0) = —cosecH (viii) sec(360° — 0) = sec6
2. Evaluate the following.
(i) sin 150° cos 300° + sin300° cos150°
(i1) c0s19° cos 11°— sin19°sin11°
3. Verify that:

(i) cos75° = f—\/_zl (ii) cos(180° + 45°) cos(180° — 45°) = %
4. Without using tables or calculator. Find the values of:

(i) sin75° (ii) tan 105° (iii) cos165° (iv) sin 255°

5t . 13m .oy . 23m 251

(v) tan > (vi) OS5 (vii) sin—>- (viii) oS>~
5. Prove that:

. sin(a+B)+sin(a—pB) ... cos(a+p)+cos(a—PB)

(M) cos(a+p)+cos (a—B) = tana (i1 sin(a+p)+sin (a—p) = cota
6. Prove that:

(i) sin(a + B) sin(a — B) = sin?a — sin?p

(ii) cos(a + B) cos(a — B) = cos?a — sin?B
7. Prove that:

(i) cos (a+ B) + cos(a — B) = 2cos acos B

(i1) cos a cos (B— o) —sinasin (f— a) = cosf
8. If sina = % and sinf = % where 0 < a < g and 0 < S < % then find:

(i) cos(a + B) (ii) tan(a + B) (iii) cot(a —B) (iv) cos(a — B)

(v) sin(a + B) (vi) sin(a—B) (vii) cot(a + B) (viii) tan(a — B)

Also find quadrants of angle (a + ) and (a — )
10.2 Trigonometric Ratios of Allied Angles
10.2.1 Define allied angles
A group of angles is said to be allied angles of basic angle 8, if sum or

difference of any two of them gives the integral multiple of 90° or g radian.

So, the angles of measure of 90° + 6,180° + 6,270° + 6,360° + 6 are allied
angles to basic angle 6.

Note: The general formula to produce allied angles is n(90°) + 6° or in radians

n(%)i@wherenEZand0<6<g

Example: Generate all allied angles if 6 = 30°.
Solution: We use n(90°) + 0, to generate allied angles for all integers.
If n is non-negative integer




For n =0, we have 0 + 30° = +30°
For n =1, we have 90° + 30° = 60°,120°

For n = 2, we have 180° + 30° = 150°,210° and so on

If n is negative integer.

For n = -1, we have —90° £+ 30° = —60°,—120°

For n = -2, we have —180° + 30° = —150°,—210° and so on.
Hence all allied angles are +30° +60° +120° +150°, +£210°, ...

10.2.2 Use fundamental law and its deductions to derive
trigonometric ratios of allied angles
Express asinf 4+ bcosO in the form rsin(0 4+ @) where
a=rcospP and b = rsin®

Trigonometric ratios of allied angles in all four quadrants are given in
the following table. Some of which are obtained from section 10.1.2 and the
following solved examples. Remaining proofs are left as an exercise.
Example 1. Prove that sin(90° + 6) = cos 6
Proof: L.H.S = sin(90° + 0)

= sin90° cos 8 + cos90°sin 6
= (1) cos6 + (0) sin 6

= cosH

=R.H.S
Example 2. Prove that cos(180° —6) = —cos 6
Proof: L.H.S = cos(180° — 0)

= c0s 180° cos 0 + sin 180° sin 6
= (—1) cos 6 + (0)sin06

= —cos

=R H.S
Example 3. Prove that tan(360° —8) = —tan 6
Proof: L.H.S = tan(360° — 0)

tan 360° —tan 0

~ 1+ tan360°tan 0
0—tan9

- 14+0xtan6
= —tan0
=R.H.S




Trigonometric ratios of Allied angles in all the Four Quadrants

—0 (4th Quadrant) 90° — 0 (1st Quadrant) 90° + 0 (2nd Quadrant)
sin (—6) —sin@® sin (90° — 6) cosO sin (90° + 6) cos0
cos (—06) cosO cos (90° — 8) sin® cos (90° + 0) —sin6
tan (—6) —tan® tan (90° — 6) cot® tan (90° + 6) —cot®
cosec (—6) —cosecB cosec (90° — 6) secO cosec (90° + 6) secO
sec (—0) secO sec (90° — 0) cosecB sec (90° + 0) —cosecH
cot (—0) —cotf cot (90° — 0) tan6 cot (90° + 8) —tan6

180° — 0 (274 Quadrant)

180° + 0 (31 Quadrant)

270° — 0 (3 Quadrant)

2. Co-ratios of complementary angles are always equal.
e.g sin32°= co0s58°, here sine and cosine are co-ratios and 32° + 58° = 90°
3. T. ratio of (n.90°+6) =+ Co-ratio (8) when n is an odd integer.
T. ratio of (n.90°+£ @) =+ T.ratio (8) when n is an even integer.
The sign of T. ratio should be decided from quadrant in which the angle
(n.90°+0) falls.

sin (180° — ©) sin® sin (180° + 0) —sin6 sin (270° — 0) —cos0
cos (180° — 06) —cos6 cos (180° + 06) —cos0 cos (270° — 0) —sin®
tan (180° — 8) —tan6 tan (180° + 6) tan® tan (270° — 0) cot®

cosec (180° — 0) cosecH cosec (180° + 0) —cosecB cosec (270° — 0) —secO
sec (180° — ©) —secH sec (180° + 0) —secO sec (270° — 6) —cosecH
cot (180° — 6) —cotf cot (180° + 6) cot® cot (270° — 8) tand
270° + 0 (4th Quadrant) 360° — 0 (4th Quadrant) 360° + 0 (1st Quadrant)
sin (270° + 6) —cos6 sin (360° — 0) —sin® sin (360° + 0) sin@
cos (270° + 0) sin@ cos (360° — 0) cosB cos (360° + 6) cosO
tan (270° + 0) —cotO tan (360° — 0) —tan6 tan (360° + 6) tan®

cosec (270° + 0) —secB cosec (360° — 0) —cosecB cosec (360° + 0) cosecH
sec (270° + 0) cosecO sec (360° — 0) secO sec (360° + 0) secO
cot (270° + 6) —tan6 cot (360° — 6) —cot0 cot (360° + 6) cot®

o co-ratio co-ratio co-ratio
Notes:1. sin@ =—— cosf, tan® =—— cotf, secH cosecO

Example 1. Find the values of

Solution:

(i)

Alternatively,

c0s495° = cos(5.90° + 45°) = —sin45°
sin 1230 ° = sin(3x 360°+ 150°)
=sin150° =sin(180° — 30°) = sin 30°

(i)

Alternatively,

(i) cos 495°

(ii) sin

cos495° = cos(360° + 135°)

= c0s 135° = cos(90° + 45°)

—sin45°

1
V2

1230°

1
V2

sin1230° = sin(13.90° + 60°) = cos 60° 1

2

(iii) tan (—1590°).




(iii) tan(—1590°) = —tan1590°

= —tan(4 x 360° + 150)°

= —tan150° — tan(180° — 30%)

= —(—tan30°) = tan 30° = 73

Example 2. Without using the tables or calculator, find the values of:
6cot62° tan70°

+
tan28° 2cot20°

(i) cosec(—870°) (i1)

Solution:

. o 1 1
(i) cosec(—870°) = 55755 = “sma70°
. 1
~ —sin(720°+150°)
. 1
~ —sin150°
_ 1
~ —sin (90°+60°)
1
~ —cos 60°
= -2
.. 6cot62° tan70° 6cot (90°—28°) tan (90°—20°)
(ii) + = +
tan28° 2cot20° tan 28° 2cot20°
= 6:22 %go + ZC:;,[ZZOOO [+ tan (90° — 0) = cotO]

=6 +% = % [ cot (90° — 6) = tan6]
. 3cot(90°—0)  2sinb _
Example 3. Prove that: tan0 05 (90°=0) — 1
Solution:
_ 3cot (90°=0)  2sinb _ tan® _sin® .. 6 A\ — oi
L.H.S = tan0 cos (90°—0) — 3tane sin@ [ cos (90° — 8) = sinf]

=3—-2=1=RHS [+ cot(90°—0) = tand]
Express asind + bcos0 in the form rsin(0 + 0)
where a = rcos® and b = rsing

Let a =rcos® and b = rsin@.
Now by putting values of a and b in asinf + bcos6
we have, a sin® + b cosB = rcos@. sinb + rsin@. cosd
= r (cos®. sin6 + sin@. cosO)
=rsin (6 + 0) [By using identity]
Thus asin® +bcos6 = rsin (0 + 0)




Example: Express 4sin0 + 3cos6 in the form rsin(6 + @), where 68 and @ are in
the first quadrant.

Solution:

Since, 6 and @ are in the first quadrant, therefore, all trigonometric functions

have positive values.

Let 4 = rcos® ...(1) and 3 = rsin® ...(2)
Squaring both sides of equations (1) and (2), and then adding
We get 4?2 4+ 32 = r2(cos?@ + sin?@)
= 25=1r2x1
= r=>5
Therefore, cos@ = % = % and sin@ = % = %

Now, 4sin6 + 3cos 6 =rcos@ sin® + rsin@cos 6
= r(sinB cos@P + cosO sin 0)

= 5sin(6 + @); where, cos® = % and sin@ = %
Exercise 10.2 )
1. Generate all allied angles if (i) 8 =e60° (i) 6 =50°
o sin (90°-0) cos(90°-6)
2. Show that: (i) cosec(90°—-0)  sec(90°-0) B
(i) sin®2° +sin®3° + sin®87°+ sin®88° = 2
3. Evaluate the following without using calculator.
@)  sin (675 ()  tan (%T) (i)  cosec(2130°)
. sec 55°  sin 48° sin 56°  cot37° e
(iv) cosec35°  cos 42° v) cos34°  tan53° V2 sin45

(vi) cos1® + cos 2°+ cos3° +.... + Cos 180° (vii) tanl® . tan 2°. tan3°....tan 89°
4. Show that:
(i) cos(45°—0) = Jii (cos® +sinB) (i) tan(45°+@)tan(45°-6) = 1

5. Express the following in the form rsin(6 + @) where 6 and @ are in the
first quadrant.
(i) 15sin® + 8cosO (i1) - sin® + > cos6 (iii) sin® + cos6
tana cos (90°—a)
Prove that: - =
cot (90°—a) sina
If A+ B+ C = 180° then prove that
(i) tanA +tanB +tanC = tanAtanBtan C (ii) cos (%) = sin %

(iii) tan%tan% + tan%tan% + tan%tan% =1
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10.4.2 Express the sums or differences (of sines and cosines)
as products (of sines and cosines)

From (i), we have
sina, cosP = % [sin (o + B) + sin (o —B)]
or 2sina cosp = sin (a0 + B) + sin (o —B)

. u+tv u—v
Putting a+pB=u and a — p =v, also oc=TandB=T.
. utv u—v . .
we have ZSmTcosT = sinu + sinv
. . . . utv u—v
ie., sinu + sinv = ZSIHTCOST

Similarly, from (ii), we have
utv . u—v

sinu — sinv = 2COSTSIH >

Again from (iii), we have  cosa cosp = % [cos (o + B) + cos (a —P)]

or 2cosa cosp = cos (o +B) + cos (o —P)

: + -
Putting o+ =u and a —p =v, also a=¥andﬁ=¥.
we have 2cosuT+Vcos¥ = cosu + cosv

. u+v u—v
ie., COSU + COSV = 2€0S —5— C0S —5—

Similarly from (iv), we have

. utv . u—v
cosu — cosv = —2 sin——sin——

Example 1. Express the sum co0s20° + cos10° in the product form.

Solution: We know that cosu+ cosv = 2 cos %’cos%

20°+10° 20°-10°
5 C0s—
= 2c0s15° cos5°

cos60—cos26  —sin46
Example 2. Prove that =

So, €0s20° 4 cos10° = 2 cos

sin30+sin6 cos©
Solution: By using cosu —cosv = —2sin (uT-I_V) sin (%’)
and sinu + sinv = 2sin (UTH) cos (?)
So L - cosedcos20 _ 2o Join(°57)
’ sin30+sinb 2Sin(392-l-6)co (#)



—sin 8o sinﬂ
2 2

. 40 20
SIDT COS7

sin 40 sin 20

"~ sin20cos @
= sin 40

cos 0
=R.H.S

Exercise )

Express the following products as sums or differences:
(i) 2sin66cos36 (ii) cos 30 sin 66

(i)  2sin(a— ) cos (a+ B) v  —2zsin(%58)sin (42)

) sin(0 + 45°) sin (6 — 45°) (vi) 2cos(26 + 60°) cos (26 — 60°)
Express the following sums or differences as products.

(i) sinZa — sin2f3 (i1) cos % + cos %
(iii) €0s25° + cos65° (iv) cos(0 + 30°) — cos(6 — 30°)
(V) sinD — sin— (vi) sin2(0 + 40°) + sin2 (6 — 40°)

2 4
Prove the following identities.

) sina—sinB can (%B) (i) sina+sinf can (oc;—B) cot (a;ﬁ)

cosa+cosf3 B sina—sinf3 - 2

... sin60+sin40 . sin20+sin40+sin60+sin80

(iiif —————— = tan56 (iv) = tan50
cos60+cos40 c0s20+c0s40+cos60+cos80
sina+sin2a a sin(0 —2sinB+sin(6 —

(V) —————— = cot (—) (vi) ©+9) S0 —9) _ tang
COSO—COS2x cos(0 + @)—2cosb+cos(6 — @)

Evaluate:
(i) sin20°sin40°sin60°sin80° (i1) cos 20° cos 40° cos 60° cos 80°

Show that:

. €c0s8°—sin8° B cos11°+sin11°

(1) ———— = tan37° (ii) — - = tan56°
c0s8°+sin8 cos11°-sini11

(iii) sin50°—sin70°+ sin10°= 0




Review Exercise 10 )]

1. Select the correct option.
(i) cos(a — B) is equal to:
(a) cosacos B + sinasin f3 (b) cosacos 3 — sinasin f3
(c) sinacos B + cosasinf (d) sinacos 3 — cosasinf3
(i) Angles associated with basic angles of measure 6 to a right angle or its
multiple are called:
(a) Coterminal angles (b) Angles in standard positions
(c) Allied angles (d) Obtuse angles

(i)  sin (g + 6) is equal to:

(a) cos B (b) sin6 (c) —cos© (d) —sin®
(iv) cos(m — 0) is equal to:

(a) sinB (b) cos 6 (c) -sin® (d) -cos®©
(v) tan(m + 0) is equal to:

(a) tan 6 (b) —cot6 (c) -tan® (d) cot®
(vi) cos(2m + 0) is equal to:

(a) sin® (b) cosB (c) -sin® (d) -cos®

(vii)  sin540° is equal to:

1 V3

(@) 1 (b) 0 © 5 (d) 7

(viii)  sin(—=300°) is equal to:
V3

(a) 1 (b) = (c) 0 (d) -1
(ix) Ifa,B and y are the angles of A ABC, then sin(a + ) is equal to:

(a) siny (b) —siny (c) cosy (d) —cosy
(%) cos 2a is equal to:

(a) cos?a—sin?a  (b) 2cos?a—1 (c)1—2sin?a (d) all of these

(xi) sin% is equal to:

(@) + ’1+szinoc (b) + ’1—02050( (© + ’1+czosa (d) + fl—szina

(xii)) cos3ais equalto: (a)3cosa—4cosa (b)3cos*a+4cosa
(c) 4cos®a—3cosa (d) 4cos®>a+4cosa

(xiii) cosa—cosf = (a) 2sin (a-; B) cos (a; B) (b) 2 cos (a+ B) sin (oc%)

2
(c)2 cos (a-zl- B) cos (a; B) (d) —2sin (a-; B) sin (a%)







Application of

Trigonometry
e Weightage = 7% e Periods = 24

11.1 Solving Triangles

We know that a triangle has six elements which are three sides and
three angles. If measures of any three of them including the measure of at
least one side are known, then we can find the measures of other sides and
angles.

11.1.1 Solve right angled triangle when measures of:
(i) two sides are given
(ii) one side and one angle are given

(i) When two sides are given

The following example is suitable to understand the method of solving
a right-angled triangle, when measures of two sides are given.
Example:
Solve the right triangle ABC with § =90°, a=8.6 cm and b= 11.4 cm.
Solution: Given and unknown elements are mentioned in Fig. 11.1.

We have to find a, y and c. A
Here, sin a =% =2 = 0.754
= a =sin"10.754
N o = 49° c b=11.4cm
and y =180°-a—f§ = 180°-49°-90° =41°
By Pythagoras theorem, B=90 v

b? = a? + c? B a-806cm c
— 2 =h2—q? =(11.4)2 — (8.6)? (Fig. 11.1)
= c =75cm

(ii) When one side and one angle are given

If we are given a right-angled triangle, in which one side and one angle
are given, we can find measures of its unknown sides and angles as explained
in the following examples.




Example 1. Solve the right-angled triangle ABC with o =90°, 3 = 40° and
b =20.2 cm.

Solution: Given and unknown elements are mentioned in Fig. 11.2, we have

to find y,c and a.

As a+p+y=180°
so, vy = 180°-a—p = 180°-90°-40°

y= 50°

b
Now, tanf = .
= tan40° = ¥
20.2

= = Gnae = ¢=24.0734cm A b=202cm C

By Pythagoras theorem (Fig. 11.2)

a? = b?+ c? = (20.2)% + (24.0762)* =987.7

Therefore, a=31.42cm.

Example 2. Find the height of an object if the A
angle of elevation of the sun is 19° and
the length of the shadow of the object is 1.7 meters.

Solution: Let x be the height of the object. Its

shadow has length a=17 m as shown in .

19 Shadow

Fig. 11.3.
) x C a=17m B
Then, in AABC, tan19° = p (Fig. 11.3)

= x = 1.7 tan19°

= x = 0.585
So, the height of the object is 0.585 meters
Example 3. From the top of a tower, the angle of

@]

40°
depression to the ship at its waterline is 40°. If the

height of the tower is 35m, find the distance
between the ship and the foot of the tower.
Solution: Let x be the distance of the ship B from

JR— 4 O
the foot A of the tower AC as shown in Fig. 11.4. A P 0 B
35

Then, in AABC, tan 40° = —= (Fig. 11.4)
35

tan40°

x =41.711

Thus, the distance of ship from the foot of the tower is 41.711 meters.

35m

Tower

X =



Solve the right angled triangle ABC in which y = 90°

(i) a=4m, b=3m (i) a=12m, b =5m
(iii) a = 8m, b = 6m (iv) ¢=8m, B =42°30
(v) a =140m, a =38°20" (vi) b =30.8m, a =41°50’

2. A vertical stick 16m long, casts a 12cm long shadow. Find the angle of
elevation of the sun.

3. Find the distance of a man from the foot a tower 169m high. if the angle
of depression of the man from its top is 48° 30".

4. A string of a flying kite is 200 meters long and its angle of elevation is
58°30°. Find height of the kite when the string is fully stretched.

5. A man 1.8m tall observes that the angle of elevation of the top of a tree
at a distance of 12m from him is 31°45°. What is the height of tree?

6. From the top of a cliff 80m high, the angle of depression of a boat is
12°30°. How far is the boat from the cliff?

7. Two masts are 20m and 12m high. If the line joining their tops makes an
angle of 35° with the horizontal; find distance between them.

8. A window washer is working in a hotel building. An observer at a

distance of 20 m from the building finds the angle of elevation of the
worker to be of 30°. The worker climbs up 12m and the observer moves
4m further away from the building. Find the new angle of elevation of
the worker.
11.1.2 Define an oblique triangle and prove

e The laws of sines

e The laws of cosines

e The laws of tangents

and deduce respective half angle formulae

An oblique triangle is a triangle with no right angle. It has either three
acute angles, or one obtuse and two acute angles. In Fig 11.5, AABC and APQR
are oblique triangles. An oblique triangle can be solved, if a side and any two
other elements are known by using the following laws.

c R

70° 550

60° 50° 35 120°
A B P Q (Fig. 11.5)




(i) The law of sines

Consider a triangle ABC, in which a, b, ¢ are the measures of sides
opposite to the angles a, B and y respectively as shown in Fig.11.6. Take a
rectangular coordinate system, in order to place the point C in the standard
position. The coordinates of point A will be (b cosy , b siny).

If the point B is taken as the origin and measure of the angle XBA = 180° — 3
then the point A will have the coordinates (c cos (180°—f), c sin (180°—B)).

Since y — coordinate is the A v :
: | A AY
same in both the cases; | a
we have '
I b c
bsiny = csin (180°-f) : ) 180-p
= bsiny = csinf | 180—y M ¥ B >
b c C|(0,0) a B X
= - = — .. (i)
sin 8 siny
Similarly, we have (Fig. 11.6)
a C
5 == ... (id)
sSin o Sin 'y
From (i) and (ii), we get
a b c

= = ... (iii
sina  sinf siny (i1

This is called the law of sines, which states that the measures of the
sides of the triangle are proportional to the sines of the measures of the
opposite angles. This rule is due to a muslim mathematician Al-Beruni.

(ii) The law of cosines
Consider Fig.11.6, the vertices of the triangle ABC are A(bcosy,bsiny),
B(a, 0) and C(0,0). By using distance formula,
|AB| =./(bcos y—a)? + (bsin y— 0)2.
So, ¢ =+/(b2cos? y—2abcosy +a? + bZsin?y
= c =+/a? + b2 — 2abcosy

[ c? = a2 + b2 — 2abcosy | .. (1)
Similarly, we can prove that
a’ =b% +c? — 2bccosa . (2)

and b2 = a? + c? — 2accos 8 ... (3)




The above rules (1), (2) and (3) are called the laws of cosines.
The laws can also be written as:

_ b2+c2—a2 B = :;12+c2—b2 oSy = az+b2—c2
cosa = 2bc’ OSSP = 2ac ' Y= 2ab

(iii) The laws of tangents

sina sina

a
== 1=—-1
b

a
By the law of sines, 5

sinf sin B B
sina—sin  a-b
sinB b
sina a
Sinp +1= b +1
sina+sin3 a+b
sinf8 - b
From (1) and (2), by division, we get
sina—sinf _a-b
sina+sinf a+b

at+f a—p

2COST' sinT a—b
a+p a=B a+b
)

=

Again

=

ZSinT * €O
t0(+[3t a—f a-b
= =
MY T T T b

= 2 = ... (3)

Similarly,

=— e (4)

d tany;—a c—a (5)
an —Vv+a —
tany;—a c+a

The above relations (3), (4) and (5) are called the laws of tangents.



(iv)

Deduction of half angle formulae of Sine, Cosine and

Tangent in terms of lengths of the sides of a triangle:

By the law of cosines, a? = b? + ¢2 — 2bc cosa

b2 + c% — a?
or cosq = ———

2bc
N _ 1 b2 4 c%2 — a2
cosa = b
1 _a?—b%*—c?+2bc
cosa = Tbe
psin? ® a? —b? —c?+ 2bc
—1 —_=
SN2 2bc
_a?—(b® +c? - 2bc)
B 2bc
3 a?—(b—0)?
B 2bc
. ,a _ (atb—c)(a—b+c)
So, 2sin > = >be
2
. _ b +c2—a?
Again, we take COS QA = ——p——
b? + c? —a?
= 14 cosa=1+ ——
2bc
_ , o  b?+c?—a’+2bc
055 = 2bc
_ (b? +c? + 2bc) —a?
a 2bc
_(b+o)?—a?
a 2bc
2 _ (atb+c)(b+c—a)
So, 2cos 5= >be
By dividing equation (i) by equation (ii),
. 24
We cet 2sin®> _ (a+b=c)(a—b+c)
get, ZCOSZ% (a+b+c)(b+c—a)
2@ _ (atb—c)(a—b+c)
or tan®y = (a+b+c)(b+c—a)
If we set, s=%(a+b+c).
then we have, a+b=2s—c
or a+b—-c=2s-2c
Similarly, atc—b=2s—-12b

and b+c—a=2s—2a

. ()

... (id)

... (i)



Half angle formulae of sine in terms of sides of triangle:

From equation (i), 2sin®5 = (atb—c)(a—b+c)

2 2bc
.o _ (25—2c)(2s—2b)

or 2sin > = She

sinzg _ (s—=b)(s—0)
2 bc

. a _ [(s=b)(s—c)
Thus, siny = [
. . B [s—a(s—0)
Similarly, sins = /—a -
and sin¥ = a(s—b)

2 ab
Half angle formulae of cosine in terms of sides of triangle:

From equation (ii),
2a _ (at+b+c)(b+c—a)

2cos > >bhe
2@ _ 2s(2s—2a)
or 2cos R T
2 & _S(5s—@)
= Cos” > = ——

— a _ |s(s—a)
cos 5= be
’s(s—b
ac
S(s—o0)
ab

—

Similarly, cos g
4
2

and cos

Half angle formulae of tangent in terms of sides of triangle:

. 2@ _ (at+b—c)(a—b+c) _ (s—o)(s—b)
From equation (iii), tan® 5 = (@i (bre—a) = s(s—a)

a_ |s=o(s—b)

= tan 2 \I s(s—a)
. B _ f(s—a)(s—C)
Similarly, tans = [0 =)
and tanZ — w

2 s(s—c)



Similarly,

and tan

11.1.3 Apply above laws to solve oblique triangles

If we are given any type of triangle, we can find its unknown sides and
angles using sine, cosine and tangent laws and also with the help of their half
angle formulas.

Example 1. Solve the triangle ABC in which a = 49°,f = 60° and ¢ = 39 cm.
Solution: Here, we have to find, y, a and b.

Since a+B+vy=180°
y=180°—a—f
=180°—49 — 60
=71°
a c

By the law of sines, , :
sina  siny

a 39
sin49°  sin71°
39 sin49°
= =
sin71°
= a = 31.13cm
Again by the law of si b <
gain by the law of sines, Sinp = siny
b _ 39
sin60°  sin71°
39 sin60°
=4 L
sin71°
= b = 35.72 cm.

Example 2. Solve the triangle ABC in which a = 70 cm, ¢ = 58 cm and f§ = 55°
Solution: Here, we have to find b, « and y

By using the law of tangents.
—a
tan 5% c_a sg-70 -12

tanwzroc_c+a_58+70_ 128

Now, y+a=180°—f = 180° — 55° = 125°

= —0.09375 .. (i)



=

2
So, from equation (i),
tany;—a
we have —=— = —(0.09375
tan 62.5°
—a
tan = —0.09375tan 62.5°
—a
=  tan = —0.1801
—a
= YT = —10.21°
or y—a=-2042° But, y+a=125°
So, 2y = 104.58°
or y = 52.29°
Now, a=180°—pf —y =180°—55°—-52.29°=72.71°
a b
Now, by the law of sines, —— = —
sina  sinf
70 b 70 sin55°
= = P
sin72.71° sin55° sin72.71°

= b =60.05cm.

Note: The above example may also be solved by using laws of cosines. |

Example 3. Find the measure of the largest angle in the triangle ABC with

a=10cm, b= 20cm and c= 26cm.

Solution: Here s=g(a+b+c)=5(10+20+26) = 28

The side c is greater than the sides a and b, so y will be the largest angle in
the given triangle.

By using, sin%: /%&f‘b)
1 (18)(8)
| (10)(20)

= 0.8485

% = sin 1(0.8485)
Y _cqo
5 =58
Y

=116°1is the largest angle of the triangle




10.

11.

12.

Solve the following triangles by using law of sines.
(i)a=70, b=34, oa=79° (ii) b =136, y =104.2°, o =43.1°
(iii) o =48°45", 3 =69°15", c=40.5

Solve the following triangles by using laws of cosines.

(i) «=782° b=624, c=150 (iija=48, b =333, y=41°30"
(iii) a = 73, c =40, [ =176°45

Solve by using laws of tangents.

(i) a=432, c¢=325 p=42° (i) b=39, ¢=35 a=75°

(iii) a =39.14, b = 34.21, y = 78°10"

Solve the triangle by using suitable laws.

(i a=9, b=7¢c=5 (i) b = 35, a=37,a=23°25"
Solve the following triangles by using half angle formula of sines.
() a =755, c =65, b =85

(ii) b =15, a = 20, c=14

(i) =13 b=23, a=27

Solve the following triangles by using half angle formula of cosines.
(i) a =95, b =76, c =85

(ii) a =10, b=7, c=5

(iii) c =10, a =15, b=7

Solve the following by using half angle formula of tangent.

(i) c=23, a=13, b=16

(ii) a=25  b=20, c=18

(iti) a =16, b=11, ¢=13

Find the largest angle of AABC, when

a=6cm, b=8cmandc=94cm

Find the smallest angle in AABC, when

a=25cm, b=18cm and ¢ =21 cm

Find the length of the third side of a triangular building that faces 13.6
meters along one street and 13 meters along another street. The angle of
intersection between the streets measures72°.

If one side of a triangle is y units long, another side is 3 times as long
and the angle between the two sides measure 35°, find the measures of
other two angles and the third side.

If the length of larger side of a parallelogram is 55 cm and one diagonal
of the parallelogram makes angles of measure 30° and 50° with a pair
of adjacent sides, find the length of the diagonal.



13. The sides of a parallelogram are 25cm and 35cm long and one of its
angles is 36°. Find the lengths of its diagonals.

14. Two hikers start from the same point; one walks 9 km heading east,
the other one 10 km heading 55° north east. How far apart are they at
the end of their walks?

15. Two planes start from Karachi International Airport at the same time
and fly in directions that make an angle of 127° with each other. Their
speeds are 525km /h. How far apart they are at the end of 2 hours of
flying time?

11.2 Area of a Triangle

11.2.1 Derive the formulae to find the area of a triangle in terms of the
measures of
e two sides and their included angle,
e one side and two angles,
e three sides (Hero’s formula)

(i) Two sides and their included angle

Consider a triangle ABC, in which h is its
altitude as shown in Fig. 11.7. We know, from
elementary geometry, that

Area of a triangle = 1y base x altitude

|
1
|
|
1
|
|
1
1
a

2
or A= % ah
1 B ¢
ie., A =3absiny (~ h = bsiny) (Fig. 11.7)
where A denotes the area of the triangle.
Similarly, A= %ac sinf and A= %bc sina
Example: Find the area of triangle ABC, in which a=5.34 cm, b= 9.3 cm and
vy = 53° 34".
Solution: We know that, A= %ab siny
So, A = (534)(9.3) sin 53° 34’
= A= 39918 _ 19.98 sq.cm

2



(ii) One side and two angles

. a b c
By the law of sines, — = =
sina sinfB  siny

-, —Csina g p=CSnB ()
siny siny
We know that
Area of the triangle A = %a bsiny
_lcsina csinf . . . .
So, =2y  smy SnY (using equation (i))
or A _1 2 sinasinf

2 siny

bz sinasiny and A=1a2 sinYSinB
sin 3 2 sina

Example: Find the area of triangle ABC, with a =36cm,  =46° and y = 66°.
Solution: Here a =180°—B—y =180°—46° — 66° = 68°

Similarly, A=

Now A =% 2 sinY sin 8
Sin
_ 1 (36)2 X sin 66° X sin 46° _ 11296 x0 - 913 x0 - 719
) sin 68° ) 0 - 927
= 459.27 sq.cm

(iii) Three sides (Hero’s formula)

As Area of triangle A = 1 ac sin,

2
So, A =ac smﬂcosﬁ [ sinf3 = ZSID'BCOS'B]
or A = ac \/(s—a)(s—c)_ s(s—b), [ ,8 _ ,(s a)(s—c) and COS fs(s b) ]
ac ac ac
ie., A=\/s(s—a)(s—b)(s—c)
Example: Find the area of triangle ABC with a = 120 cm, b = 200cm,

c =98 cm.
Solution:  Here, s=7(a+b+c) =2 (120 +200 +98) = 209
Then, s—a=209-120=89, s—b=9, s—c=111
By Hero’s formula, A= \/S(S —a)(s—b)(s—¢)
or A=./(209)(89)(9)(111) = V18582399
or A=4310.7 sq. cm.




Find the area of triangle ABC when

i. a=8.6 b=114, y=90° ii. b=63,c=17, a=120°
iii. ¢ = 5.34, a = 9.30, = 53°34" iv. ¢ =36, a =46° B =66°
v. a=54, B=37° y=54° vi. b =4.8,a=35°9,y =85°31"
vii. a = 37, b =41, ¢ =37 viii. a = 41.34,b = 35.65,c = 56.81
ix.a=98,b =120,c = 200

2. The area of triangle is 3.346 square unit. If § = 20.9°,y = 117.2°.
Find a and angle a.

3. The measures of the two sides of a triangle are 4 and 5 units. Find
the third side so that area of the triangle is 6 square units.

4. Find area of the equilateral triangle whose each side is x units long.

11.3 Circles connected with triangle

There are three types of circles connected with the triangle namely
circum-circle, in-circle and escribed-circle.

11.3.1 Define circum-circle, in-circle and escribed-circle

(i) Circum-circle

Consider a triangle ABC, (Fig. 11.8). The Circum-radius
circle which passes through vertices A, B and C of J Circum-centre
the triangle is called the circum-circle of the
triangle. The centre of the circle is called circum-
centre and the radius is called circum-radius and
is denoted by R.

(Fig. 11.8)

(ii) in-circle
The circle inscribed within a triangle so C  inradius
that it touches all the sides of the triangle is incentre
called the in-circle of the triangle (Fig. 11.9).
The centre and the radius of this circle are
called in-centre and in-radius respectively.
Incentre is denoted by I and in-radius by r. A

B
(Fig. 11.9)



(iii) Escribed circle or excircle

A circle which touches one side of the  exradius
triangle externally and two extended sides ’
internally is called escribed-circle or ex-circle or
e-circle. The centre and radius of excircle
opposite to vertex A are denoted by I and ry
respectively. Similarly the centers and radii of
the e-circles opposite to the vertices B and C
are denoted by I,,1; and r,,r; respectively as
shown in Fig. 11.10.

excircle

excentre

A\ 4

(Fig. 11.10)
11.3.2 Derive the formulae to find
e circum-radius,
e in-radius,
¢ escribed-radii,
and apply them to deduce different identities.

(i) Circum-radius of a triangle

Let O be the circum-centre of the circum-circle of triangle ABC. Join
O and B. Produce BO to D and join C with D, then mBD = 2R. If the triangle
ABC is acute angled triangle (Fig 11.11) then mZA = a = m«D. If the triangle
ABC is obtuse angled triangle (Fig 11.12) then mZD =t —a.

C D C
C_—
D Q B [ XO) O
o AR AQ*
A \
B B
Fig. 11.11 Fig. 11.12 Fig. 11.13
Since, sin (m—a) = sin a,

Therefore, in both cases
sin(m < D) = sina.



so R=——

T 2sina
If the triangle is a right triangle (Fig 11.13), then sina = % =1 (v a=90°
Thus = 2?;
sina
.. b
Similarly, we can show that R = Tsinf = Zsiny
Hence, we have
a b ¢
2sina 2sinf  2siny
a
Now, T 2sina
a 1 .
=— w  A=35bcsina
2A ( 2 )
2(5¢)
Therefore, R = i—lf where, A = \/s(s —a)(s—b)(s — o).

Example: Find the value of R in triangle ABC where a =10cm, b = 8cm
and c=5cm

Solution:
Here, s=%(a+b+c)
1 23
=§(10+8+5) =5 = 11.5cm
and s—a=115-10= 1.5, s—b=3.5, s—c=6.5
Now, A=\/s(s—a)(s—b)(s—c)
= ,/11.5(1.5)(3.5)(6.5)
=+/392.4375
A = 19.81 square cm
We know that R = 9b¢
e know tha = Za

_ (10)(8)(5) _ 100

S0, 4(19.81) 1981

= 5.04cm

(ii) In-Radius of a triangle

Consider the figure (11.14). An in-circle is a circle inscribed in a
triangle ABC we find the in-radius for the circle as follows:

Draw the bisectors of angles A, B and C so that they meet at I, the in-
centre. Draw perpendiculars IF,[E and ID on AB, BC and CA respectively.




If r is the in-radius, then we have
miF=mIE=mID =r.
Since Area of AABC= A ABI+ ABCI+ A CAI,

HESSNINE S O R
=5 cr > ar > T
1
=3 r(a+b+c) B
A = 7. S (Fig. 11.14)
Therefore, r= %

Example: Find the value of in- radius of a circle inscribed in a triangle, where
a=+v2cm, and b=c=1cm

Solution: We know that r= %

A= /s(s—a)(s—Db)(s—¢)

Hence,
s= %(a +b+c)
1 1 3.41
szi(\/i+1+1)=§: (L41+2) ==-=171
s—a=171-+/2=171-141=0.30
s—b=171-1=0.71
s—c=171-1=0.71
Now, A =\/s(s—a)(s—b)(s—c)
=,/1.71(0.30)(0.71)(0.71) = /2586

A =0.5085 square cm

A 05085
= ? = W = 0.29cm

Now,
(iii) Radii of e-circles of a triangle

Consider a triangle ABC (Fig. 11.15). Let [;, be the excentre of e-circle
opposite to the vertex A of the triangle. Draw perpendiculars I;P; , [,E; and
I,F; on CB , AO and AR respectively.
then mF;I; = mE{l; = mP{I; =1.
where 7; is the radius of the e-circle, we have
Area of triangle ABC =
Area of triangle I;CA +Area of triangle I;BA — Area of triangle I,BC



. 1 1 1
Since, A= 5 bry + 5CTr —5an

Therefore,

1 1

57"1(_61 +h+c)= ET‘l(ZS —2a) =nr(s—a)
SO, rn = ﬁ

Similarly, r, = s—Lb and 1= sTAc

(Fig. 11.15)

Example: Find the radii ry,1,,73 of the escribed circles of a triangle ABC in
(i) a=b=55cm andc=9cm (i) a=b=c
Solution (i):

Here s=%(a+b+c)=%(5.5+5.5+9)=10cm
and s—a=10—-55=4.5, s—b=10—-55 =45, s—c=10-9=1
Now, A= \/s(s —a)(s—b)(s—c) = \/10(4.5)(4.5)(1) = 4.5\10
We know that r; = ﬁ = #51_0 =3.16cm, r, =3.16 cm and r3 = S—fc =14.23 cm
Solution (ii):
Here, a=b=c=x
So, S=%(a+b+c)=32—x

3x x x
and s—a=5-—x=5, s—b=s—c=<%

2
2
Now A= /[s(s—a)(s—Db)(s—c) = /?’Z_x%%%:xf SQ. units

2
A_E _2B2_8

Hence, n=5g= % 7 x= 2%
Similarly, T, =13 = @ units.
Exercise 11.4 )
1. Find the values of R and r of AABC, when
(i) a=5cm, b =10cm, c=12cm

(ii) a=10.5cm, b=11.5cm, c¢=20.5cm
(iii) a = 40cm, b=12cm, ¢ =38cm



Find r;,r, and r3, if the measures of sides of triangle ABC are

(1) a = 23cm, b = 24cm, c =28cm
(i1) a=244cm, b =34.8cm, c¢=42.5cm
(iii) a = 75cm, b =62cm, ¢ =53cm
3. If a =b = c, then prove that
r:Rir=3:2:1
a.cosb cosY
4. Show that:(i) ryryry = rs? (i) r = 4Rsin%singsin% (iil)r, = —25—2
cosy
1 1 1 1 a?+b?+c?
5. Prove that r_2+E+E+E_T
1 1 1 1
6. Show that —=—+—+—
2rR ab bc ca
_Review Exercise 11 )
1. Select correct answer.
i. From the top of a cliff 80m high the angle of depression of a boat is a.
If the distance between the boat and foot of cliff is 80v/3 m, then angle
. T T T 3
ais: (a) (b) = () 3 (d) -
ii. To solve an oblique triangle, we use:
(a) law of sines (b) Laws of cosines (c) Laws of tangents (d) All of these
iii. A circle which touches all the sides of a triangle is called ___ _
(a) circum-circle (b) in-circle (c) ex-circle (d) tri-circle
iv. In a triangle ABC, if B = 90°, then b? = c? 4+ a? — 2ac cos  becomes:
(a) Law of sines (b) Law of tangents
(c) Pythagoras theorem (d) None of these
v. In any triangle ABC, /% is equal to:
(a) sing (b) cos s (c) sin’ () sin?
vi. In any triangle ABC, cos% is equal to:
@ (252 (b) L2 (0) J2 @ 52
vii. In any triangle ABC, with usual notations, s is equal to:
a+b+c a+b+c abc
(@a+b+c (b) > (c) 3 (d) —

viii. /% = (a)sinh (b) cos’? (c) tan’ (@) cot?



xi.

xii.

xiii.

xiv.

XV.

xvi.

xvii.

xviii.

Xix.

In any triangle ABC, /% is equal to:

(@) sin% (b) cos% (c) tan%
We can solve an oblique triangle, if:
(a) One side and two angles are known
(b) Three sides are known
(c) Two sides and their included angles are known
(d) All of these
In AABC, inradius = -----—-----———————-

A A A
() S ®) T, () s (d)
In any triangle ABC, Area of triangle is:

1 1 1
(a) becsina (b) Sca sina  (c) > absiny (d) > ab sin 3

Hero’s formula is:

(@) A=s(s—a)(s—b)(s—¢) (b) Az\/(s—a)(s—b)(s—c)

(c) A=\/s(s—a)(s—b)(s—c) (d) A=a+12)+c

The circle passing through the three vertices of a triangle is called:

(a) Circum-circle  (b) In-circle (c) Ex-centre (d) Escribed circle
The point of intersection of the right bisectors of the sides of a triangle
is called:

(a) Circum-centre (b)In-centre (c)Escribed centre (d) Ortho-centre
Radius of the circle which passes through all the vertices of a triangle is:
(a) Circum-radius (b) In-radius (c) e-Radius (d) Diameter

In any triangle ABC, with usual notations, abc =

(a) R (b) Rs (c) 4RA ) f

The point of intersection of the internal bisectors of angles of a triangle is:
(a) In-centre (b) e-centre (c) Circum-centre (d) Ex-centre
In any equilateral triangle ABC, with usual notations, m: R:r;

(@) 1:2:3 (b) 3:2:1 (c) 1:3:2 (d) 1:1:1
Circum radius of AABC is:

A A A abc
(@3 () 55 ©) 5=, (d) -
Prove that:

) bcos%cos% B 5
(i) = (i1) Ty + 113 + 137 =S

COS%




10.

11.

12.

13.

Find the area of triangle ABC when
(i)a =5.2cm, g =30° vy =40° (ii) a =125cm, b =120, y=150°

Find the R and r of AABC when:
(i) a = 18.8cm,b = 24.5cm, ¢ = 30.2¢ (ii) a = 13.8cm, b = 13.8cm,c = 10.4cm

Find r,r, and 13, of the escribed circle if the measures of sides of
triangle ABC are a = 3cm, b = 4cm and ¢ = 5cm.

A hiker walks due east at 4 km per hour and a second hiker, starting
at the same point, walks 55° north-east at the rate of
S km per hour. How far apart will they be after 3 hours?

Three points A, B, C form a triangle such that the ratio of the measures
of their angles is 1 : 2 : 3. Find the ratio of the lengths of the sides.

A piece of plastic strip 1 meter long is bent to form an isosceles triangle
with 95° as measure of its largest angle. Find the length of the sides.

Two airplanes leave a field at the same time. One flies 30° East of
North at 250km/h, the other 45° East of South at 300km /h. How far
apart are they at the end of 2 hours?

Two men are on the opposite sides of a 100m high tower. If the
measures of the angles of elevation of the top of the tower are 18° and
22° respectively. Find the distance between them.

A man standing 60m away from a tower notices that the angles of
elevation of the top and the bottom of a flagstaff on the top of the tower
are 64° and 62° respectively. Find the length of the flagstaff.

The angle of elevation of the top of a 60m high tower from a point A, on the
same level as the foot of the tower, is 25°. Find the angle of elevation of the
top of the tower from a point B, 20m nearer to A from the foot of the tower.

Two buildings A and B are 100m apart. The angle of elevation from the
top of the building A to the top of the building B is 20°. The angle of
elevation from the base of the building B to the top of the building A is
50°. Find the height of the building B.




Graphs of Trigonometric
& Inverse

Trigonometric __Unit |
Functions & Solution

of Trigonometric Equations
e Weightage = 15% e Periods = 40

12.1 Period of Trigonometric Functions

12.1.1 Find the domain and range of the trigonometric
functions

The method of finding domain and range of a function has already been
discussed in section 8.1.1. Here, we discuss domain and range of
trigonometric functions.

Domain and Range of sin0, cosf and tanf

(i) Function y = sin6 is defined as the ordinate (y-coordinate) of a point on a
unit circle that corresponds to an angle of 6

radians. Therefore, the domain of this function “1
is the set of all real numbers as 6 can be any (cosB, sin6)
real number and the range is set of all real
numbers from —1 to +1 as the maximum and
minimum values of y are 1 and —1 respectively. < 0| cos 6 1
(Fig 12.1)

Example: Find the domain and range of 2sin 5x
Solution: Here, y = 2sin 5x -
« Given function is defined for all real numbers. (Fig. 12.1)
~ Domain of 2sin 5x = R

As Range of sin5x = {y]lye RA—-1 <y < 1}

So, Range of 2sin5x = {y|[ye RA-2<y < 2}

(ii) Function y = cos 6 is defined as the abscissa (x-coordinate) of a point on a
unit circle that corresponds to an angle of 6 radians. Therefore, the domain of
this function is the set of all real numbers as 6 can be any real number and
the range is set of all real numbers from —1 to +1 as the maximum and
minimum values of y are 1 and —1 respectively. (Fig 12.1)

y-axis

sin @




Example: Find the domain and range of cos 7x
Solution: Here, y = cos 7x

+ Given function is defined for all real numbers
~ Domain of cos 7x = R

As the range of cos7x is same as the range of cosx
So, range of cos7x = {y|[y e RA -1 <y <1}

(iii) Function y = tan6 = s(l)r;g is defined when cos6 # 0. The domain of this

function is the set of all real numbers except those where cos6 = 0 and the
nm

angles where y = tan6 is undefined are e radians where n is an odd integer.

The range is the set of all real numbers between —o and + o as the minimum

. sin®
and maximum values of
cos0

are —oo and + oo respectively.

Example: Find the domain and range of tan 4x.

Solution: Here y = tan 4x

We know that tan 4x = S Ax
cos 4x

is undefined if cos 4x = 0

cos4x =0
= 4x = n% (where n is an odd integer)
= =nk

x=ng

So, domain of tan 4x = R — {ng| nis an odd integer}

« The range of tan4x is same as the range of tanx

~ Range of tan 4x = R

For the trigonometric functions sinf, cosf, tanb, cosect, sec, and cotf
the domain and range are given in the following table.

Function Domain Range
f(6) =sin 6 R -1l<sinb <1
f(©) =cos0 R —-l<cosb<1
f@)=tan® R - {n% |nis an odd integer} R

f(0) = cosec6 All real numbers

I
R-{n > |nis an even integer}

>land<-1
f0) =sec® R - {n— |nis an odd integer) | All real numbers
2 >land<-1
f(©) =cotb R

T . .
R - {n > |nis an even integer}




12.1.2 Define even and odd functions

A function f(x) is said to be an even function if f(—x) = f(x) for all x in
the domain of f and a function f(x) is said to be an odd function if
f(—=x) = —f(x) for all x in the domain of f.
Example: Decide whether each of the following function is even, odd or neither.

In the following functions, check whether the function is even or odd.

Q) fO)=vVx*+5 () k() =x5 (i) k() =x+|x]

Solution:
(i) f(x) =vx*+5
f(=x) ={/(=0)*+5=Vx*+5 (Replacing x by - x)
f(=x) = f(x)
- f(x) is an even function.
(i) h(x) = x°
h(—x) = (=x)°> = —x° (Replacing x by - x)
h(—x) = —h(x)
h(x) is an odd function.
(iii) k(x) =x+ |x|
k(—x)=—x+|—x|=—x+|x| (Replacing x by - x)
i.e., k(—x) # k(x) and k(—x) # —k(x)
Hence, k(x) is neither even nor odd function.

Even and Odd Trigonometric functions

Consider the basic trigonometric functions sinx, cosx, and tanx
(i) f(x) = sinx
Replacing x by —x

We get, f(=x) = sin (—x)
= —sin (x) (+ sin(—x) = —sinx)
=—f()

Hence, sinx is an odd function

(ii) f(x) = cosx

We get, f(—x) = cos (—x)
= cos (x) (+ cos(—x) = cosx)

f)




Hence, cos x is even function
(iii) f(x)=tanx

Replacing x by —x

We get, f(=x) =tan (—x)
= —tan (x) (+ tan(—x) = —tanx)
=—f()

Hence, tan x is odd function.

Note: cotx and cosec x are odd functions, where secx is an even function.

Example: Determine whether the following trigonometric functions are even,
odd or neither.
(@) f(x)=secxtanx (b) g(x) =x3sinxcos2x  (c) h(x) = cosx +sinx
Solution:
a) f(x) = secxtanx
Here, f(—x) = sec(—x) tan (—x)
= [secx][—tanx] (+ sec(—x) = secx and tan(—x) = —tan x)
= —sec x tan x
=—f(x)
Hence, f(x) is odd
b) g(x) =x3 sinx cos2x
Here, g(—x) = (—x)3 sin (- x) cos2(—x)
= (=x3)(-=sinx)(cos2x) (~ cos(—x) = cosx and sin(—x) = —sinx)

3sin x cos2x

=x
=g(x)

Hence, g(x) is even

¢) h(x) = cosx + sinx

Here h(—x) =cos(—x) + sin(—x) (~ sin(—x) = —sinx and cos(—x) = cosx)
= cosx + (— sin x)
=Ccosx — sinx
# —h(x) or h(x)

Hence, h(x) is neither even nor odd



12.1.3 Discuss the periodicity of trigonometric functions. Find
the maximum and minimum value of a given function
of the type:

e a+ bsinf e a+ bcos6
e a+ bsin(cO + d) e a+ bcos(cO +d)

e the reciprocals of above
where a, b, c and d are real numbers.

12.1.3(a) Periodicity of the Trigonometric Functions

Let X and Y be the subsets of set of real numbers. A function f: X =Y
is called a periodic function of period p if f(x + p) = f(x), for all x e X, and p is
the smallest positive real number.

Since for any integer n, sin(6+ 2nm) = sinf; cos(8 + 2nm) = cos® and
tan(0 + nm) = tanb. Therefore, sine and cosine are periodic functions of period
2m and tangent is a periodic function of period .

Similarly, cosecant, secant and cotangent are periodic functions of
period 2m, 2w and m respectively.

Since all trigonometric functions are periodic. Therefore, they repeat
their values after specific interval and this property is called periodicity of
trigonometric functions.

Example 1. Verify that sinx,cosx and tanx have periods 2m, 2n and =

respectively.
Solution:
(i) f(x)=sinx
Let us try for finding the period by replacing x by (x +m), we get
f(x+m)=sin (x +m) = sinx cost + cosx sinm = sinx(—1) + cosx(0)

= —sinx = f(x)
T is not the period of sinx
similarly, replacing x by (x + 2n), we get
f(x + 2m) = sin (x + 2m) = sinx cos2T + cosx sin2m
= sinx(1) + cosx(0) = sinx
ie f(x+2m=f(x)

furthermore, sin (x +4m) = sin (x +61) = sin (x +6m) =... = sin(x + 2nm) = sinx V¥ n€ N
i.e function sinx repeats when x is increased by 2m, 4w, 6m,... and so on.
But the the smallest positive integer is 2m.

Hence, the period of sinx is 2.
(ii) f(x) =cosx
Replacing x by x + 2n



f(x + 2m) = cos(x + 2m) = cosx cos2T — sinx sin21
cosx(1) — sin x(0)

cosx

Thus, f(x+2m) =cosx = f(x)

Hence, the period of cosx is 2.
(iii) f(x) =tanx
Replacing x by x +

f( +m) tan(x + m) tanx + tantt

x+mm)=tan(x+mM) = —7v—"7—""—"
1 — tanx tanm

tanx + 0

~1—tanx (0) (- tanw = 0)
= tanx
Thus, fx+m =tanx = f(x)

Hence, the period of tanx is m.

Example 2. Find the periods of the following functions.

3 - °e oo 1 x
i. 5sinx ii. cos3x iii. P tan p
Solution:
i. Here f(x) =5sinx
So, f(x) =5sin(x + 2m) = f(x + 2m)
v f() = fx +2m)
~ period of f(x) is 2.
ii. Here f(x) = cos3x iii. Here f(x) = 1tan X
= cos(3x + 2m) A )1 6 . 6
2 =_ Z
=cos3(x+?n) 6tan(6+n)
1 1
2T =_ —
=f(x+?> 6tan6(x+61't)
2T = f(x + 6m)
cf@=f(x+5) ¢ fQ) = fx+6m)
27T ~ Period of f(x) is 6.
~ f(x) has period of Y

Notes: 1. The period of sinkx, coskx, coseckx, and seckx is QTEI ,

whereas the period of tan kx and cotkxis L.
e.g period of sec 37x132_n=4_n. Ikl

3 3

2. The period of |sinx|, |cosx]|, [tanx|, |cosecx|,|secx| and |cotx| is .




12.1.3(b) Find the maximum and minimum value of a given
functions of the type

(i) a+ bsin0, (ii) a+bcos0
(iii) a+ bsin(cO +d), (iv)] a+bcos(cO+d)
(v) the reciprocals of the above,

where a, b, c and d are real numbers

Consider types (i) and (ii), the expressions attain their maximum values
when both sin0 and cos 6 are at the maximum. i.e., sin® =1 and cos6 =1
provided that b is non-negative.

If b < 0 then we get maximum values at sin® = —1 and cos6 = —1.
So, maximum value of (a + bsin®) = a + |b| (maximum value of sin 6)
=a+|b| (1)=a + |b|

Thus, | Maximum value of (a + b sin0) = a + |b| | ....(i)

Similarly, | Maximum value of (a + b cos 8) = a + |b| | ... (ii)

Now, the functions attain their minimum values when both sin 6 and cos 6 are
at the minimum. i.e., sin® =—-1 and cos 8 = —1 provided that b is non-

negative.
If b < 0 then we get minimum values at sin® = 1 and cos6 = 1.
So, minimum value of (a + b sin 0) = a + |b| (minimum value of sin )

=a+|b|(—1) =a—|b|

Thus, | Minimum value of (a + b sin 0) = a — |b| | ... (i)
Similarly, I Minimum value of (a + b cos 8) = a — |b| | ...(iv)

Now, consider the types (iii) and (iv), that is a + bsin(c 8 + d) and
a + bcos(c 6 + d). In these types, the values of ¢ and d do not affect the
function. So, we get the same results as for types (i) and (ii) which are:
Maximum value of (a + b sin (c6 + d)) =a+ |b| . (V)
Maximum value of (a + b cos (c6 + d)) = a + |b| (Vi)
Minimum value of (a + b sin (c6 + d)) = a — |b| ...(vii)
Minimum value of (a + b cos (c6 + d)) = a — |b| ... (viii)

Thus, we conclude that, if M and m respectively represent the
maximum and minimum values of the expression of types (i), (ii), (iii) and (iv).
Then we have the following formulae.

M=a+ |b| and m =a— |b|




Now, let M' and m’ respectively represent the maximum and minimum
values of the reciprocals of the expressions.

Then, for m>0,M >0 andm<0,M<0,wehaveM’=% and m’=%
And for m< 0, M >0, we have M’=% andm’=%
Example: Find the maximum and minimum values of the functions.

1

(1)y=3—551r16 (ll)y:2+3COS(59+10) (lll)y:m

Solution:

(i) y=3-5sin6, Here,a=3andb=-5

Maximum value of y=a+|b|=3+|-5|=3+5=8
Minimum value of y=a—-|b| =3—-|-5|=3-5=-2

(i) y=2+4+3cos(56+10), Here,a=2and b =3

Maximum value of y=M=a+|b|=2+13|=24+3 =5

Minimum valueof y=m=a—|b|=2-13|=2-3 =-1

1

(111) y = m

Here, a=4and b=-5then, M=a+|b|=4+]|-5|=4+5=9

and m=a—|b| =4—-1]-5| =4-5=-1

Let M’ and m' respectively, represent the maximum and minimum
value of the reciprocals of the functions

- m<0, M>0
-M' == and =1
“M =4 a m'=—
21 A
M =3 and m'=—==-1

Find the domain and range of each of the following functions:

(i) 2sin3x (ii) Scos 4x  (iii) 8tan 2x (iv) cosec 6x
v) 5cot 2x vi) sin = vii) cosec > viii) tan =
3 4 7

Determine whether the following trigonometric functions are even, odd
or neither.

. 2
i. f(x) = sinx cosx ii. g(x) = 15;%
. h(x) = xflfls?;ftx iv. k(x) = x3(sinx + cosx)



3. Find the period of the following functions.

(i) sin3x (ii) cos 4x (iff) tan % (iv)  sect

(v) cosec8x (vi) cot% (vii) V5 cos% (viii) cotv2x

7 21X

(ix) sin% (%) cos% (xi) > cotT (xii) —%secg’—:
4. Find the maximum and minimum values of each of the following

functions.

(i) y =4+ 3sin6 (i1) y = %— 4 cosB

(i)  y=6-=2sin(30+2) (i) vy =8+ 5cos(® — 25)

_ 1 . _ 1
V) Y= msm e Vi) Y =156 cos BB

12.2 Graphs of Trigonometric Functions

The procedure for plotting the graphs of trigonometric functions is
similar as that of graphs of algebraic functions.

In order to draw the graph of trigonometric function we take the angles
x on x-axis and the corresponding values of trigonometric functions are taken
on y-axis.

12.2.1 Recognize the shapes of the graphs of sine, cosine and
tangent for all angles

The graphs of trigonometric functions represent curves and the
trigonometric functions are periodic, so their curves repeat after a specific
interval. The shapes of the graphs of trigonometric functions sine, cosine and
tangent are as follows.

Graph of sinx

y = sin x

/‘\ 0.5
d :x

‘7215‘11" 51 —3m —4n -7m 5x 2x - - -n /|0 = = = 21 5z; 7 4n 3m 5m 1lm
6 3 2

A O O AW /M o\ 2T —eft 8 R —R

3 2 3 6 6 3 2 3 6 0.5 3 6

X

(Fig. 12.2)



The shape of sine function is sinusoidal or up-down curve which

T
repeats after every 2w radians. It passes through origin, heads up to 1 by >

3m
radians and then heads down to -1 at - radians. Its cycle completes at 2x

radians. The cycles repeat after the interval of 2mt. The graph is symmetric
about the origin.

Graph of cosx

y =cos x

-

1
wlg

(Fig. 12.3)
The shape of cosine function is also sinusoidal or up-down curve
which repeats after every 2m radians. It does not pass-through origin. Its
maximum value is 1 and minimum value is —1. Its cycle completes in interval
of 2w radians. The cycles repeat after interval of a 2r. The graph is symmetric
about the y-axis.
Graph of tanx

| | 4A | y =tan x ]

I I 1 I

| I 3 I I

I I 1 I

I I 2 I I

I | | 1 |

| -7n 1 - 1 5Sn | 1in

l 6 l 6 l 6 1 6 oy
on~LI% 51 3w —in g oS 2m Zmo-n 0z =z Iz2n n In 4n 3n 5n o
"6 T3 "2 3 6 3 2 3 N A 6 3 2 3

I I 1 I

I | ) 1 I

I I 1 I

I | -3 1 |

I | 1 |

I I - I I

y
\{ \{ A \{ \4

(Fig. 12.4)



The tangent function has a completely different shape. It goes between
—oo and +o. It passes through origin. At i%, is—;,isz—ﬂradians ..., etc., the
function is undefined. It is discontinuous curve and is symmetric about
origin.
12.2.2 Draw the graphs of the six basic trigonometric
functions within the domain from —2m to 2n

(a) Graph of y =sinx,—2n < x <2m

Table of values of sinx from —2 to 2.

—11n| —-5m -3 —41 —-7m —5m —2m —T —T —T
—2T _ _— JR— - —T - - R —_— N 0
x 6 3 2 3 6 6 3 2 3 6
—360° | —330°| —300° |—270°| —240° |—210°|—180°| —150° | —120° | —90° | —60° | —30° | 0°
y = sinx 0 0.5 0.87 1 0.87 0.5 0 -0.5 | -087 | -1 |—-0.87| —0.5 0
s T s 2m 5n 7m 41 3n 51 11m
0 — — — J— i T J— —_ — — _— 21
x 6 3 2 3 6 6 3 2 3 6
0° 30° 60° 90° 120° 150° | 180° 210° 240° 270° | 300° | 330° | 360°
y = sinx 0 0.5 0.87 1 0.87 0.5 0 -0.5 | -087 | -1 |—-0.87| —0.5 0
y
A
| y =sin x
0.5
Sy St -3m —Am 7 Sm -2 0 =
=L e = T —4n —/T = g1 43S |58 S | 855 e | LS
R T R T T R
i
\
Y

(Fig. 12.5)

Graph of y =sinx,—-2n<x < 2m
The graph of sinx, is sinusoidal curve and it is also called sine wave.
(b) Graph of y = cosx,2n<x <2nmn

Table of values of cosx from —2 to 2.

—11n —5m —3m —4m —7m —5m —2m - —-T —T
—2n —_— —_— - _ —T _— - — — _ 0
x 6 3 2 3 6 6 3 2 3 6
—360° | —330° —300° —270° | —240° | —210° | —180° [ —150° | —120° | —90° | —60° | —=30° [ 0°
y = cosx 1 0.87 0.5 0 -0.5 —-0.87 -1 —-0.87 —0.5 0 0.87 0.5 1
m b b 2m 5t 7m 41 3n 5t 11n
0 — — — g i T _ — — — — 2m
x 6 3 2 3 6 6 3 2 3 6
0° 30° 60° 90° 120° 150° 180° 210° 240° 270° 300° | 330° | 360°
y = cosx 1 0.87 0.5 0 -0.5 —-0.87 -1 —0.87 —-0.5 0 0.5 0.87 1




—1ln 5% -3

Bl ey

g

(Fig. 12.6)
Graph of y =cosx,—2n<x <2m

(c) Graph of y =tanx,—2n < x < 2m

Table of values of tanx from —2mto 2m.

Con —1lm | =57 | -3n | -3m —41 —7m n —57 —27 -n -n -n -n 0
X 6 3 2 2 3 6 6 3 2 2 3 6
—360°| —330° | —300° | -270° | 2700 | —240° | —210° |_180°| —150° | —120° | —90° | —90° | —60° | =30°| @
y=tanx| 0 058 | 173 | 40 | —0 | =173 | =058 | ¢ 0.58 1.73 40 | —0 | =173 | 058 ¢
0 m m s s 21 Sm . 7T 41 3n 3m Sm 11w | 2w
x 6 3 2 2 3 6 6 3 2 2 3 6
0° | 30° | 60° | 90° | 90° | 120° | 150° [ 180° | 210° | 240° | 270° | 270° | 300° | 330° |360°
y=tanx| 0 | 058 | 173 | 400 | —oo | =173 | =058 | o | 058 | 173 | 4o | —oo | —173 |-0.38| 0
A A A A
1 1 4 1
| I I
1 1 3 1
1 I 1
1 1 2 1
1 1 | 1
1 Lo 1 i 1
i 1 6 | 6 1
X T 7 5 -
_op LT _5m —3m —d4m qpoSm -2m —m _m A 3n
6 3 2 3 6 3 2 3 | 6 3 2
1 1 1
1 1 | 1
1 1 i 1
1 1 “ 1
1 1 i 1
1 1 | 1
I 1 : I
Y Y r Y

(Fig. 12.7)
Graph of y =tanx,-2n<x <2m



(d) Graph

Table of values of cotx from —2mto 2.

ofy=cotx,2n<x<2m

—11m | —5m -3 —4m —7m —5m —-2m —T -7 -7
—2m —_— — —_ —_ —T -1 - g — — — 0
x 6 3 2 3 6 6 3 2 3 6
—360°| —330° | —300° | —270° | —240° | —210° | —180° | —180° | —150° | —120° -90° —60° —-30° 0°
y = cotx oo 1.73 0.58 0 -0.58 | —-1.73 +o0 —o0 1.73 0.58 0 —0.58 -1.73 —o0
s s s 2n 5m 71 4m 3n 5t 11m 2m
0 - = = — — s s — — — — —
x 6 3 2 3 6 6 3 2 3 6
0° 30° 60° 90° 120° 150° 180° 180° 210° 240° 270° 300° 330° 360°
+oo —o0 —o00
¥ = cotx oo 1.73 0.58 0 -0.58 | —-1.73 1.73 0.58 0 —0.58 -1.73
v
A A
I : I
] z I
I 2 I
I |
4 5
. =L &= o ;
I I
I I
] I
(Fig. 12.8)
Graph of y =cotx,—2n<x < 2m
(e) Graph of y = secx,—2n < x <21
Table of values of secx from —2 to 2.
~11in =51 -3n =3n —4n -n -5m 21 - L L -
-2n —_— —_ — — e — - — — - - — — 0
x 6 3 2 2 3 6 6 3 2 2 3 6
-360° | -330° -300° =270° =270° —-240° | -210° | -180° -150° -120° -90° -90° -60° | -30° 0°
y = secx 1 115 2 +o0 - -2 -115 -1 -115 -2 +oo -0 2 115 1
s s T 2n 51 m 4n 3n 3n 51 1in 2n
0 - - = = — — m — — — — — —
x 6 3 2 2 3 6 6 3 2 2 3 6
0° 30° 60° 90° 90° 120° 150° 180° 210° 240° 270° 270° 300° 330° | 360°
y = secx 1 115 2 +o0 —00 -2 -1.15 -1 -115 -2 +00 —00 2 115 1

|-
~ly

(Fig. 12.9)




(f) Graph of y = cosecx,—2n < x <2m

Table of values of cosecx from —2mto 2m.

—11n | =5n | =3m | —4n -7 -T -7 —5m —2m - -7 -7
—2m _ | — | — — _— = — — filiag 0
x 6 3 2 3 6 6 3 2 3 6
—360° | —330° | —300° (—270°| —240° | —210° | —180° | —=180° | —150° | —120° | —90° —-60° -30° 0°
Yy = cosecx ] 2 1.15 1 1.15 2 +o0 —o0 -2 -1.15 -1 -1.15 -2 —c0
T T u 2m 5m T L 7m 4m 3n 5t 11m
0 — — - — — — — — — —_ 2m
x 6 3 2 3 6 6 3 2 3 6
0° 30° 60° 90° 120° 150° | +180° | 180° 210° 240° 270° 300° 330° | 360°
y = cosecx | oo 2 s |1 |1as | o2 | TPl T 2 | cuas | -1 | -115 | -2 | —o

(Fig. 12.10)

Graph of y = cosecx,—2n < x < 2m

12.2.3 Guess the graphs of sin26, cosZB,sing,cosg etc, without
actually drawing them

We know that the graph of y =sin6 and y = cos 6 both have period 2.
In y =sinnB and y = cosnb, n is constant and indicates the number of cycles
in the interval of 0 to 2m, i.e., 0 <0 <271
Now, we draw the graphs of A y=sin8

0 0
sin26, cos26, sinz, and cos> without 0.5

using table. If n = 1 in sinnB and cosnb, x«
it means that there is only one cycle in
the interval: 0 < 0 < 2mn

Fig 12.11 shows the graph of v
sin®, 0 <6 < 2m and period of sin 8 is 2m. (Fig. 12.11)

| =)
— 193
N|:]
<
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In Fig 12.12, there is one cycle
ingraphof y =c0s0,0 <0 <2n x¢
and period of cos6 is 2m. 0

<
N

(Fig. 12.12)

If n = 2 then we have, y = sin 20 and y = cos 20 which means that there are two
cycles in the interval O to 2n. The graphs of y =sin26 and y = cos 20 are the
compressed forms of the graphs of y =sin8® and y = cos 8 respectively. The

graphs of sin 20, cos 20 are as follows: y
A y = sin 20
1

In Fig 12.13, there are two cycles in -

the graph of y =sin26, 0<6<2mn X< ! 4 . > x
and period of sin 26 is . % \/n 3n 2n
-0.5 2
-1
\
y
(Fig. 12.13)
y
A y = cos 20
1
0.5
Fig 12.14 shows the graph of ¥ = p 3n o
y=c0s20,0<0<2n. It has two o5 2 2
cycles and period of cos 26 is m. 1
Y
y

(Fig. 12.14)



Now, if n= 3 then we have y = sin30 and y = cos 30, it means that there
are three cycles in the interval 0 to 2m. The graphs of y =sin30 and
y = cos 30 are the compressed forms of the graphs of y =sinf and y = cos®
respectively.

Now, if n = % then we have y = sin%e and y = cos%ﬂ, it means that there

is only half a cycle in the interval 0 to 2n. The graphs of y = sin% andy = cos%

are the expanded forms of the graph y = sin0 or y = cos 0 respectively.

»
>

Fig. 12.15 shows the graph of 0.5

y=sing, 0<06<2m Ithas half x<« > -~ X
0 T 2% 31 47
cycle in 0 to 2 and period of 05
04 '
sins = 4. B N
\A
y
(Fig. 12.15)
y
A Y= cos—
1 .
0.5 o
Fig. 12.16 shows the graph of J
X< 3 » X
y = cos%, 0 <6 < 2m. If has half 0 T 2m 31 4m
cycle in the interval 0 to 2mrand 9
period of cosg =4m -1
\A
y
(Fig. 12.16)

Thus, we conclude that multiplying 8 by a number greater than 1
compresses the graph of sin 6 or cos 0, while multiplying 6 by a positive number
less than 1, expands the graph. In this case the period is given by

Period = 27” where, nis the number of cycles.




The period of sine and cosine functions can be found by the given
formula.
Now, we also define the amplitude as the maximum height of the graph
of sine or cosine functions from the horizontal axis. The functions y = sin8
and y = cos® have amplitude 1.

Example 1. Guess the graph of sing. Also find its period, and amplitude.
Solution: Let y = sinée 4

Here, n = % <1, so the graph

of sinée is an expanded type x<
of the graph of y =sinf, in 03 . .
the interval of 0 to 2m, there -1
is one eighth of a cycle as 3
shown in Fig. 12.17.

(Fig. 12.17)

Now, period of sin%ﬂ = 2?” = ZTH =8X2m=16m

8
The amplitude of the sine function is the coefficient of sine function, which is

1 in this case.
Hence, Amplitude of sin%@ =1

Example 2. Guess the graph of 2sin20. Also find its period, and amplitude.
Solution: Let y=2sin20

Here, n =2 > 1, so the graph of i

2sin 20 is a compressed type of 2

the graph of y =sin8, in the L5

interval of 0 to 2m, there are 1 y =2sin 26
two cycles as shown in

Fig. 12.18. e

Now, Period of 2sin26 = 27” =T 70_: 5 i T
The amplitude of the sine .

function is the coefficient of s

sine, which is 2.

Hence, _2‘,

Amplitude of 2sin 20 = 2 ¥

(Fig. 12.18)




Periodic property sin (0
Odd property sin (—0) =

Translation property {

a) Properties of the graph of sin0

i. Periodic Property

12.2.4 Define periodic, even/odd and translation properties
of the graphs of sin0,cos 0 and tan 0, i.e., sin 0 has

+ 21) = sinB®
— sin0@

sin (0 — ) = —sin 0
sin(mt—0) = sin0

y =sin 6

be changed.
Therefore,

sin(—0) =
Hence, sin 0 is an odd function and this property is called the odd property of

(Fig. 12.19)
We know that the graph of sin 0 repeats itself after a period of 2m as
shown in Fig. 12.19. Therefore, sin(6 + 2m) = sin 6.
This property of graph of sin 8 is known as periodic property.
ii. Even/Odd Property
y
A y=sin0
1
/\ 0.5
< -lin —5n 3 —4n 7z N\ 5n —2x —% —x -z /[0 = = = 21 Sn N\ Zn 4n 31 5n l=n >
6 3 2 3 6 32 3 64 6 3 2 "3 76 6 3 2 3 ©
-1
M
y
(Fig. 12.20)

We know that the graph of y = sin 6 is symmetrical about the origin as
shown in Fig. 12.20. It means that if 0 is replaced by —6 then the graph will

—sin©



graph of sin 6.

iii. Translation Property:

We know that

sin(6 — ) = —sin0;
sin(mr — 0) = sin6

This property is called Translation property of graph of sin6 because
the graph of y = sin(0 — ) is similar to the graph of original sine function but
translated or shifted horizontally m units right to the graph of y =sin 0 as

shown in Fig. 12.21 and Fig. 12.22.
Graph of y = sin6

LN

y=sin®

X<

-2m

Graph of y = sin(6 — )
y

_____

A

(Fig. 12.21)

~o -
- -

(Fig. 12.22)

We observe that graph of y = sin(0 — ) is reflection of graph of y = sin 6 about

x-axis.

So, the graph of y = sin(6 — n) is same as the graph y = —sin9
sin(6 —m) = —sin0

Now, sin(m —0) = sin[—(0 — n)]

= —sin(0 — m)

Hence,

- sin(—0) = —sin0)

So, graph of sin(r — 8) is reflection of graph of y = sin(6 — n) about x-axis as
shown in Fig. 12.23.




Graph of y = sin(m — 0)
y
A

1

0.5

X< N ,7|0 \n‘ 2n > X
05
e N
M
y
(Fig. 12.23)

We observe that the graph of y = sin(m — 0) is same as the graph of y = sin6
Hence, sin(r — 0) = sin6

Notes: (i) The graph of y = sin(8 — k) is similar to the graph of original sine
function but translated or shifted horizontally k units right to the graph
of y = sin6.

(i) The graph of y =sin(6 + k) is similar to the graph of original sine
function but translated horizontally k units left to the graph of y = sin 6.

Example: Draw one cycle of the
graph of y = 3sin(6 — 3m) A y = 3sin (0 - 37)
Solution: Here ,
Amplitude = 3
and period = 27 !
According to the Translation x<—;

\ 4
=

property, the graph of 3sin(6 — 3m) -1
is similar to graph of sin6® but )
translated 37 units to the right and =
its amplitude is 3. v

Now, for initial point, we take (Fig. 12.24)
0—-3r=0=06=3r and for
terminal point, we take
0—-3r=2n=0=5n
Therefore, the interval of the graph is 37 <6 <5n
The graph of y = 3sin(6 — 3m) is shown in Fig. 12.24.



b) Properties of the graph of cos0

i. Periodic Property
y

A y =cos 6

AUTANTAN: NANANYA
VARVARVZ AVARVARV,

\ 4
M

(Fig. 12.25)
We know that the graph of cos 6 repeats itself after a period of
2m as shown in Fig. 12.25. Therefore, cos(6 + 2m) = cos6.
This property of graph of cos 8 is known as periodic property.

ii. Even/Odd Property

y =cos @

(Fig. 12.26)
We know that the graph of y = cos0 is symmetrical about y-axis as

shown I Fig. 12.26. It means that if 6 is replaced by —6 then the value will be

unchanged.

Therefore, cos(—6) = cos 6

Hence, cos 0 is an even function and this property is called even property of

graph of cos 6.

iii. = Translation Property: We know that
cos(0 —m) = —cos0 ;}
cos(m —0) = —cos O

The property is called Translation property of graph of cos6 because



the graph of y = cos(0 — ) is similar to the graph of original cosine function

but translated or shifted horizontally m units right to the graph of y = cos 6 as
shown in Fig. 12.27 and Fig. 12.28.

Graph of y = cos6

y =cos0
1
—2n 7?5 - 77: s x T Zn 2m
-1
‘,
y
(Fig. 12.27)
Graph of y = cos(6 — )
y
A y=cos (0-n)
- 1 -
0.5
x':fﬂ ) P X
T 2n 3n
0.5
N ~ .71- .- - e
v
y
(Fig. 12.28)

We observe that the graph of y = cos(6 — ) is reflection of graph of y = cos6

about x-axis.

So, the graph of y = cos(6 — m) is same as the graph of y = —cos 8.

Hence, cos(6 —m) = —cos®6

Since cos(m —0) = cos(B —m)
Therefore, graph of cos(m — 0) is same as graph of cos(6 —m) as shown in

Fig. 12.29.



Graph of y = cos(w — 6)
y

A

2n

A
.
.
g
’

(Fig. 12.29)
We observe that the graph of y = cos(r — 6) is reflection of graph of y = cos 6
about x-axis, so, the graph of y = cos(r — 8) is same as the graph y = —cos 6
Hence, cos(mr—06) = —cosH

Notes: (i) If we add constant k > 0 to 6 as y = cos(8 + k) then graph of cosine
function will be translated k units to the left.
(ii) If we subtract constant k > 0 from 6 as y = cos(6 — k) then graph of
cosine function will be translated k units to the right.

Example: Using graphs and its properties, show that sin (E - 9) = cos0

2
Solution:
. (T . s

Let, y = sin (f - 6) = —sin (6 - f)
In order to draw graph of K
sin (% - 9), we first draw graph of

. s ., 05
sin (6 — ?) and then reflect it
about x-axis. <o z n 3 2 575 *
Here, amplitude = |-1| =1 -0.5
and period = 27 1
For initial point of the graph: Y

e—§=0 = e=% (Fig. 12.30)

For terminal point of the graph: 6 —% =2r1 = 0= 52_71

Therefore, the interval of the graph is % <6< 52_1t

s
By translation property, graph of sin8 will be translated > units to the right

as shown in Fig. 12.30. Now, we reflect it about x-axis to get graph of



y = sin (E - 9) as shown in Fig. 12.31

> .
We observe that the graph of K
y = sin (g — 9) is as same as the y=sin(3-9)
graph of y = cos6. 05
Hence X' » X
n ’ 0 n 3n 21 5
sin (7 - 6) = cosB -0.5 2 z
Hence proved. 1
\A
Y (Fig. 12.31)
c) Properties of the graph of tan®
i. Periodic Property
y=tan6
A AL A A A
4
I I I | I I
| I | | | |
1 1 | 3 I I |
I I I | [ I
I I I 2 | [ I
I I I | | |
I I e ! I [ I
< I 1=z 12 I 15 13F
3 ] 21 I - ! 0 I T ! 2n : 3n
I I I ‘) | [ I
| I | | | |
I I I 5 [ [ I
I I I | [ I
I I I 3 [ [ I
I I I | | |
I I I . ! ! I
v v vov oy v v
(Fig. 12.32)

We know that the graph of tan0 repeats itself after a period of m as
shown in Fig. 12.32. Therefore, tan(6 + m) = tan 6.

where, 0 + i%,i3%,i5g,i7%, v 2k + 1)%; k is any integer

At these values of 06 the tangent function is undefined.

This property of graph of tan 6 is known as periodic property.

ii. Even/Odd Property

The graph of y =tan6 is symmetrical about origin as shown in
Fig.12.32. It means that if 0 is replaced by —6 then the graph will be changed.

Therefore,

tan(—0) = —tan©

Hence, y =tan#0 is an odd function and this property of graph of tan 6

is called odd property.



iii. Translation Property: We know that
tan(6 — m) = tan O ;}
tan(Tt — 0) = —tan0

This property is called Translation property of tan 6 because the graph
of y =tan(0 — T0) is similar to the graph of tan® but translated or shifted

horizontally Tt units right to the graph of y = tan 6 as shown in Fig. 12.33 and

Fig. 12.34.
Graph of y =tan 6
y
A 3 A
I I I I
I 2 I 1 I
I I 1 I
I I I I
1
:;" :L : 3n :
o L 2 12 1 2 l > X
—T | | T 1 21 151
I I 1 13
I I I I
I I 1 I
I I 1 I
I I I I
I I [ I
A/ \
y
(Fig. 12.33)
Graph of y = tan(0 — )
y
/I I I I
2 ;| 1 1
S | I
I | I
1 // | I |
/7
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—T ﬁ 0 Tl s, T ! ﬁ 27 TS_TE 31 o
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) I I I
|I’ I I
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(Fig. 12.34)

We observe that the graph of y =tan(f — ) is same as the graph of

y =tan0

Hence, tan(6 — ) = tan 0




Now, tan(m — 0) = —tan(6 — m)
So, graph of y = tan(m — 0) is reflection of graph of tan(8 — ) about x-axis as
shown in Fig. 12.35.
Graph of y = tan(m — 6)
y

A A A A A

| - I I I

| | | |

| -2 I I |
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| -3 | | |
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(Fig. 12.35)

We observe that the graph of y = tan(m — 8) is same as the graph y = —tan
Thus, tan(r — 0) = —tan©

Note: (i) If we add positive real number k to 8 as y = tan(0 + k), the graph of
tangent function will be translated k units to the left.
(ii) If we subtract positive real number k from 8 as y = tan(8 — k) then
the graph of tangent function will be translated k units to the right.

12.2.5 Deduce sin(0 + 2km) = sinf, where k is an integer

We know that
sin(a + ) = sina cos B + cos asin 3
So, sin(@ + 2km) = sinB cos 2k + cosBsin2kmr  where, k € Z ...(1)
SinB and cos 0 are periodic functions of period 2.

~ for, any integer k =0,+1,12, ...

cos2km =1 and sin2km =0
By using cos 2km = 1 and sin 2kn = 0 in equation (i)
We get sin(6 + 2km) = sinB(1) + cos 6 (0)

sin(0 + 2km) = sinf + 0

Hence, sin(0 + 2km) = sinB




Exercise 12.2 )

Draw the graph of the following trigonometric functions for the given

interval.
1. y = —sinx , 0<x<2m 2. Yy = CcOosX , 0<x<2n
3. y=sin% , 0<x<2m 4. y = tan2x , —mM<x<2m
5. y=55ec§ , —2n<x<2m 6. y=—4cotx , -—-TmT<x<2Tm
7. Guess and draw the graph of the following functions without using
table of values where 0 < 6 < 2m
(i) y =cos 46 (ii) y= Zsing (i) y= 3cos§
(iv) y =2sin36 (V) y = cosg (vi) y = sin20
8. By using properties of graph of sine, cosine and tangent, show the
following.
(i) cos (g + 6) = —sin@ (ii) sin (%T + 9) = cosB
(i)  cos(m—6) = —cosO (iv) tan(m + 0) = tan®
(V) sin (3% - (-)) = —cos0 (vi) cos(2m + 6) = cosB
9. For any integer k, deduce that:
(i) cos(0 + 2km) = cos O (i) cosec(0 + 2km) = cosec 0
(iii)  tan(® + 2km) = tand (iv) cot(® + 2km) = cotB

12.3 Solving Trigonometric Equations Graphically

The equation, containing at least one trigonometric function is called

. . . 1 .
trigonometric equation. For example, cos x = 5 and cosx +sinx =1

Trigonometric equations have an infinite number of solutions due to
the periodicity of the trigonometric functions. For example, if sin 8 = 0 then it
has infinite number of solutions i.e., 8 = 0, +m, +2m, ...; which can be written as
O=nm,VnecZz.

12.3.1 Solve trigonometric equations of the type:
sin@® = k,cos0 = k and tanO® =k wusing periodic,
even/odd and translation properties
We know that sine and cosine functions are periodic and have period
2m. i.e., they repeat their values after every 2m units. Thus, if we want to find

all solutions of the type of sin® = k and cosf = k, we simply add and subtract
integral multiple of 2 from the solution in the interval 0 < 6 < 2.



Similarly, tangent function is also periodic having period m. Thus, to
find all the solution of the equation of the type tan6 = k, we add and subtract
integral multiple of m from the solutions in the interval 0 <6 < 2m.

The method of solving trigonometric equations is explained through the
following examples.

Example 1. Solve the equation: sin 8 = %

Solution: = We know that sin % = %, so the reference angle is 6 = %
Sine function is positive in 1st and 2nd quadrants, so equation has two
solutions in the interval 0 < 6 < 2m, one in 1st quadrant and the other in 2nd

quadrant.

For 1st quadrant, 0= %
For 2nd quadrant, 0=m— % = 5?” [Translation property]
Since, 21 is the period of sin®.
Thus, 6= % +2nm or 6= %ﬂ +2nm, Vnez [Periodic property]
Hence, the solution set of sin 6 = lis {E + ZH‘IT} U {S—T[ + 2mt} , VneZz
2 6 6
Example 2. Solve the equation: cos 6 = _Tzl
Solution: We know that cos% = le, so the reference angle is 6 = %

Cosine function is negative in 2»d and 3rd quadrant.
Thus, the equation has two solutions in the interval 0 < 6 < 2.

For 2nd quadrant, 0=m —% [Translational property]
_3nm
T4

For 3rd quadrant, 6=m +% [Translational property]
_sn
T4

Since, 21 is the period of cos®.

Thus, 0= 37? +2nm, or 6= %ﬂ +2nm, VneZ [Periodic property]

_Tzlis {%Tﬂ+2mr}u{¥+2mr} ,VneZz

Example 3. Solve the equation: tan 8 = V3

Hence, the solution set of cos 6 =

Solution: We know that tan% = /3, so the reference angle is 6 = g

Tangent function is positive in 1st quadrant and 3rd quadrant, so the equation



has two solutions in the interval 0 < 6 < 2w, one in 1st quadrant and the other
in 31 quadrant.

For 1st quadrant, 6= g

For 3rd quadrant, 0=m +% [Translational property]
e
3

Since, m is the period of tan6.

Thus 0= g +nm VneZ [Periodic property]

Hence, the solution set of tan 6 = v/3 is {% + nn} ,Vnez

12.3.2 Solve graphically the trigonometric equations of the

type (i) sin@ = g (ii) cos6=0

(iii) tan60 =20 when —5<0<

N ]
N[ ]

The method of graphical solution of trigonometric equations is
illustrated through the following examples.

N| D

-1
for — <0<
2

N A

Example 1. By using graph, solve the equation: sin6 =

Solution:  Let y=sin6 then y= g

We will draw the graph of two functions on the same graph paper. The point of

intersection will be the solution of given equation.
—T

> =0< T are given in the following table.

Some values of y = sin8 where

9 —Tt —Tt 0 T i
2 4 4 2
y = sinf -1 -071 | 0] 071 | 1
and some values of y = g where _7” <0< % are as under:
o —T —Tt 0 (i (i
2 4 4 2
0
y = 2 —-0.78| —0.39 | 0] 0.39 | 0.78

The graphs of the equations are plotted on the same graph paper as shown in
Fig. 12.36.




(Fig. 12.36)

From the graph, the point of intersection of these equations is origin. Thus,
solution is 6 =0
Example 2. Solve the equation cos6—6 =0, graphically for interval

-7 T
— <0< -
2 2
Solution:
Here, cos6—-0=0
or cos® =0

Let y=cos0 then y=26
We will draw the graph of these two functions on the same graph paper, the
point of intersection will be the solution of given equation.

Some values of y = cos6, _Tn <0< g are given in the following table.
T | - S
S B e B S
y = cos@ 0 071 (1] 071 |0

Some values of y =8, _7” <6< g are as under:
- —T T

S 121 3 | 1
y=06|-157| -078 | 0 | 0.7

SILSIE=

8| 157

The graphs of the equations are plotted on the same graph paper as shown in
Fig. 12.37.




(Fig. 12.37)
From the graph, we observe that A is the point of intersection of these

A
equations. Thus, the approximate value of abscissa of A is " ie, 0= %

. . A
Hence solution is 0 =~ T

Example 3. Find the solution set of the equation tané — 26 = 0, graphically for
the interval —2_11 <8< %

Solution: tan6—-20=0

or tand = 20

Let y=tanb then y=26

We will draw the graph of these two functions on the same graph paper, the

point of intersection will be the solution of given equation.
-1 T

Some values of y = tanG,T <0< > are as under:
—Tt —T T
R A
y=tanb | —o | =1 |0 | 1| +o
Some values of y = 26, _TH <0 Sg are:
—T —T T T
S 2 i e B S B
y=20|-314| =157 | 0 | 1.57 | 3.14

The graphs of the equations are plotted on the same graph as shown in Fig. 12.38.
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(Fig. 12.38)

From the graph, we observe that the point of intersection of these equations
is origin. Hence, the solution is 6 =0

- T
Find solutions by using properties, when > <x< Py

11.
14.

. 1 1 1

smx—E—O 2. cosx—E—O 3. cosx+\/—7—0

sinx+%=0 5. tanx—%=0 6. tanx — V3 =0

sinx+§=0 8. cosx—1=0 9, Tanx+i=0
2 V3

tanx —1=0

By using graph, find the solution of the following equations.

Sinx—z—x=0 12. Cosx+£=0 13. Tanx—4—x=0
T T T

Sinx—g—x=0 15. Cosx—£=0 16. Tanx +x =0
T 21



12.4 Inverse Trigonometric Functions

12.4.1 Define the inverse trigonometric functions and their
domain and range

We know that inverse function exists, if the function is bijective. All the
trigonometric functions are not bijective. If we restrict the domain of
trigonometric functions, then these functions will become bijective and
inverse trigonometric functions can be defined within the restricted domain.
The inverse of fis denoted by f~1.

and the domain of f= range of f~!
and range of f= domain of f71

The trigonometric functions with restricted domains where inverse
functions exist, are called principal trigonometric functions and are usually
denoted by Sinx, Cotx, Tanx etc.

(a) The Inverse Sine Function

We know that sine function is not one-to-one because a horizontal line

will cut its graph at more than one points. ;";
If domain of sinx is restricted to the interval 1
—g <x S% then it will be one-to-one and 05 i
y=sin x
onto (bijective) as shown in Fig. 12.39 and L i
we can find inverse sine function. = 0 Ui
The inverse sine function is denoted >
by Sin~!x or arcSinx and is defined as HE
y = Sin~lx, if and only if x = Siny, ‘)t,
(Fig. 12.39)

where, Domain of inverse sine function =
{x|[xeRA-1<x<1}

Range of inverse sine function = {y|y ERA _Tﬂ <y< g}

Note: sin~!x # (sinx)™?!

Example: Without using calculator, find the value of:
i)  Sin? (%7) (i)  Sin? (%g)

1
(i) We want to find the angle y, whose Sine is E

Solution:

i.e Siny—i:y = z -1 (2
. .y _‘/-i




el
We want to find the angle y whose Sine is —

V3 - 7

ie., Siny= _T >y=

(ii)

<y<

?, - Thus, Sin'l <_
2 2

S
N—
1l
w|

(b) The Inverse Cosine Function

We know that cosine function is also not Y
one-to-one because a horizontal line will cut its 1 Y Ee0sX
graph at more than one points. If domain of
cosx is restricted to the interval 0 < x < 1 then
it will be one-to-one and onto (bijective) as *
shown in Fig. 12.40 and we can find inverse 05
cosine function.

The inverse cosine function is denoted
by Cos™'x or arc Cosx and is defined as y

Y
=

eI

y = Cos™1x if and only if x = Cosy, (Fig. 12.40)

where, Domain of inverse cosine function = {x|[x e RA—-1<x < 1}
Range of inverse cosine function = {y|[y e RA0 <y < T}

Note: cos™1x # (cosx)™? |

Example: Without using calculator, find the value of:
. _1 1 . _1 _ i
(i) Cos (2) (ii) Cos ( ﬁ)

1
(i) We want to find the angle y, whose Cosine is >

Solution:

. 1 T _1(1 T

ie, Cosy=5=>y=73, 0<y<m Thus,C051(§)=§
-1

(ii) We want to find the angle y, whose Cosine is E

ie., C05y=_T21=> y=%”, 0 <y <mn Thus, COS_l(%;):%TH

(c) The Inverse Tangent Function

Like sine and cosine functions, tangent function is also not bijective.

If domain of tanx is restricted to the interval _7” <x< g, then each

horizontal line will intersect the graph only once, so, y = Tanx is one-to-one for
—TT A

the interval Y <x< 5 as shown in Fig. 12.41 and its inverse tangent function

is possible.



The inverse tangent function is A
denoted by Tan 'x or arc Tanx and is :
defined as y =Tan"lx if and only if :

x = Tany I
where, :

Domain of inverse tangent i o
function is R and range of inverse ?

. —T A
tangent function = {y|y ERA—S <y < 5} :
I
Note: tan"1x # (tanx) 1. |
Y
Example:  Without using calculator, find the value of:
(i) Tan™! (%) (i) Tan~1(1)
Solution:
() We want to find the angle y, whose Tangent is
-1 -r _T r -1
Tany—ﬁzy—6, 5 <Yy <3 Thus, Tan (
(i1) We want to find the angle y, whose Tangent is 1

i.e., Tany=1ﬁy=%, —%<y<%

(d) The Inverse Cotangent Function

y=tan x

)

Ne)

Thus, Tan"1(1) =

S e e et e
a

«

(Fig. 12.41)

Since, cotangent function is not bijective. Therefore, domain of cotx is

restricted to the interval 0 < x < T, so that
each horizontal line intersects the graph
only once. so, y = Cotx is bijective for the
interval 0 < x < as shown in Fig. 12.42
and its inverse function is possible.

The inverse cotangent function is denoted .

by Cot™lx or arcCotx and is defined as
y = Cot™x if and only if x = Coty
where,
Domain of inverse cotangent
function = R
and range of inverse cotangent
function ={y|ly e RA0 <y < 1}

¥

A

y-=cot x

[

ol

T e

(Fig. 12.42)

Note: cot™1x # (cotx)~ 1.




Example: Without using calculator, find the value of:
(i) Cot™1(V3) (i)  Cot™'(-1)
Solution:
(i) We want to find the angle y, whose Cotangent is V3
. 1 1 -7
ie., Coty=+3=> Tany =73 2.
= Tany:ﬁ:y:%, _Tn<y<%, wherey # 0
_ T[
Thus, Cot™1(v3) = 3

(i) We want to find the angle y, whose Cotangent is —1
1

Tany —

=>Tany=—1=>y=_T”, _7”<y<§, wherey # 0

Thus, Cot™1(-1) = _T”

(e) The Inverse Secant Function

<y<§, wherey # 0

Coty=-1 = -1, _7”<y<%, wherey # 0

The graph of secant function from -mto
is shown in Fig. 12.43. It indicates that
every horizontal line intersects the graph at
more than one points.

If domain of secx is restricted to the interval

0<x<m wherex# g then the horizontal

line intersects the graph only once, so, this
restriction makes the function y = Secx y
one-to-one and we can find its inverse. (Fig. 12.43)
The inverse secant function is denoted by Sec™!x or arc Secx and is defined
as, y = Sec™1x if and only if x = Secy

where,

Domain of inverse secant function = {x|x e RAx < —-1,x>1}

Range of inverse secant function = {y|y ERAOLSy<my#+ %}

Note: sec™lx # (secx)™1.

Example: Without using tables / calculator, find the value of:
(i) Sec™1(2) (ii) Sec1(-1)
Solution:

(i) We want to find the angle y, whose Secantis 2, 0 <y <m wherey # %

i.e., Secy =2



1 5 c 1 T ( dc T 1)
or =2 = Cosy=—> — v secy = and Cos— = —
y 2 y 3 y 3 2

Cosy cosy
Thus, Sec™1(2) :g

(ii) We want to find the angle y, whose Secantis—1, 0<y <, wherey # g
i.e., Secy = -1
1 1
or COSy=—1=Cosy=—1:y=n ( secy = cos
Thus, Sec™!(-1) =n

and Cosm = —1)
y

(f) The inverse Cosecant Function

The graph of cosecant function from -mto nt v
is shown in Fig 12.44. It indicates that every
horizontal line intersects the graph at more
than one points. So, cosecant function is not <
one-to-one. If domain of cosecx is restricted @

¥ = cosec x

—TT T
to the interval 7 <x< ;, where x # 0 then

the horizontal line intersects the graph only
once, so, this restriction makes the function y
y =cosecx one-to-one and we can find its

(Fig. 12.44)

inverse.
The inverse cosecant function is denoted by Cosec™!x or arc Cosec x and is
defined as, y = Cosec™'x if and only if x = Cosecy
where,

Domain of inverse cosecant function = {x|[y e RAx < —-1,x >1 }

Range of inverse cosecant function = {y|y ERA _7“ <y< % wherey # 0}

Note: Cosec™1x # (cosecx)™ L.

Example: Without using tables / calculator, find the value of:

(i) Cosec™1(-2) (ii) Cosec™! (%)

Solution:
(i) We want to find the angle y, whose Cosecant is —2
i.e., Cosecy = -2, _7“ <y< g, wherey # 0




1 . -1 -1 1 . (—T 1
Siny —2 = Siny = 5 2 V= ( cosecy = WandSm(?) = _E)
Thus, Cosec™1(-2) = %ﬂ
-2
(ii) We want to find the angle y, whose Cosecant is ﬁ
. -2 -7 T
i.e., Cosecy = 73 5 SY=s3 wherey # 0
1 2 3 —n L e em -3

= Siny ~ ﬁ = Siny = — =y = ? ( cosecy—mandSm(T) _T)

-1(Z2\ - _T
Thus, Cosec <\/§) 3

12.4.2 Domains and ranges of:
e principal trigonometric functions
e inverse trigonometric functions

i. Domains and Ranges of principal trigonometric functions
We have studied in section 12.4.1 that general trigonometric functions
are not bijective but principal trigonometric functions are bijective because of
the restricted domains. We found domains of principal trigonometric
functions using graphs in the previous section which are summarized in the
following table alongwith their ranges which are same as that of general
trigonometric functions.

Function Domain Range

- T
y = Sinx — <x<-— -1<y<1

2 2
y = Cosx 0 <x<mn -1<y<1
=T Tex<z R
y = Tanx > <x<3
y = Cotx O0<x<m R

T
y = Secx OSxSTr,wherexiE y<—-land y=1Vy €R
- T

y = Cosecx 7Sx£ E’ wherex #0 | y<—-land y=>1 VyeR

ii) Domains and Ranges of Inverse trigonometric functions

We know that the domain of inverse trigonometric function is the range
of corresponding principal trigonometric function. Similarly, the range of
inverse trigonometric function is the domain of corresponding principal
trigonometric function.



Domain and ranges of inverse trigonometric functions are given below.

Function Domain Range
- i
y = Sin~1x -1<x<1 — <y<-—
2 2
y = Cos™1x -1<x<1 0<y<m
= Tan™! R Tey<i
y = Tan"'x > <V <3
y = Cot™'x R 0<y<m
i3
y = Sec™1x x<-land x>1, Vx€R OSySTr,whereynt
- T
y = Cosec™1x x<—-1land x=21,Vx€R TSyS ;, where y # 0

Example 1. Find the value of (i) Cos (Sin‘1 1) (ii) Tan (Sin‘1 (%ﬁ))

2
Solution:
. . . 1 T —T T . T
(i) Consider Siny = 5=y =g -5 Sy=3 ( Smg =
-1 1 _ T _ E
Now, Cos (Sll’l f) = CosE =
.s . . =3 _ - —T T (e [(—T
(ii) Consider Siny = —— =Y =73 -5 Sy=3 ( Sin (?)
o1 (=Y3)) L) I
Now, Tan(Sln ( > )) = Tan( 3 ) =—/3
Example 2. Show that Cos™*! (E) = Sin~! (i)
ple <. 13 13
- 1 (12) _ _12
Solution: Let Cos (13) =a= Cosa = 3

2

Now, Sina = +vV1 — Cos2a = + /1 — (%)
144 25 5

=411 = |15 = 13

Since sina is positive if 0 < a < > in which cosine is also positive.

Thus, Sina = % = o = Sin~! (%), Hence, Cos™1! (%) = Sin~! (%)

12.4.3 Draw the graphs of inverse trigonometric functions

We draw the graphs of inverse trigonometric functions by plotting few
points obtained by some corresponding values of x and y. In drawing graphs
of inverse trigonometric functions, we keep in view the fact that each graph of




Graph of Inverse Sine Function

inverse trigonometric function is a reflection
of the graph of the original function about
the line y = x as shown in Fig. 12.45.

y =Sin"lx

- NS
&
]
=

y =Sinx

Here some values of x and their corresponding values
of y = Sin"1x are mentioned in the table and graph is
plotted as shown in the Fig. 12.46.

X -1 | —0.5 0 0.5 1
y = Sin~"1x __T[ __T[ 0 E E
2 6 6 2

Graph of Inverse Cosine Function

Some values of x and their corresponding values
of y = Cos lx are mentioned in the following

table.
x -1 |-05] 0 0.5
2 TC
y=Cos™lx | m ?T[ 51 3

Graph is plotted as shown in Fig. 12.47.

—
NS =

(Fig. 12.45)

¥
A y=Sin'x

A wld NI

Nld wlA oA

<

(Fig. 12.46)

(Fig. 12.47)



Graph of Inverse Tangent Function

Following table shows, some values of x
and their corresponding values of

y = tan"1x.
x —oo | —1 0 1 +oo
) tanx | = o | T[T
2 4 4 2

Graph of y = tan"1x is plotted as shown
in Fig. 12.48.

Graph of Inverse Cotangent Function

For y=cot™lx , some corresponding
values of x and y are mentioned in the — _—_________ RARRERCASRE Bl npanaRan)
following table.

X +oo | —1 0 1 —0o0
3m T i
_ -1 — —
y = Cot™'x 0 2 > 2 gL

Fig. 12.49 shows the graph of
y = cot™1x

(Fig. 12.49)

Graph of Inverse Secant Function

some corresponding values of x and y are
mentioned in the following table for

y = Sec™lx
b 1| 115 2 | =2 | —1.15| -1 +oo
e 1 m | T 2n| 5m n
y=Sec x| 0 3 3 13| & T 2

Fig. 12.50 shows the graph of y = sec™1x

(Fig. 12.50)




Graph of Inverse Cosecant Function

Following table shows some corresponding A

values of x and y for y = Cosec™x : Fif AR

x -2 ] -1 1 2 | £
- RSOV L It L AL )
y = Cosec™ " x 5 > > G

Fig. 12.51 shows the graph of y = Cosec™'x

<

(Fig. 12.51)

12.4.4 Prove the addition and subtraction formulae of
inverse trigonometric functions

1. Sin"'A+Sin"!B = Sin"'(AV1 - B% + BV1 - A?)

Proof: Let Sin"!A=x= A=Sinx and Sin"!B=y = B =Siny
Now, Cosx = V1 —Sin2x = V1 — A2 (+ Sin?x + Cos?x = 1)

So, Cosx =V1—A42  Similarly, Cosy =V1-B?

Now, we know that Sin(x + y) = Sinx Cosy + Cosx Siny

Sin(x + y) = AV1 — B2 + BV1 — A2
x+y =Sin"*(AV1 - B? + BV1 — 4?)

ie., Sin"'A + Sin™!B = Sin~'(4vV1 — B2 + BV1 — A?)
2. Sin™'4 - Sin"'B = Sin"1(4V1 - B2 — BV1 - A?)
Proof: Let Sin"!A=x = A = Sinx and Sin"'B =y = B =Siny
Now, Cosx = V1 —Sin2x = V1 — A2 (+ Sin®x + Cos?x = 1)
So, Cosx =V1— A2 Similarly, Cosy =V1— B2
Now, we know that Sin(x —y) = Sinx Cosy — Cos x siny

Sin(x —y) = AV1 — B2 — BV1 — A2
x —y =Sin"}(AV1 - B2 — BV1 — A?)

ie., Sin™'4 — Sin™*B = Sin"*(AV1 — B2 — BV1 — A?)




3. Cos 'A+ Cos™'B = Cos™! (AB —Ja-ana- BZ))

Proof: Let Cos 'A=x= A=Cosx and Cos !B =y = B=_Cosy

Now, Sinx = V1 — Cos2x = V1 — A2 (= Sin?x + Cos?x = 1)
So, Sinx = V1 — A? Similarly, Siny =1 — B?
Now, we know that Cos(x +y) = CosxCosy — Sinx Siny

Cos(x +y) = AB — (V1 —A?)(V1 - B?)
= Cos™ (48 — T = A1 = )

Hence, Cos™A + Cos™B = Cos (4B — /(1 — 42)(1 — B%))

4. Cos™'A— Cos™'B = Cos™! (AB +J/A-AaH1- BZ))

Proof: Let Cos™'A=x= A =Cosx and Cos™'B=y= B =_Cosy
Now, Sinx = V1 — Cos2x = V1 — A2 (- Sin?x + Cos?x = 1)

So, Sinx = V1 — A2 Similarly, Cosy =V1— B2

Now, we know that Cos(x —y) = CosxCosy + Sinx Siny

Cos(x —y) = AB + V1 — A%V1 - B2
x—y =Cos™* (4B + /(1 — A%)(1 — B?))

ie.,, Cos A — Cos™B = Cos (4B + /(1 — A%)(1 — B?))
5. Tan"'A + Tan"!B = Tan™! (1'4_-':41;)
Proof: Let Tan"'A=x =A=Tanx and Tan !B=y= B=Tany
Now, we know that Tan(x + y) = %
Tan(x +y) = % = x+y=Tan™! (%)
ie., Tan"'A + Tan™ !B = Tan™?! (%)
6. Tan 'A—Tan !B = Tan! (%)
Proof: Let Tan'A=x=A=Tanx and Tan !B=y= B =Tany
Now, we know that Tan(x —y) = %
Tan(x — y) = % = x —y=Tan™ (%)
ie., Tan"'A — Tan™ !B = Tan™?! (%)




12.4.5 Apply addition and subtraction formulae of inverse
trigonometric functions to verify related identities

In this section, we apply addition and subtraction formulae of inverse
trigonometric functions to prove or verify the related identities and some
important relations as explained in the following examples.

Example 1. Prove that Tan"!(—x) — Tan"1(-x) =0

Proof: L.H.S = Tan"!(—x) — Tan™!(—x)
_ 1 (X0 .. “14 _ -1p _ -1(A-B
= Tan (1+(—x)(—x))(' Tan™"A —Tan™"B = Tan (1+AB)
_ _1(—xt+x
= Tan (1+x2)
= Tan"1(0)
=0
= R.H.S proved.
Example 2. Show that Sin™? % + Sin~ % =z
Solution:
By using the formula: Sin™'A + Sin™'B = Sin™(4V1 — B? + BV1 — A?)
We get Si ‘13+S' ‘14—5' -3 1 (4)2+4 1 (3)2
e ge ™"z +Sin" o =SinT"| ¢ z z z
_ it 3 1 16+4 1 9
- 255 25
=Sin~!| =
: ( b, fo
T
= Sin~! 2—+ g) =Sin~1(1) = >
in-13 ysin-12_ T
Hence, Sin : + Sin E=>5
Example 3. Show that Cos_lg + Cos‘lg = g

Solution:
By using the formula: Cos A4 + Cos™*B = Cos (4B — /(1 — A2)(1 — B?))

2 2
We get Cos‘1f+ Cos‘1§ = Cos™! iE— 1- (i) 1- (ﬁ)
5 5 55 5 5




s-12 13T
Hence, Co S + Cos E=73

Example 4. Show that Tan™?! (%) — Tan™? (%) = Tan™! (%)
Solution: L.H.S =Tan™! (%) — Tan™? (%)

By using the formula: Tan"'A — Tan"1B = Tan™! (1+AB
1 1 -2
Tan™?! (—) — Tan™? (—) = Tan~1| &7
6 7 1411
67
7—6
= Tan"! 421
1+ 17
_T _1( 1 43)
- a2 2
Tan-1 ( 1 42)
= an _—
42 43
= Tan"!—= = R.H.S, Hence shown.

43

. Exercise 12.4 )

1. Without using calculator, find the value of the following:

NE]
2

(®) Sin~1(1) (ii) Sin"1(—1) (i) Cos
(iv) Cot™1(—1) (v) Cos™? (%) (vi) Tan—1 (_T;)

(viij  Tan"! (J_l?) (viii)  Cosec™? (_—é) (i) Sin‘l(—%)

(%) Cot_l(%) (xi)  Cot™1(=1) (xii) Sec~1(2)

(xiii))  Sec™1(1) (xiv)  Cosec™? (\/%) (xv)  Cosec (1)
2. Find the value of each of the following

(i) Cos <Sin‘1 (g)) (ii) Cosec <Cos‘1 (%)) (iii) Tan(Cos™1(—1))
(iv) Sec(Tan"1(1)) (v) Cot (Tan_l(—\/g)) (vi) Sin(Sec™v2)



Show that:

ot (P=cot () 6@ T3 = s ()

(i)  Cosec™! (%) =Cos'(3) (iv) Cos7(%)=cCot? (J%)
Show that:

G sin(§2)+sin (2) = Cos™ ()

o™ () + 1 (5) = 3)

(i)  Cos™ (%) +2Tan™" (5) = Cos™' (3)

()  Cos™(3) - Cos™ (53) = Cos™ (5¢)

v  2ran™ (%) = Cos™! ()

(vij  Sec™?! (\/75) + Cot™1(3) = %

(vii  Tan™! (%) + Tan™?! (%) —Tan™! (%) = %

(viii) Tan™? ( T

Prove that:

(i) sin(Cos~1y) = \/1 —y2 (ii) Tan"1(y) + Tan"1(—y) =0
(iii) Cos™ly+Cos™i(—y)=mn (iv)  sin(2Cos™'y) = 2y,/1—y2

12.5 Solving General Trigonometric Equations

12.5.1 Solve trigonometric equations and check their roots

by substitution in the given trigonometric equations

so as to discard extraneous roots

The method of solving trigonometric equations and checking their roots
is explained with the help of the following example.

Example: Solve and verify the equation: sin® — cos6 = 1, where 0 < 8 < 27

Solution: We have

cos® —sinf =1
Squaring both sides
(cos B —sinB)? = (1)?
cos?0 +sin?0 — 2cosOsin® =1

1—2cosOsin® =1 [* cos?8 +sin?0 = 1]

—2cosBsin® =0



Either sin8=0 or cos0=0
if sin0=0 then, ©O6=0or m

31
if cos® =0 then, 9=g or -

Verification:
For, 6 =0, given equation becomes cos0 —sin0 =1

or 1 =1 (True)
For, 6 = m, given equation becomes cosm —sinm =1

or —1=1 (False)

For, 6= g, given equation becomes cos% - sing =1
or —1=1 (False)

For, 6= 32—”, given equation becomes c0537” - sin37ﬂ =1

= or 1 =1 (True)
v O=mand 6 = % do not satisfy given equation.

13
+ mand 5 are extraneous roots.

Thus, solution set = {O, 37”} .

12.5.2 Use the periods of trigonometric functions to find
the solution of general trigonometric equations
The method of using the periods of trigonometric function to find

solution of general trigonometric equation is explained through the following
examples.

Example 1. Solve the equation: 1 —cosx = %

Solution: We have 1—cosx= %
= -1
cosx =3
= x = cos'11
- 2
5 . .
= ng,?n in particular; 0<x<2mn
Verification:

T m 1
For, 6—§,Wehave 1—cos§—7
1
= >=3 (True)
5T 5m 1
For, 9—?,wehave 1—cos?—§



1
1-5=
1
or -
2
Since 2m is the period of cos x,

Therefore, General solution is {% + ZnT[} U {5?” + ZT‘LT[} where, n € Z.

Example 2. Solve the equation: 3tan?x —1 =10
Solution: We have
3tan?x—1=0

= 3tan?x =1 or tan2x=%
1
= tanx = + 3
or tanx = +i
~J3
1
= tanx = —= and tanx = ——
NE] V3
1 1
= x =tan~ ! (—) = x =tan~ ! (— —)
V3 V3
T o .
— x=g = x=—g,in particular

~ T is period of tanx

o
6
Example 3. Solve the equation v/3 cotx — cosecx —1 =0

Solution: We have
V3 cotx —cosecx —1=0

~ solution set is = {TlT[ + },Vn eZ

= V3 cotx = cosecx + 1
Squaring both sides

= 3 cot? x = cosec? x + 2 cosecx + 1
= 3(cosec?x — 1) = cosec?x + 2cosecx +1 [+ 1+ cot?x = cosec? x]
= 2 cosec’x —2cosecx —4 =0
= cosec? x — cosecx —2 =0
= cosec?x — 2 cosecx + cosecx —2 =0
= cosecx (cosecx — 2) + 1(cosecx —2) =0
= (cosecx — 2)(cosecx +1) =0
= cosecx —2=0orcosecx+1=0

or cosecx = 2 or cosecx = —1
= sinx=% and sinx = —1
= x=2 L = x = sm_m in particular.

6’ 6 2’ 2



Verification:

For,

Hence, solution set = { + Znn} {—— + Znn} {3

s
0=7%,

\/§ cot% — cosecE -

we have

3

0= Sm we have

6 >

6

-2 —

51

1=0
1=0
0 =0 (True)

\/_cot—— cosec——1=0

6

-3-2-1=0

0= 3m we have

2 >

V3 cotBTT[

—T
6="¢,

—6 = 0 (False)

—cosecgz—ﬁ—1=0
0+1-1=0

we have

0 =0 (True)

ﬁcot(_z)—cosec(z)—l—o
0+1-1=0
0 =0 (True)

> + ZmT}Vn €7

| Exercise 12.5 )

Find general solution of the following trigonometric equations.
2.

1
cosx+§—0

4
sec?0 —5=0

5.

2cosx + sin’x =1
3tan?x + 2V3tanx +1 =0

tan® = 2sin0

COS2X = COSX

c0s0 + cos30 + cos50 =0
cosech = /3 + cotd

tanx+i=0

J3
4sin’x =1
8.

10.
12.

3. cosec% +2=0

6. sec’x =4
4cos’x —8sinx+1=0
(cosecx + 2)(2cosx —1) =0
4sin? % -3=0
sin40 — sin20 = cos30
Sinx + sin3x + sin5x + sin7x = 0

2cosx +sinx—1=0




ii.

iii.

iv.

vi.

vii.

ix.

xi.

xii.

viii.

xiii.

; Review Exercise 12 )]

Select correct answer.
If y = Sin x, then domain is:
(@) _g <x<Z Myo<x<m (0)[0,x],x%2 (d) None of these

2 2
If y = Cos x, then range is:
@-1<y<1 (b) R (¢y<—=lory=1 (dy<-lory=1
If y = Tan"! x, then domain is:
@-1<x<1 (b) R (fx=—-1lorx<1 (dx<-lorx=>1
If y = Sec™! x, then range is:
(@0<ys<my=#5 (b)—5<y<3,y#0
©O0<y<m d)-3<y<3
Inverse function exists if and only if the function is:
(a) bijective (b) (1-1) function
(c) onto function (d) into function
Cot™lx=.....ccooonnl.

T -1 n -1 n -1 n -1
(a);—tan x (b);—cot x (C)E+tan X (d)z+cot x
Sec [sin™* (=3)] = o

2 3 1 2
@ (b) — © 5 @ -7
Cos (sm-l %) (@) % (b) ? ©) % (d) %

cos A+ cos™1B=.........
(a) cos™ (AB — /(1 — A%)(1 - BZ)) (b) cos™* (AB ++/(1— A%)(1 - B?))
(c) cos™1 (AB +/A+AD)A + BZ)) (d) cos™? (AB ~JaA+ADH(A+ BZ))

tan"1(—x) = (a) —tan"1lx (b) t—tan"'x (c) cot™x (d) tan"1x

Tan™!(~1) = @,  b-F  ©F @ -3
4 4 2 2

If tan 2x = —1, then solution in the interval [—g,g] is:

@-3 (b3 = (@)=

General solution of 4sinx — 8 = 0 is:

(@ {m+2nm}nez (b) {m+nm}n€eZ

(¢ {—m+nm}, neZ (d) Not possible



xiv. Solution of equation: 2 Sinx ++/3 = 0 in 4th Quadrant is:

x by ™ " g 1
(@ 3 (b) — ()~ (@ —
xv.  All trigonometric function are ................... function:
(a) periodic (b) even (c) injective (d) bijective
xvi. General solution of every trigonometric equation consists of:
(a) one solution only (b) two solution
(c) infinitely many solutions (d) no real solution
xvii. The period of cos®9 is:
(@) g (b) m (c) 2m (d)4m
xviii. One solution of Secx = —2 is:
2 b am 4 ="
(@ (b) - (©) (@~
xix. IfcosB = —% and sinB = %g, then 0 is:
m o 28 am L
(a) 3 (b) 3 () 3 (d) 3
xx.  The period of sin% is
(a)4m (b)m (c) 2 (d) 31
xxi. The value of cos ST is
(@O0 (b)1 (c) -1 (d) None of these
xxii. The period of 3sec§ is
(a)5m (b)m (c) 2 (d) 61
xxiii. The period of 7tan(7x) is
7m T
(&)= (b)7m ()~ (d)m
2. Find the maximum and minimum value of the each of the following
functions.
(i) y =5—"7cosb (i1) y =4+ 3sin (20 — 5)
3. By using graph, find the solution of the following equation.
2c0s0—0=0
4. Without using calculator, show that:
(i) cosec™! (g) = tan~! (%) (ii) cos™! (g) = tan~! (%)
- cos~1 (L) = cos=1 () = cos—1 (323
5. Show that: cos (25) cos (13) = cos (325).

6. Find the solution sets of the equation sec3x = secx .



(@) 1 (i) -1

(i) (—18, 24)

(v) 15 — 7i

(i) =7 — 24i
1 2v2
(V) +_l
(i)4—51,x/_
(iv) V7 + 3i; 4

V145

.2 3.
(Vll) §+zl, v

ANSWERS
| Erercise 1.1_)

(ii) i 2.
(i) (=3, —1)

(vi) =11 + 58i

(ii) —2 + 2v3i

(Vi) =3 +5i

(ii) —1 — 7i; 5vV2

(V) —3+4i; 5

(viid) —i;1

(i) Re(2) = 10;I,,(2) = 6

(ii) —1

() (1, 2)}

(i) {(3,9), (=3, -9)}
(i)v29 (ii) ¥113
| Exercise 1.2 )

(iif) 1

(it) {©, 0, G,

i) n=4123
3 2
(iii) (H’ H) (iv) 2 + 2i
76  3i
(vii) 89 89 (viii) (6,4)
(iii) —2 — 2v/3i  (iv) =2 + 2i
(Vi) — e+ 29 (vii) i+24—51
(iii) —V3i; V3
(vi) 9 + 40i; 41
(i) Ro(2) =2 ; Iy (2) = 2

8. z=42i ) L1
Z)’ (_5’ Z)}

(iv) 1

(i) =3 — 5i (ii) —6 + 5i
w(-3-6)  © (53
3 5i R

(i) 32 32 (i) —5
12 7 -1
(iv) (193 193) (v) (?'O)
@) (=2.-3), (13 13)

9 9 46
()——E' (i) 5 -3¢
() Re =3 5 Im = —Zg—ﬁ
(iii) R L, =¥3

(iii) (=11, 0)

o (07)

i) (5 25)

v (0.3)

(i) 4-5),(3777)

(iif) —2 + 3

(i) Ro == 5 Iy =2
(i) Re = =2 1y = —2
vi) Re = — 232  Im = 233



i) z=1w=3-2i (i) w = S22 2 = 222
(i) (z —9ib)(z + 9ib) {)z—1DE+2+D)=z+2-10)
(iii) (2z — 3ib)(2z + 3ib) i) z+DE+1+DEz+1—10)

v) (z—=1)(z—3-2i)(z— 3 +2i0) Vi) z+D(E+1+4D)(z+1—40D)
i) z—D(EZ-1+D)(E=—-1-10)

@)z=2+i (i) z = —6 + 4i (iii) 2 = oy T oyl
(iv) z =3 £ 5i v)z=3x2i (vi) z = £8i

(i) (d) all of these (i1) (b) |z1 + z3| < |z4| + | 23|
(iii) (c) —8 (iv) (b) ab <0

(v) (c)lor—1 (vi) (a) x

(vii)  (b) —i (viii)  (b) -

(ix) (a) A real number (x) (@)1

(xi) (b) Complex plane (xii))  (c) origin

(xiii)  (b) V26 (xiv)  (d) None of these
xv) (b) (25 e (xvi) (c) 3i+4

(xvii) (b) 2&3 (xviii) (c) Vva? + b?

(xix) (b) 1 xx) (b)i

() 12+5i (i) —=5+5i (iii) 6+6i  (iv) 10 — 28i

7 + 30i i) 85 — 5i 3 + 2 i + 2
(v) i (vi) i (v11) 115 (V111) i To
(a) (i) 3+ 15i (ii) 13 + 2 (iii) —1251

12 5i

(iv) ——— (v) 13+
13 13
3+v/130

(b) (i) 3V5 (ii) 3v5 (i) — (iv) 1
(i()x=0,y=0 (l)x=3, x=4y=4 andy=5
. .. 77 31
(i) Re = =3 Lp = —41 @ Re=53 Im=g3
() —3+70, —+=1 (i)2—i Z-Li (i) 2+ 55 o+t

58 58 5 5 29 29

- _3i __ﬁ' N34 = i
(iv) —— —;— L W) 4—A7i, 3‘ (vi) =3 41,25 t

(2-3i) , J15—16i
=7 *——




N

() z = S/ (i) z = 333 () z=2"

(iv) z =5 + 4i (v) z = 224

(i) Diagonal Matrix (ii)) Column Matrix (iii) Row Matrix

(iv) Skew-Hermitian Matrix (v) Unit Matrix (vi) Diagonal Matrix
(vii) Scalar Matrix (viii) Hermitian Matrix (ix) Hermitian Matrix

80 90 100 95 85 75 70

100 110 90 95 105 85 80
a=—-2, e=-3

Matrix form: [ Order: 2 x 7

S oa=7i c¢=8i .b=—4, f=9 ... a=1 x=1
O p—_4i a=6i @ ooy’ g5 ) y_p ;-3
d=2

—4 200
) [ 3 l (i) [ 5i —6il (iii) [8 3 —4]

6 —3i 2i )
=20 5i 2i -8 3 .
o [ 5 Sl @[5 4 (vi) [—;0 g 2 l

a1 Ay is X11  X12  X13  X14
(i) Az[a a a ] (ii) X = [X21 X22 X23 X24
21 22 23 X31 X32 X33 X34
bi1 biz b1z bis
b21 b22 b23 b24
iil) B =
W) B = p bso bss bs
by1 baz baz by
(i) Skew Symmetric Matrix

(ii) Symmetric Matrix (iii) Skew Symmetric Matrix

(iv) Symmetric Matrix (v) Skew Symmetric Matrix

@ 3 (i) 2 (iii) 3

i 4 (i) 2 (i) 1

(i) Involutory (ii) Idempotent (iii) Involutory
(i) Hermitian (ii) Skew Hermitian (iii) Neither

(x=3,y=02=3()x=0y=32=-2 (i) x=—5i,y=3,2=2
(a) (@) f=0,g=5,h=—2 (ii) f=—1,9g=3,h=2
(b) () f=6,9=3,h=9 (i) f=2,g=—4,h="7

| Exercise2.2 )]

3+2i 5—i 4+3i 1 —1+i —4+3i
Q| si 5-i 7+2i @) | 3¢ 5-i -—3+4i
6+i 7 3+2i —6—i 3  —1-—4i




i 1+i —4+6i 6+4i 9-i 4+ 9i
(iii) 71 10—-2i —-1+7i (iv) | 13i 16 —3i 11+ 8i
—6—1i 8 —5i 6+i 17 6
—41 31
(i !—4 50] (if) [_1318 527 (iii) Not possible
—-24 57
-9 =35 -17 -7 =32 25
(iv) _2176 _1318 gﬂ ) ! 18 —12 095 ] (i) [12 33 —21]
—-34 -31 41 8 -29 37
.. . ... [11 —38 . —41 —4 24
(vii) Not possible (viii) [_7 5o ] (ix) [ 31 50 57 ]
17 -3 3
(x) Not possible 4. [ 3 23 12]
-8 32 28
(i) 19 (ii) —47 (iii) —4abc
(iv) 0 (v) 8 (vi) 3(w? — w)
(i) Non-Singular Matrix (ii) Singular Matrix
(iii) Non-Singular Matrix (iv) Non-Singular Matrix
(v) Non-Singular Matrix (vi) Singular Matrix
. . . 137 .4
i 3 (ii) 10 (iid) — Y (iv) 3
1 26 —12
(i) [i ‘34] (i) | _21 :8'2 (idi) [—1 4 0 ]
' 1 -16 6
0 1—-i —-1-—1 42 0 O
v) |-1+i —i 1 ] (v) [0 35 O]
1+ -1 i 0 o0 30
. 2 -3 .. [2/5 -=1/5 .
(i) [_3/2 5/2] (ii) [_3/5 7/5 (iii) Does not exist
s _4 _11
53 53 53 -3 2 4 1 -1 0
iv) | 22 =20 _2 @Wl-1 1 1| @t 2 0
53 53 53 1 8 1
8 17 7 2 -1 2 5 5
53 53 3
12 -1 10 -3 0
(ii) [0 0 1 ] (iii) 3



ook ObH

(iii)

oo R
cor

or o

I
SHEIRS
L

(11 -2
3 3 3
(111) __2 1 é
3 3 3
-2 1 7
-3 3 3
| Exercise 2.6 )
() x=0,y=0,z=0 (i) x =2k,y =—k,z=k,Vk € R—{0}
(i) consistent (ii) consistent
()x=1y=2,z=3 (i) x=4,y=0,z=-2
(x=17y=102=1 fi)x=1y=2 z=
()x=-1y=3,z=2 ({)x=2,y=-2,z=—4
() x=2y=-2,z=—-4 {jx=-2,y=1,z=
(i) (& mxn (ii) (b) Column matrix
(iii) (b) Scalar matrix (iv) (d) All of these
() (b) kC'B*A* (vi) (b) 8
(vii)  (d) all of these (viii)  (b) —
(ix)  (b) (DM,
(x) (a) Product of diagonal elements
(xi) (b) Lower triangular (xii)  (b) Square matrix
(xiii) (b) A* = —A (xiv) (c) (A) =
(xv)  (c) Either zeros or purely (xvi) (a)a=-3
imaginary nos. (xviii) (b) Skew symmetric
(xvii) (b) Rank of a matrix (xx) (b) -1
(xix) (c) A2 =A
x=4, y=15
9 1 10
AC = 12] BC=[8] (A+B)C=[20]
30 -2 28
2

(ii) Involutory
(ii) Hermitian

(i) Involutory
(i) Skew Hermitian
x=6,y=—-2,z=4



a k0O b H

Scalar: (ii), (iv), (vi), (vii), (ix) Vector: (i), (iii), (v), (viii)
~ 25 4

(i) =81 —j (i) 2 i - j (iii) 8T+ 3]  (iv) 61— 7]
(i) =197+ 23} (i) -2+ 2 (iii) —6+9] (iv) —5%+8]
~Zi—4]
~_ =30 8 . 51 9)
i) P J73 +Jﬁ (i) g J106 /106
f_SL_ 6] ) s = JL 4 51
(iii) # mA Nl A(1v) § ,}/ﬂ + Nz A )
)12l 1y 700 _ 63] i) 558, 6o
(1) V13 /13 (£1) 181 181 (i11) 61 61
. . 7 5
(i) p=4 (ii) g = =7 (iii) p = 5 (iv)p =35
. Eq 1'5 .. g'.\_'_ﬁ'} 2/.\+15'.\
@ i—-35) @ i+—J (i) 20 + =
(i) For parallelogram ABCD, point D : (—1,—-1)
(ii) For parallelogram ADBC, point D : (7,—9)
(iii) For parallelogram ABDC, point D : (5,9)
B = (5,4) C=(7,7), D= (3,6)
(i) 91 — 4] + 3k (ii) i — 9] — 2k (iil) —247+ 31j — 3k
(iv) 141 — 6] + 7k (v) 21— 2]+ 4k
(i) 107 — 6] + 8k (i) 15v2
A 122 164 . 5 34 ~
(iii) —4l+?]—?k (IV)El—E]-l-Zk
(i) =37+ 4] — 7k (ii) 12 — 5] + 16k (iii) —4i+ 9/ — 18k
(i) 2v/13 (i) V14 ++/2 (iii) 1
—28
(a) 4PQ = < 28 ) and [PQ| = 45v2
—32
o o~ 31 5] 2k o o~ = 2j 3k
b =2 2 42X hp=—_<4 4 5K
By Wa=rms~nmstms  WPEm-atim
(iii) V78 (iv) V26
(i) =20+ 5]+ k (ii) 51 (iii)—37 + 6] + k

(i) (6,—1,-3) (i) (-1,4,1)



o e

10.

11.

12.

13.

3
. —8,-2 - c.V3,-3V3

12 -6 24
(& 77

1 "~ A P N N -~
(i) V13 and 3 (if) a. (2147 + 7k) b. —2i + j+ 5k
. (12 -18 36 .. 16 2 8

(l)(7’ 7 '7) (11)(_9'_9'9)

_ 20i 25] 30k
(@) lal =+v29 (b) t = £V57 (c) m+m 77

2 3k
0 205 (7 0 - 5)
(d) 2v14 Tii + i Tia
v101 .
—— units
2
—d=5—-3/+4k —b=-20—4j—5k and 4 — 18] — 7k
(i —19 (i) —11 (iii) 11
(i) Orthogonal (ii) Not orthogonal
(i) 44.41° (ii) 135.9°
() Direction cosines: cosa = \/i_ cosf = \/_ ,CO0SYy = —3;
Direction angles: a« = 57.7°,8 = 74.5°,y = 143.3°
(i1) Direction cosines: cosa = 2 ,cosff = , COS S
' 745’ J_ V=TS

Direction angles: a = 72.7° B = 126.6°,y 41.8°

1
5\/_ ,cosff = 5\/_ ,COSY = 7z
Direction angles: ¢ = 115.1°, = 55.5°,y = 45°
6 = 60° or 120° 9. Work done = 10 units

(iii) Direction cosines: cosa =

) ) L —10 long 2 -10
() along a: Ner ik along b: Ner
Y T R O (1
(i1) along a.m ; along " Te

(i) Work done = 8 units

| Exercise 3.5 )

(i) i —11j+ 7k and -i+11j—7k
(ii) 11— 7/ — 19k and —11i+ 7/ + 19k




3 1. 2, 1 P a 23 » 14 ~ kK
% TR T © Pzl Vil T Ve
V6 square unit 6. g square unit
8. 0 = 41° 9. 5i+ 2] + 9k 10. 11.28 Nm
| Exercise 3.6 )
1. 2 2. -1 3. ()24 ()7
4, % cubic unit 6. 4
1 A A A~
1. (i) (@) 7= 2i+]-%) (id) (c) area
i) (o) % [a,5,¢] (iv) (d)(@x Db)-¢&
v) (d) ab (vi) (b) O
(vii)  (d) % , % , _T; (viii)  (b) perpendicular
(ix) (d) V11 (x) (b) 2V14
(xi)  (b) g (xii) (c) V14
(xiii) (d) 4+ 2k (xiv) (c)3i+ j+k
(v) (@) i (vi) ()5
(xvii) (b) 5v2 (xviii) (c) -5i + 2] + 4k
(xix) (d) 20 (xx)  (b) Two

2

HPd=-81-7  (@)PE=20-7

2
,COSY = —

PQ=—-5i—j+ 2k ,cosa = T30

5 cosB = ==
J30'’ V30

1 "N o~
6. 2v/131 square units and N (2i-7+k)

| Exercise4.1 )

. .. . n 1\t .
1. () 2n (i) n? (iii) 3™ (iv) 5 © (-3) (vi) n3
4 40
2. ()3,48,20 (i) 1,—-3,9,—27,81 (iii) 1,9,36, 100,225
.12 3 4 5 .
iv)=,=,—,—,— (v) 1,4,10,20,35 (vi) 3,11, 26,50, 85

4’7’10’ 13’ 16



(vii) 2, 8,14, 20,26 (viii) 1, 2, 2,3 3

2,4,12,48, ... 4.28,45,78,136 5.1, 3, 12,60,360
(i 1,5,10,10,5,1 (i) 1,6, 15,20, 15,6,1
@i 1,7,21,35,35,21,7,1 (iv) 1,8, 28, 56, 70, 56, 28, 8,1

| Exercise 4.2 )

7
(i) 45 (ii) 39 (iii) 26 (iv) 256 (v) 62 (vi) P
. .. 12 3 4 5
(i) —1,1,3,5,7 (ii) 4,7,10,13,16 (iii) =,=,=,=
3’5’7’9’ 11
(iv) 1,3,12,60,360  (v) 2,6,11,17,24 (vi) 5,8,11,14,17
a, =2n+1 4. 20—19x 5.71
(a) 16th term (b) 31st term (c) 26t term
(5n+1 2
= ) 11. 96 meters 12. Rs. 29,500 13. 73 weeks

| Exercise 4.3 )

@) 22 ()7 (i) 4a — 2b (iv)% V) a?+a+1 (vi)4a—1
13v/5 5v5 9vV5 17V5 41V5

5,79 8. 22, 32, 442,52 e e T2
-150 -90 -30 30 90 150
, , T, 6. C=2,d=11 7. n=-4
7 7 7 777" 7
___ Exercise 4.4 )]
. .. . n(n+5)
(i) 648 (ii) 252 (iii) 169.84 (iv) = 7% (v) 75v2
(i) 13 terms (ii) 12 terms (iii) 5O terms (iv) 11 terms
(i) n(3n — 2) (ii) % (9n — 13) (iti) 3n C2HD
1+5+9+13 + - up to n terms
2842 7. 47:16 8. 3,9,15 or 15,9, 3
3,4,5,6,7 0or 7,6,5,4,3
Rs.8560, Rs.8480, Rs.8400, Rs.8320 and Rs.8240
16 metres 12. 4400
: 1 .. V2 .
(i) 48 (i1) 3 (iii) e (iv) =1 (V) (b c)7



5 3. 0 (3) or (=3)

3,9,270r 27,9, 3 7. 1.17 8. 1000(1.04° — 1)
___ Exercise 4.6 )]

(1) +4 (i) £1 (iii) £12 (iv) 4 (v) £5v2 (vi) tz

(i) 9,27 (i) V2, 1@ (iii) 6,12,24, 48

(iv) 32,64,128,256,512
5

9 and 49 4. 3 6. 16,4 7. 8,2
~ Exercise 4.7 )

(i) 1212 (i) 16320 (i) = (i) n—5(1-—)

512 x8(x—1) 9 10"

Wl5ar-D-n| e Z[n-5(-5)]

9 0™
(vii) § [19—0 (10" — 1) — n]

1 {a(a"—l) b(b”—l)} T [1—1‘” _ k(1—knrn)]
Oy W 7= 1-kr
4"-1 4 L1 01 o 27 V) 4+ 2v32
3™ . (i) 2 (i1) (iii) " (iv)
(v) 4 (vi) 4(2 +V2) (vii) 0.2
7 . . 74 ... 259 . 147 23
(i) 5 (ii) 155 (iii) 599 (iv) 1550 (v) 254
3,3 ,3
3+ 3 + V) + g 8. 5
___ Exercise 4.8 )]
@ 32 (i) o2 (i) =7 iv) >3 V) 33
5 5 1 5 5 1
—, — 3. =T T, e 4. —
29 ° 41 474 128 13
___ Exercise 4.9 )]
o 2 . 1 SR 1 1 . 21
(i) Tas (ii) el (iii) 2 3 (iv) 65 ) 5 (vi) 5



® N @ N

a N

© N a » =

n 100 100 100 100 (i) 5 5 5 5
i)j—,—,—,— i) — ,— ,— ,—
21717713’ 9 117 * 189 ' 261 ' 333
3 3 1 3 3
5. =5 6. =-10

22’32’14 ’52 ' 62
AM=5 G.M = +3 HM =
4 and 12 9. 3 and 12

_Review Exercise )

i Natural numb i 2y

(1) (c) Natural number (ii) (o) Tty
(iii) (d) 20 (iv) (a) A.P

. c+d

v) (a) AM (vi)  (a) =

.. 3v/2 an
(vii)  (c) > (viii) (c¢) s
(ix) (@0 (%) @ Irl <1
(xi) (a) Harmonic sequence (xii) (a) O
(xiii)) (d) 3 (xiv) (a) 4i or —4i
(xxv) (c) 16 (xvi) (b) divergent

4
(xvii) (a) 'l (xviii) (b) G.P
130 3. n=28 4. 2205
12 terms 6. 16384 7. 3
3 and 7 9. 3and75 11, -
385 2 14400
n(2n+1)(2n-1) 4 2n(n+1)(2n+1)
3 3

n?(2n? —1) 6. 1n—2 (n+1)(9n? + 5n—2)
g(n+1)(n+2) 8 g(n+1)2
(i) nn? + 2n + 2) (ii) %(an +15n + 19)
(iii) %(n3 + 6n% + 11n + 10)
(1) 1036 (i) 402 11. 3107 12. 186984



50 —
98(25%) + 2 2. —
53 5 {_ _ _
6 2%4 4. al4 4m) 5n
17 6 1+7a
4 ’ (1-a)2
1+2b 8
(1-b)? 8 3
i 10 1+ 3a
2 ’ (1—-a)?
n(2n?+9n+19
(2 4+ 5) 2. ( )
2 6
n(5n?+6n+31) 4 6n+3(3"-1)
6 ’ 4
n(8n?—-17n+23) 6 36n+3(5"—15)
2 ’ 16

n 2. n 3. — 4. =
2n+1 4n+1 40 24
Z 6. n 7. 2 s. =
2 6(3n+2) 4 n

_Review Exercise 5 )]
(i) (d) 5—6n+ 8n? (ii) (b) 3n—5 (i)  (b) 1275
. b 1 1 1 . n(n+1)
© ®Gr-— & @5 ) (@

. n(n+1)(2n+1) n?(n+1)%? 5
(vii)  (b) e (viii)  (¢) " (ix) (b) 4n* +4n+1
(%) (d) 18

2 2
n<(n+1) 3. 1

2
(i) 24 (i) 720  (iii) 336  (iv) 720 (v) 3628800
. .., 13 ..., 378 .
(vi) 210 (vii) e (viii) 25 (ix) 36




6! o121 o (n+2)! 4l .. 20!

2. (1) 3 (ii) o (iii) D! 6 (iv) Tol
3. 0 nl(n+r+2) (i) (nr+n+r+2)n!
(r+1)! (r+1)!
| Exercise 6.2 )]
1. (i) 6840 (ii) 43680 (iii) 95040 (iv) 3360 (v) 1260
2. ijn==6 (ii) n=5 ({ii)n=3 (ivin=3 v)n=3
(vijn=9
3. 39916800 4. 1728 5. 720, 120 6. 6720

7. (i) 8 {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

(H H H)

H
H< (HHT)
T
H< H (HTH)
.. T< H T T)
(i) ‘

T
H (THH)
T
H

H<
T (THT)
< (T T H)

T<

T

(TTT)

8. (i) 120 (ii) 720 (iii) 96

10. (i) 50400 (i) 120 (iii) 720 (iv) 2520 (v) 4,989,600
(vi) 302400

11. 1120,140 12. (i) 20160 (i) 70560

13. 5040 14. 360 15. 60

16. 1500 17. (i) 48 (ii) 72

18. 600, 120 19. 256

__Exercise 6.3 )

1. (i) 66  (ii) 220 (iii) 1140 (iv) 35

2. @7 (ii) 4 (iii) 18 (iv) 17 (v) 9 (vi) 12
3. (n=7r=3 ({i)n=10,r=5

4. (i 15 (ii) 2300 5. (i) 15504 (ii) 27720 6. 525

7.

(
(a) (i) 9 diagonals  (ii) 20 diagonals (iii) 35 diagonals
(b) (i) 20 triangles (ii) 56 triangles (iii) 120 triangles
(i) 38808 (ii) 120780 (iii) 25815

10. 56 11. 1764000

___ Exercise 6.4 )]

1. () % @) 1/4 (i) 1/2 (iv) 0.25 (v) 3/4

©




b bbb
. < b <g b, b, g
b b, g, b
6 g <g b, g g . l .. E
. <b ebbn () s (if) s
g < g g b, g
b g8gb
g <
g ge¢g
o 1 .. 11 ) .o 1 a9
7. (i) 2 (i) 3 8. (i 2 (i) 2 (iii) "
.. 13 .. 3 o 100 L2
9.(1) 5 (i) 5 () = (iv) w5
10. (i) 1—18 (i) § 11. (i) 03 (i) 0.7
12. — 13. 03 14. — 15. —
26 35 10
16. PANB)=¢ P(B)=z 17, i 18.  0.09
_ Review Exercise 6 )]
1. (i) (b) 1 (ii) (@0
12! .
i) (a) 57 (iv)  (b) p.q
(v) (b) Permutation (vi) (a) Combination
.. 9 8
(vii)  (a) (2 5 2) (viii) (a) °Ps
. (n-1)!
(ix) (01 ® ()
(xi) (b) an Event (xii)  (a) Mutually exclusive

(xil) (b) 12 (xiv) (a) Equally likely




xv) (b)O0O<PE)<1 (xvi) (¢) >
(xvii) (c) 216 (xviii) (c) % (xix) (a) 18
. 8 . 4 5
2. () 1 (i1) > (iid) 7 3. 5040 4. P
5. = 6. — 7. 1365, 1001
9 225

__ Exercise 7.2 )
1. (i) a® + 8a’b + 28a°b? + 56a°b® + 70a*bh* + 56a3b° + 28a?b® + 8ab” + b®

(ii) 16x* —96x3y + 216x2y2 —216xy3 + 81y*
2

4x v
i) w———+6 —— + =
(i) =~
12 5
(iv 966—4—§x9+1:x - 20x° +6O——+ﬁ
(v) 243x1° — 810x8y3 + 1080x°y° — 720x4y9 + 240x2%y12 — 32y15
2. (a) (i) 161051 (ii) 47045881 (iii) 96059601
(b) (i) 1.0615 (ii) 1.1487 (iii) 34.4731
(i) 16va + 64ava (i) 20a? — 200a + 244 (iii) 4183
1215 28b4 T
(i) — =5 (i) (i) 755
o896, 5 5 .. 429 g4 oy .y qyn 2n!
(i) — =7 —b5c5 (i) @ (111) 48620 (iv) (=1 2
63 —-63
(i) 35x%,35x (i) Tb“; gb”
(i) 5376 (ii) 20000
(i) —560x°® (ii) 495a® (iii) 10a®
(i) No (ii) No 10. 7,14

___ Exercise 7.3 )]

2 4 40 . x , x> x3
(1)2(1—§x—§x2—ax3—---) i1-3+5 -5+
(1)1—x+2x —134 34+
(iv) 1+ 2x +5x% + 253 + - valid if |x| <3

5
(i) — g5y (ii) — 2 x*
(i) 4.898 approx. (ii) 3.036 approx. (iii) 2.995 approx.
(iv) 5.981 approx. (v) 0.331 approx.

(i) 2v2 (ii) f (iii) ﬁ (iv) \E W) ‘/2—§



_Review Exercise 7 )]

L@ ) () @)  (b)2n+1
(iii) (b) Increases from 0 to n (iv) (b)(n + 1)th term
() (a) First term (vi) (b) —1
(vii)  (b) two (viii)  (b) 2™
(ix)  (b) 2"** (x) ()
(xi) (@ (1+x)t (xii) (b) |x| < %
(xiii) (b) Even (xiv) (c) 256

4. m= +4v2
7. a=1,b=4,c=6,d =-100

: Exercise 8.1 )

1. (i) Not a function (ii) Not a function (iii) a function
2. (i) Bijective because f; is one to one and onto
(i1) injective because distinct elements of domain have distinct images
(iii) Surjective because Range of f; =Y
(iv) Bijective because f; is one-one and onto
() injective because distinct elements of domain have distinct images
(vi) Surjective because Rage of fg =Y
(i1 (ii) 126 (iii) Not possible (iv) =7
4. (i 8 (ii) —1000 (iii) % (iv) 125a3
a3

v) > (vi) a3 + 3a%h + 3ah® + h3  (vii) 3a% + h? (viii) 6a%h + 2h3
5. i) 10+h (i) 2a+h

6. Range = {1,6,11,16,21,26}

7. (i) Domain = {x|x € R} (ii) Domain = {x|]x e RAx > -3}
(iii) Domain = {x|x € R,x # 0} (iv) Domain = {x|x € R Ax = 5}
(v) Domain = {x|x € R,x # 2} (vi) Domain = {x|x € R, x # +3}
. .. 12345

8. (i) Range = {8,23,48,83,128} (ii) Range = {E'E'Z'E'E}

9. Range = {yly e R Ay =0} .

10 Domain = {x|x € R} and Range = R* U {0}

11. Domain = {x|x € Rand x < 25} and Range = R*

12. (i) a= 3 b=-5. (ii) Range = {—2,4,10}
13. a=2; b=-2.



[ =55
1 1 1
(i) -7 (i) 3 (i) ¢ (i) s -z a
2. gl=2E
. Lo 11 ‘ 1
(i) 7 (ii) Y (iii) 4 (iv) 5+

3. () fr0=24-2x () fFI)=3+2x (i) FI@) = -5 +3x
(iv) F7200) =32+ 2x (v) g7 (%) = 2+ = x (vi) A7 () ==
(vii) F1(E) =VE=5 (vidd) fTH(0) = -t% (i) fI(E) = £5 45
®fO=-1 (x)g () ="0
4. () f0) =221 Domain = {x|x € Rx # 1}; Range = {yly € R,y # 3}

1-x

(xii) g7 () = ——

2x

X

xX—

(ii) f~(x) = T7’ Domain = {x|x € R}; Range = {y|y € R}
(iii) f~1(x) = 1_7596, Domain = {x|x € R,x # 0}; Range = {y|ly e R,y # =5}

(iv) f~(x) =vVx + 5, Domain = {x|x € R,x >0}; Range = {y|ly€ER,y =5}
(v) f71(x) =x?—7, Domain = {x|x € R}; Range = {y|y € R,y = —7}

(Vi) f(x)"t = tx_—ll, Domain = {x|x e R,x # 1}; Range = {yly e R,y # 4}

____Exercise 8.3 )]

Sketch the graph of the following functions:
1. (i) y=5x+2 (i) y=x2+5 (iii) y = x5

A ’ "
A A
2 / 1




2. (i) y = V25 — 22 (i) y = —V25 — x2

i

(0.5) i (=5.0) * (5.0) i<
- - H
i sy Y (5.0) il 0.5)
X X
3. ()y=x*-2x+1 (id) y = —3x2 + 6x
=x-1Dxx-1) = —3x(x —2)
30
20
10
X< -
I REREGIRE Y RED R
v

4.(i)y=x%+3x+2
—x+ 2D+ 1)

A




>

1.() f(x) =x+7; (i)f(x) = —x+5; ({ii)f(x) = 3x + 2;
(0,7);(-7,0) (0,5)5(5,0) 0,2); (~2,0)

¥ ¥ 5
m‘“ i h A
8
14
12 6
10 4
8
0.7) (0.5) 2 #(02)
i s (5.0)
2 “210 5 0 5 10
513 71.0) ).c__
i s 0 5 10
3 —4
v Y Y
v J ¥

iv) f(x) = —2x + 4; 2. (i) (1,3) (i) (2,1)
(0,4);(2,0)

3

(6.10)

Points of intersection: (1,3) and (4,6) Points of intersection: (1,5) and (6,10)




4. (2,-2) 5. Required numbers are 3 and 3

\3; or —4 and 10.
6 Yy
A

50

40

X
(i) (a) Range = B (i1) (b) y-axis

(iii) (a) Injective (iv) (b) Bijective
) (a) Linear (vi) (b) Quadratic
(vii)  (d) [3,0) (viii)  (c) Origin

(ix) (b) Straight line (%) (c) A

(xi) (a) Relation (xii)  (b) g

(xiii) (d)real numbers except 1 (xiv) (c) Even

2. (i) Domain = {x|x € R,x # —4} (ii) Domain = {x|x € R,x > -3}

A

3. (0,0);(2,2)

4, y =3x% —18x + 15 5. a=3,b=-7,c=5
6. x=0,x=3



(i) {x|lx e RA x < 2}

<
<

(i) {xx e RA x> )

(iii){x|]x € RA x < 4}

-2 -1

(iv) {x]x e RAO0 < x < 5}

(i) Intersection points with
coordinate axes are (%, 0) and

(0,—7). The origin is included in
the solution region.

Intersection points with
coordinate axes are (5, 0) and

(i)

(0, - %) The origin is not included in

solution region.
y

-7-6 54 -3-2-1 0 1

e e e

-2-1 0 1

-1 0 1

(ii) Intersection

]234567
23 456

01 23 456 7 8

23 45 6

points with

coordinate axes are (13—0 0)
and (Og) The origin is not

included in the solution region.
4 |y

Y
s

2

1

X
OF

Intersection points with
coordinate axes are (2, 0),(0,4).
The included in

solution region.
4 by

(iv)

origin is

3

2




coordinate axes are (2%,

2!

3. (i) Intersection points with

0),(0,~8);
1 2 .

(2— O),(O,lg) and (0,0) is not

included in solution region.

6
4

0 1 D e B SE O

(i) Intersection points with

coordinate axes are (2 %, 0) ,(0,5);

(2l 0),(0,—3%) and (0,0) is

3'

included in solution region. The

graph is bounded.

6
4

y
\
-

(ii) Intersection points with

(i)

coordinate

(ZP 0), (Ol _3)1 (4l 0), (Ol _4') and
(0,0) is included in solution

region.

axes are

i

-2 0O 4 6

Intersection points with
coordinate axes are

(6,0),(0,3);

4,0, (0,

(4,0),(0,2)and (0,0)

included in solution region.
The graph is not bounded.

L

PN




| Exercise 9.2 )

1. (i) Corner points of feasible
region: (0, 0), (0,5), (3 %, O)

6 ¥

5 L)

4

3

1

(*‘.l«'”)/
OV:‘ 1
—1

Y
pF
{7 2

(iii) Corner points of feasible

region: (0,0), (0,4), (3,0)

2. (i) Corner points of solution

space: (0,0), (O,g),(%,% ,(2,0)

O OO E DR A RS

(i)
region: (0, 8), (0, %) , (1 % 4 %)

Corner points of feasible

=2

5

4 NO.%)

3

2

1

(3.0)

oo 2 ARS
-1

2

3

—4
s/
7

(i1) Corner points of solution

space: (0,0),(0,2), (%, 0) 2 %g)
4

5 (G

i
5

‘:u.)
A

o0 2




(iii)

space: (0,5), (0,1—54) , (g, 0, ) , (g, 0 )

Corner points of solution

| Exercise 9.3 )

1
3

Corner points of feasible region (0, 0), (0,2 %) , (% 2 %) , (1 %, O)

(i) Maximum at (%, 2 ) ; Maximum value = 30.6

(i1) Maximum at (0,4) ; Maximum value=144
Corner points of feasible region (0, 0), (0, 4), (g, 1) ,(3,0)
(iii) Maximum at (0,4%) ; Maximum value=167.2

Corner points of feasible region (0, 0), (O, 4%) , (% 3 %) ,(2,0)

(iv) Maximum at (30, 0), Maximum value = 120

Corner points of feasible region (0, 0)(0, 50), (20,30), (30,0)
(v) Minimum at (4,3), Minimum value = 2300

Corner points of feasible region (0, 5), (0,6), (4,3)
(vi) Minimum at (2,2), Minimum value = 10

(vii)  Minimum at (3,2), Minimum value = 0.66

Land for Crop X= 30 hectares

Land for Crop Y= 20 hectares

Maximum profit = Rs. 495000

Quantity for toys A = 88

Quantity for toys B = 20

Maximum selling amount = 2600

The point (4, 1) gives the least cost, and that cost is $85. Therefore, we
conclude that in order to minimize grading costs, Professor Abdul
Sattar should employ Farhan 4 hours a week, and Sarfaraz 1 hour a
week at a cost of $85 per week.




_Review Exercise 9 )]

1. (i) (b) {4,5,6, ...} (ii) (c) 2
(iii) (c) (5,) (iv) (c) Optimal
(V) (b) All points on and below the line
(vi) (d) (5,4) (vii  (b) Decision variables
(viii)  (a) Objective function (ix) (d) Constraints
(%) (d) Feasible region (xi) (d) Equal to
(xii)  (b) Linear inequality (xiii)  (c) corner point
(xiv) (d) Feasible (xv)  (c) Objective function

(xvi) (a) Optimal solution

2. [ 3. Corner points of feasible region
8 (1 3 4 21 (5 0) 4 4)
: 10’

4
8
3
6
2
4
] 2 M/
(o] 1 2EEIHE LSRG

4. Maximum at (4,0),
Maximum value = 16

.. 5 6

M =,0
inimum at (2, ), -
Minimum value = 10 .

Corner points are
2 1 :

1= 4 2—
(0.15). 06,0 (25.0) 2
1

Fan=8

Sewing Machine=12
Maximum profit = ¥ 392 20 )020)
Investment = ¥ 5760




20.

___ Exercise 10.1 )

() 1 (i)
L 1+3 . ... —1=V3
(1 5 (ii) =2 — V3 (i) — %
. —1-V3 . 1-V3
v)2++3 (vi) 2 (vii) W
. 16 ... —63 ... 56
() — (i) — (i) 33
63 ;33 ) 216
(V) p (vi) p (vii) 3
Angle (a + B) is in the 2nd Quadrant
Angle (a — B) is in the 1st Quadrant
___ Exercise 10.2 )
(i) £30°,+60° +120°, +150°,+240°, ...
(ii) £40°,+£50° +130° +£140°,+£230°, ...
. 1 o 1 .
(i) NG (ii) NG (iii) —2 (iv) 2 (v) O
(i) 17sin(6 + @) where cos@ = 1—3 and sin@ = %

(ii) sin(6 + @) where cos® = @ and sin@ = %

(iii) V2sin(8 + ¢) where cos @ = L andsing=1

V2 V2
i) vZ -1 (i) fj;
(i J% (ii) \[% (iii) 3
(i) — V) = (vi) =
2 ... 3 o 2
0 75 i) 753 (i) 3
120 119 _—120
(1V) 169 (V) 169 (Vl) 119
(i) % (id) _112157 (idi) %‘:

(vi) 1

(vii) -1



(i) sin96 + sin30 (i) % [sin90 + sin30] (iii) sinZa — sin2f3
(iv) cosa — cosf3 V) — %COSZ@ (vi) cos46 —%
(i) 2cos(a+B).sin(a—B) (i) 2cos26. cosg (iii) 2cos45°.cos20°
(iv) —sinb (V) Zcos%.sing (vi) 2sin20. cos80°
(M) 16 (i1 16
Review Exercise 10)]
(i) (@) cosacosf + sinasinf3 (i1) (c) Allied angles
(iii) (a) cos B (iv) (d) -cos©
(V) (a) tan 6 (vi) (b) cos 6
3
(viij (b) O (viii)  (b) g
(ix) (a) siny (%) (d) all of these
(i) (b) £ |20 (xii)  (c) 4cos®a— 3cosa
(xiii) (d)—2sin (a;—ﬁ) sin (a;_[?) (xiv) (a) cos56 —cos90
(xv) (a) 270°+6 (xvi) (c) cosa (xvii) (a) O
Exercise 11.1
(i) c=5a=537; B =36°53" (i) c=13,8=22°38"; a=67°22
(i) ¢=10,f=36°53"; a =53°7" (iv)] a=5.9,b=5.4,a=47°30"
(v) B =51°40"; b=177; ¢ = 225.7
(vi) B =48°10"; a = 27.57; c = 41.34
.53° 7 3. 149.5m 4.170.53m
. 9.22m 6. 361m 7.11.4m 8. 44° 277
(i) B =128°28" y=72°32" ¢ =68.02
(i1) L =327° a=172 c =244
(iii) a=34.5 b =429 y = 62°
(i) a =150 B = 24° y =77.8°
(i) c=32 a=949° B =43.6°
(i) b=7476 a=7189° y=3136°

___Exercise 10.4 )]




(1)
(i)
(i)
(i)
(i)
(i)
(i)
(i)
(i)
(i)
(i)
(i)
(i)
(i)
83.03°

a =89.21°
B = 56.53°
a = 55.38°
a = 95.7°,
a=14.74,
a = 40°20°
a = 87°10°
a =93°

o =72°8

a =111°52’
y = 34°2°

a = 33°10°
a = 82°4°

a = 83°18’

y = 48.79°
y = 48.47°
B = 46.43°
B =50.7°

B = 70°39’
B = 89°48°
B = 48°30’
B = 58°16°
B = 49°32°
B = 40°30°
B = 23°’

B = 42022
B = 52°24°
B = 43°2

b = 289.31

a = 45.16

c =465

y = 33.6°

y = 85°56°

y = 49°52°

y = 44°20°

y = 28°44°
y = 58°20°
y = 27°38°
a = 122°52°
y = 104°28’
y = 45°32°
y = 53°46°
9. 45°

The length of third side is 15.643 metres.

The two angles are of measure 15° and 130° (approx) and the third side

measures 2.25y units (approx.).
70.7 cm (approx).

The two hikers will be 8.8179 km apart

(i) 49.02 sq.unit (ii)
(iii) 19.98 sq.unit (iv)
(v) 709.98 sq.unit (vi)
(vii)  631.43 sq.unit (viii)
(ix)  4310.73 sq.unit
a=3.75unit a=419° 3.3

(i)
(i)
(i)
(i)
(i)

(iii)

R =612 cm

R =20 cm,

rn=182cm, rn=196cm ,

13.

| Ezercise 11.3 )

463.74 sq.unit
459.22 sq.unit
7.66 sq.unit

734.28 sq.unit

V3 :
4. sz Square units

___Exercise 11.4 )]

r=1.81 cm
R=1513cm r =192 cm

r =5cm

3 = 27.8 cm

rn =16.05cm , r, = 26.45 cm, r; = 50.85cm

rn=8114 cm, r, =49.18cm, r3 = 38.64 cm

57.1cm,20.84 cm

15. 1879.3 km apart



__Review Exercise 11 )]

i () % (i)  (d) All of these
(iii) (b) In-circle (iv) (c) Pythagoras theorem
. B . 5(s—0)

W] (c) sin > (vi) (d) b

.. a+b+c B
(vii)  (b) > (viii) (d) cot>
(ix) (c) tan (x)  (d) All of these

. A .. 1
(xi) (b) 5 (xii)  (c) > ab siny
(xiii) (c) A=/s(s—a)(s — b)(s — c) (xiv) (a) Circum-circle
(xv) (a) Circum-centre (xvi) (a) Circum-radius
(xvii) (c) 4R A (xviii) (a) In-centre

. abc
(xix) (a) 1:2:3 (xx) (d) 22
(i) 4.6 sq.units (ii) 3750 sq.units
(i) R=151cm r =63 cm
(i1) R=744 cm 1r =349 cm
. =2cm, 1, = 3cm and r3 = 6cm
The two hikers will be 8.6 km apart.
The ratio of the lengths of the sides is 1:/3 : 2.
28.78 cm, 28.78 cm, 42.44 cm, (approx).
874 km (approx)
555m 11.10.2m 12. 28°54° 13. 155.5m
(i) Domain: R (i1) Domain: R

Range: -2<y<2Vye€eR Range: -5<y<5Vy€eR
(iii) Domain: R — {72—1[ |n is an odd integer} (iv) Domain: R — {% |n € E}
Range: R Range: y<—-lory>=1VyeR

(v) Domain: R — {Tl—n |n € E} (vi) Domain: R

: 1<y<
Range: R Range: {ylye RA-1<y <1}

(viij  Domain: R — {4nn|n € Z}

o
Range: y<—-landy=>1Vy€eR 2

(viii) Domain: R — { nisan odd integer}

Range: R




(i) odd (ii)Neither (iii)Even (iv) Neither

. 2T T ) 3 ) 10 T
(i) 3 (ii) > (iii) 3w (iv) 10 (v) 7
N6 .. 4T o T - g
(vi) 61T (vii) 3 (viii) Nz (ix) 6m (x) 8m
.3 . 2m?
(xi) > (xii) 3
. . . 14 . 10 9 . 17
4. (i) Max: 7; Min: 1 (ii) Max: ?; Min: -3 (iii) Max: ?; Min: 3
. . 1 . 1 . 1 . 1
(iv) Max: 13; Min: 3 (v) Max: — ; Min: — (vi) Max: = ; Min: —¢
13 37 7 5
1. Table of values for y = —sinx
X 0 T T T 2m 5m . 7m 4T 3m 5m 11m o
6 3 2 3 | 6 6 3 | 2 | 3 | 6
y 0 | -05|-087| -1 | —087 | -05| 0 05 | 087 | 1 | 087 | 05 | 0

| Note: Students should draw graphs of Q2 to Q6 themselves.

2. (i) Period: g Cycles: 4 Amplitude: 1

¥

N A/
IR by \\ //—\\ g A /

\
ASTERTY
0.5 /
1 \/ \/

¥

1
(ii) Period: 41 Cycles: > Amplitude: 2

-
s

Note: Students should draw graphs of remaining "
parts themselves. ; ]

(iii) Period: 4m Cycles:% Amplitude = 3



No o k0 H

(iv) Period: 2 Cycles: 3

(v) Period: 6 Cycles:%

vi) Period: ycles:
i) Period Cycles: 2

amplitude = 2

amplitude = 1
amplitude = 1

| Exercise 12.3 )

{% + 2nn} ] {5?” + 2nn},neZ 2. {% + Znn} U {5?” + Znn} ,NeZ
{%Tﬂ + Zm'[} U {% + 2n7r}, nez 4. {%T + 2nn} U {77? + 2n7‘c},n€Z
{%n + Znn} U {%n + Zm'c},neZ 6. {g + nn}, nez
{4?” + Znn} U {5?” + Znn}, nezZ 8. {2nn}, neZ
{5?” + nn} ,neZ 10. {% + nn} ,neZ
Solution: x = 0,% 12. Solution: X=T
Solution: x=mx=0 14 Solution: x = %
Solution: x = g 16. Solution: x=0

T .. T I 4 . T T
(i) 5 (i) -3 (i) — (i) -5 )3
(vi) —% (vii) % (viii) — % (ix) — 7

T .. 3m LT T
(x) 3 (xi) e (xii) 3 (xiii) O (xiv) —  (xv) Y
(i) % (i1) % (iii) O (iv) V2 (v) _T; (vi) iz
{2?71 + Zrm} U {4% + ZTLT[},TLGZ 2. {5% + TLT[}, nez
7—7T+ 2nmi U 11—7T+ 2nmi,nez
§29+ 2n é—ng } n Un
3 n}u{6 +2nn}u{6 +2nn}u{ +2nn},nez
{%+2nn}u{5?n+ 2nn}u{?+2 }U{ll + Znn},nez
{%+ 2nn} ] {2?”+ Znn} U {4?” + 2n } ) {S—N + Znn},nez
{Znn + %}, nez 8. {% + Znn} U {5?” + 2nn}, nez



{5?” + 2nn} U {% + Znn},nez

{g =+ 2n7t} U {%T =+ 2nn} U {5?” + 2nn} U {% + 2n7r},nez

{% + Znn} U {5?” + 2nn} U {2nm} U {m + 2nm}, nez

{m + nn},nez 13. {2nm}u {2?” + Znn} U {4?” + Znn},nez
{g =+ Znn} ] {g =+ Znn} U {5?” + 2nn},nez

{% + Znn} U {% + 2nn} u {g + 2nn} U {2?” + 2n7r},nez

{nm}u {% + Znn} U {g + 2nn} U {32—” + Znn} U {%Tn + Znn}, nez

{nm}u {2?” + 2nn} ,NEZ 18. {g + mr}, nez

(i) (@) -5<x<% i (@-1<y<1

(i) (b) R (v @0<ysmy=#3
(V) (a) bijective (vi) (@) g —tan ' x

(vii) (a) \% (viii)  (d) %

(ix) (a) Cos™?! (AB -J(1-A2)(1 - BZ)) (%) (a) —tan™1x

(xi)  (b) =7 (xi) (@) —

(xii) (d) Not possible (xiv)  (b) _?”

(xv)  (a) Periodic (xvi) (c) Infinitely many solutions
(xvii) (c) 27 (xvii) () 2?”

xix) (c) 4?” xx) (a)4m

(xxi) (c)—1 (xxii) (d) 6m

(xxii) (©) >

(i) Max =12 ,Min = -2 (ii) Max =7 ,Min =1

s
3 (approx) 6. {nt}nez

N\
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